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PREFACE

IN the following pages I have tried to exhibit the
Elements of Dynamics in the simplest form which
the subject seems to admit. It is throughout a
strictly elementary work, and is designed to be put
into the hands of any Student who has read the first
Four and the Sixth Books of Euclid's Geometry,
Algebra to the solution of Quadratic Equations, and
Plane Trigonometry as far as the solution of Tri-
angles. It seems to me desirable that a boy when
equipped with this amount of Elementary Mathe-
matics, should enter on the study of Dynamics some-
what earlier in school life than is now the custom.

In placing at the threshold the pure Geometry of
Motion, irrespective of the cause of that motion, and
then founding the entire science of Dynamics, in its
Kinetic and Static branches, on Newton’s ‘Three Laws
of Motjon,’ I have, like many recent writers on the
subject, followed the system advocated by« Professors
Thomson and Tait ; and there seems to be now an
almost universal consensus of opinion that this is
the most philosophical and the simplest method of
proceeding.



vi Preface.

The present Work may be considered as divided
into two Parts—the First Part embracing Chapters
i-xi, containing most of the principles, and the
Second Part, included in Chapters xii-xvi., containing
applications of those principles.

The following Articles seem to constitute a suitable
course for a first reading of the book :—

Articles 1-30; 43-54; 61-75; 80-111; 124-130;
135-149; 156-178; 181-186; 188; 189; 194-208;
220-254. )

For a second reading, the chapter on Impact may
be taken with the Articles previously omitted in
chapters i-xi.; and then, as a final course, the
chapters on Projectiles, Friction, Work, and Energy
may be studied.

Thus treated, this book will serve the useful
purpose of leading to more difficult and more
exhaustive works, such as Garnett’s Elementary
Dynamics, and Minchin’s Treatise on Statics.

It is not. necessary that all the Examples in each
set should be worked. Those at the end of some.
groups are more difficult than the earlier, and re-
quiring, it may be, special skill in applying principles,
may be omitted with advantage until the Student
has made some progress in the subject.

The Examples have been chiefly taken from the
Examination Papers set in the Royal Naval College
during the past thirteen years. Some have been put
together to illustrate particular points, some have been
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suggested by those in other works, and others may
be regarded as common property, appearing in
almost every collection. They are intended to form
a special feature in this book; and besides their
unusual numbBer (in typical questions worked as
models, and in problems proposed for solution), they
have been carefully arranged with the view (1) of
presenting several examples of the same kind in suc-
cession as in Text-Books of Arithmetic, Algebra,
and Plane Trigonometry, (2) of leading from the
easier to the more difficult, and (3) of bringing out
the Student’s grasp of principles.

Throughout both Text and Exercises a distinction
has been observed between the expressions so many
pounds weight, and so many pounds—the former
always denoting a certain force, the latter invariably
meaning a certain guantity of matter.

While designed to cover the course required in
the Examination for the rank of Lieutenant in the
Royal Navy, the work includes the extra subjects
expected from candidates for the Beaufort Testi-
monial ; and it is my hope that it may be found
useful ,by those reading for the Oxford and Cam-
bridge Local Examinations, as well as. by those
who are studying the subject in the ordinary course
of education.

There remains the pleasant duty of acknowledging
the generous help given me in its preparation.



viii Preface.

A friend directed my attention to the beautiful proof
of Varignon’s Theorem of Moments given in Article
186, and which, so far as I know, has not appeared
before in any Elementary Treatise. I am under very
great obligations to Mr. Fletcher, of the Royal Naval
College, for much assistance and advice in most parts
of the book. He has moulded by his many sugges-
tions the form of the first four Chapters, and especially
my treatment of the Second Law of Motion. To
Mr. Goodwin, R.N.,, also of the Royal Naval College,
I owe much. His long experience as an Examiner
enabled him to suggest many improvements in those
parts where young students are found to fail most,
and many of the Articles have been re-written by
his advice. All the sheets have passed under his
eye. I wish to say here that, without the help of
these fi'iends, this book would not be such as it now
is, and for their great kindness I heartily thank them.

The work has been a difficult one to see through
the press, and I am not so sanguine as to hope that
all errors have been corrected. 1 shall feel indebted
for any lists of such which may be sent me, and
suggestions, especially from Teachers, for the im-
provement. of the book will be most gratefully ac-

knowledged.
JOHN LOVELL ROBINSON.

ROYAL NAVAL COLLEGE,
25tk February 1888.



PREFACE TO THE SECOND EDITION

I HAVE carefylly revised the Text and the wording
of all the Examples. The retention in a few cases
of the expression ‘weighing so many pounds’ in
preference to the unusual one ‘massing so many
pounds’ will T hope not lead the young Student to
confuse the distinct ideas of * Weight’ and ¢ Mass.’

A few alternative proofs have been inserted, and
others have been simplified. I advise young Students
to avoid Formule when possible. In this subject, very
few indeed need be committed to memory. Thus
examples in Pulleys are easily worked from figures
by first principles. The addition of interesting and
easy Examples in Relative Velocity, Change of Units,
Impact, Pile-driv'1g, Trains in Motion, Horse-power,
Work, Energy, and Motion in a Circle, will probably
be appreciated by both Instructors and Students.

The book owes a good deal to the many valuable
suggestions which have reached me. I very thank-
fully acknowledge the interest thus shown, and I
shall bé glad of like kindly help in improving the

present edition.
J LR

RovaL Navar CoOLLEGE,
16¢4 May 189o.



PREFACE TO THE FIFTH EDITION

THIs work has now assumed its final form. In.
successive editions I have inserted Appendices
containing Duchayla’s Proof of the Parallelogram
of Forces, and two different proofs that the Path of
a Projectile is a Parabola; some important typical
examples have been fully worked out, and more
than three hundred Exercises have been added
from recent Examination Papers set in the Royal
Naval College at Greenwich. The Examples have
always formed a special feature of this book, and in
selecting them I have taken great care that they
should be representative, interesting, and really
workable by students of average ability. I have
excluded those which are manifestly fitted only
for the use of advanced men.

JL.R.

RovaL NavaL COLLEGE,
19tk Oclober 1901
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INTRODUCTION

Ouk knowledge of the laws of nature has become
accurate, and can be extended by careful observation
and éxperiments alore. In such investigations the
conceptions of Time, Space, Mass, Force, and other
clements are required: We assume that certain of
these are known intuitively, and from them we deduce
others.

Those usually taken as fundamental are Time,
Space, and Mass; and the next step is to devise
instruments for their accurate measurement. Time
is measured by clocks, chronometers, chronoscopes,
etc.; Space is measured in its linear dimensions
by rods, chains, etc.,, and in its angular dimensions
by sextants, theodolites, etc.; and Masses are com-
pared by balances. But no instrument can give
us practical measures of anything without reference
to certain Standards or Units of that thing by which
they can be estimated and compared.

xvii



xviii Introduction.

The Standard of time furnished by nature in the first
instance is the Siderea/ Day, which is defined to be the
period of the earth’s rotation on its axis. From this
1s derived the Mean Solar Day, which is the mean of
the intervals which elapse between several successive
transits of the sun across the same meridian. For
practical purposes this may be regarded as constant.
A good chronometer will mark 24 hours in the Mean
Solar Day. Each hour contains 60 minutes, and each
minute contains 60 seconds. '

Therefore the Mean Solar Second is the gyiyy part
of a Mean Solar Day, and this is the Unit of Time
made use of in physical research in all civilised

countries.

The Unit of Length used in England is the
Imperial Yard. This length was not originally
derived from any data supplied by nature,! although
some important relations with such have been dis-
covered, and by which it could be reproduced if
necessary.

By English law the Yard is ‘the distance between
the centres of the transverse lines in the two gold

1 There is a tradition that this measure was derived from the length
of Henry I.’s arm.
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plugs in the bronze bar deposited in the Office of
the Exchequer,” when the whole is at a temperature
of 60° Fahr. If this Standard Yard should be lost
or destroyed, it may be restored from the authorised
copies of it which are kept in the Mint, in the Houses
of Parliament, in the Royal Observatory, and in
the custody of the Royal Society.

A Foot is the one-third part of the Imperial
. Yard.

The Unit of length in France is the #Méfre. This was
originally sui)posed to be the ten-millionth part of
the length of an arc of the earth’s meridian between
the Pole and the Equator, and was made the National
Standard by a decree of the French Republic in 1795,
It is legally defined as ‘the distance, at the temperature
of melting ice, between the ends of a platinum rod
preserved in the Archives” It is practically defined
by certain accurate Métres which are kept in various
places, and by comparison with which it could be
restored in case of accident. The original Standard
Métre was made by Borda.

I Métre =39-37043 inches.
1 Centimeétre=0-3937043 inches, or nearly % inch.

I Kilométre=3937043 inches, or nearly § mile.



XX Introduction.

The Unit of Mass’® in England is the quantity of
matter in an Imperial Standard Pound Avoirdupois
(see Art. 87). The Standard Pound is a piece of
platinum preserved in the Exchequer Office, and
marked ‘P. S. 1844. 1 Ib’ If lost cr destroyed, it
may be restored from authorised copies of it pre-
served with the authorised copies of the Imperial

Yard.
1 Pound =7000 grains.

The French Unit of Mass i. the ‘ Kilogramme des
Archives’ This was originally intended to be the
mass of a litre of distilled water at a temperature of
4° C, but is always practically defined by authorised
copies of the standard.

I Cubic foot =28:3 litres.

1 Kilogramme= 1000 grammes.
1 Kilogramme=2.204 pounds.
1 Gramme  =15.43 grains.

In physical research the units of Space, Mass, and
Time, usually employed are the centimétre, gramme,
and second, and this system of units is known as the
‘C. G. S’ system.

1 ¢Mass’ is a technical word used to denote the guantity of matterin
a body (sec Art. 83).
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There are many aspects of Motion which may be
considered quite apart from the physical ideas in-
volved in force, mass, elasticity, etc. Ampére has
suggested the term Kinematics® to denote the purely
geometrical Science of Motion; and in all recent
treatises dealing with ‘Matter and Motion, whether
elementary or advanced, this Geometry of the subject
is made introductory to Dynamics or the Science of
Force. The latter will naturally be regarded in two
aspects, as the forces uuder consideration cause motion
or maintain rest.

The forn : branch of Dynamics is called Kinetics,
the latter branch is called Statics. These terms may
be formally defined as follows :—

Kinematics is the Science of Motion without
reference to the masses of the bodies moved, or to
the causes which produced the motion.

Kinetics is that division of Dynamics which treats
of the action of force producing motion.

Statics is that division of Dynamics which treats
of the action of force maintaining rest.

1 Klvpua = motion.
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-3 e
a —-—

It may be here’ remarked that the subject-matter
of the 'present work has often been presented under
the title Mecha.nfs Now this word properly denotes
the Science of Machines; in this sense lt was used by
Newton There is, at present, a marked tendency .to
revert to the original meaning of the word.

-



CHAPTER L
UNIFORM VELOCITY.

I. THE Motion of a point is its ‘ change of position.’

The Velocity of a point is its ‘rate of motion,’ or its
‘rate of change of position.’

To say how fast a point is going is to assert something
about its state of motion at a particular instant. The
student must at the very beginning realise that the velocity
of a moving point is an #nstantancous property of the
motion which may or may not change from instant to
instant.

2. Uniform Velocity is the rate of motion of a point
which remains constant from instant to instant, and as a con-
gequence, a point moving with uniform velocity will traverse
equal spaces in equal times, however small those times may
be, or, in other words, is always moving at the same rate.

It is not sufficient to define uniform velocity as ‘a velocity with
which equal spaces are traversed in equal times,’ because a train, for
example, may describe 20 miles an hour, and yet at different periods
of each hour its velocity may not be the same.

3. Variable Velocity is the rate of motion of a point
which is not the same from instant to instant.

4. We have seen that a velocity is a property of motion
which belongs to it at any given instant, but it is evident
that we cannot measure it instantaneously. To find how
fast a person is walking at any moment, he must keep on

A



2 Elements of Dynamics.

walking af that rate for some definite time, and thus dis-
cover how far he can go in a certain time.

We see then that a velocity involves the ideas of space
and #ime.

5. The units of space and time used in England are a
Foot and a Second. ‘This system of units is known as the
‘foot-second,’ or simply as the ‘f.-s.” system.

In France a Centimetre and a Second are the units used.

6. The Unit Velocity is ‘the uniform velocity with
which the unit space 1s described in unit time.’

The British Unit Velocity is thercfore ‘the uniform
velocity with which a foot is described in a second,’ or,
briefly, ¢a velocity of a foot per second.’

7. Now since any quantity is measured by the number of
units of that quantity which it contains, we infer that
Uniform Velocity is measured by the space passed
over in a second.

Thus a uniform velocity of 10 f.-s. means that the point
will describe 10 feet during every second of its motion.

8. Of course velocity may be measured by any units of spacex
and time which may be considered suitable : but if we desire
to compare the velocities with which two points are moving,
we must express their measures in terms of the same units.

9. If a point move with a uniform velocity (v) for a given
time (), to find the whole space described.

By Def. :(— .
in 1 sec. the point describes # feet from its initial position.
» 2 » ” ) 27 » »
w3 » ” ”» 3v ” ”
»w ¥ o» ” ” ty ” ”»
But the whole space described=s.

oo s=0l.
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This is the fundamental equation of uniform motion in a
straight line. 1In it three quantities are connected, and if
-any two of them be given the third may be found. It is
evident, by Algebra, that if » be constant, the space de-
scribed varies djrectly as the time of motion.

Example.—A point moves with a uniform velocity of 10 f.-s.; find
the space described in 2 minute.

Here v=10, and ¢=60,
.. =10 x 60=0600 feet.
10. Since a quantity is measured by the number of units
of that quantity which it contains, we see that

Quantity=Measure x Unit.

Hence we infer, by Algebra, that the measure of any
definite quantity will zary inversely as the unit employed.

11. Suppose that v is the measure of any velocity in the
‘foot-second’ units, and we require the measure of the
same velocity when x feef are chosen as the unit of space,
and # seconds as the unit of time, we may work from our
definition as follows : —

Let v, denote the measure required.

By Def. », means that the point will describe

7, times x feet per 7 secs. ;
or, 7,x times 1 foot per # secs. ;

or, 7% times 1 foot per 1 sec.

But by Hyp. » means that the point will describe o
times 1 foot per 1 sec.

U, X .
T
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If 2 be constant, then by Algebra, 7, é, i.c. the measure

of a velocity will vary directly as the unit of time employed,
and inversely as the unit of space.

Example.—If the velocity of a point be 44 f.-s., find its measure in
the mile-hour system of units. ‘-
Using the formula just established, we have
v=44, ¢=3600, s=5280;
. _44%3600
o “sa%o
= 30 mules per hour;
or thus, independently of the formula,
A velocity of 44 feet per second,
= ,, 44 x 3600 feet per hour,
44 % 3600
?” 5280
= 30 miles per hour,
i.e. a velocity of 44 feet per second is the same as a velocity of 30 miles
per hour.

miles per hour;

miles per hour,

ExampLES—].

v 1. A point is travelling with a velocity of 88 f.-s, ; find its measure
in the mile-hour system.

4 2. A point has a velocity of 15 miles an hour; find its nfeasure in
the foot-second system.

¥ Find she measure of a velocxty of 30 miles an hour in the foot-
second system.

v’ 3. Compare a velocity of 12 f.-s. with a velocity of 10 yards per sec.

4. Find the measure in the yard-minute system of a velocity of 45 f.-s.

5. A velocity of x feet per minute is four times a velocity of 3 yards
per second ; find x.

6. A velocity of 20 miles an hour contains the velocity of-33 feet per
half-second » times ; find 2.

2. A man walks wxlh a velocxly the measure of which is §.5, and
finds that he has travelled 8 miles in 2 hours ; find the unit of time,
the unit of space being 2 feet.

8. A man walks with a velocity represented by 2, and he walks 7
miles in 2 hours ; if T foot be the unit of length, find the unit of time,

9. A man walks with a velocity the measure of which is 15, and he
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walks 10 miles in 33 hours; find the unit of space used, if the unit of
time be 73 seconds.

10. A point describes 2 feet in 7 seconds; if unit of time be 1
minute, find unit of space in order that the numerical value of the
point’s velocity may be 1.

11. If 2 be the measure of a velocity using / feet and ¢ seconds as
units, find its measure when /, feet and ¢ seconds are the units.

12. If 2 seconds be the unit of time, and an acre be represented by
40, what number will represent a velocity of 30 miles an hour, when a
yard is the unit of space?

12. Variable Velocity is measured at any instant
by the space which would be passed over in a second,
if the velocity at the instant considered remained the same
throughout the second.

If we say that a train is travelling at the rate of 4o miles
an hour, we do not necgssarily imply that it has travelled
40 miles during the previous hour, or that it will travel
40 miles during the next hour, but that at the instant
referred to the velocity is such that ¢f i¢ remained the same
Jor a whole hour the distance described would be 40 miles.

13. If a point has described a certain space with variable
velocity in any given time, we call the uniform velocity with
which the same space might be described in that time the
‘mean velocity’ or the ‘ average velocity ' of the point.

The mean wvelocity may practically be found by dividing
the whole space described by the time taken to describe it.

A naultical mile is a mile of Latitude, 7., 4 degree on the
earth’s surface. It is usually taken as equal to 6080 feet.

DEer.—A %not is a velocity of a nautical mile per hour.

ExAMPLES—II -

1. A point moves with a uniform veldcity of 12 f.-s. ; find the whole
space described in half a minute.
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2. A train moving uniformly describes 240 miles in 6 hours ; find its
velocity in feet per second.

3. Compare the velocities of 2 points, one of which describes § feet
per }-second, the other 100 yards per minute.

4. Compare the velocities of 2 points, one of which describes 720
feet per minute, and the other 3% yards per §-secor .

5. Two points starting simultaneously from a gifen position in the
same direction move one with a velocity of 10 f.-s., the other with a
velocity of 15 f.-s. ; find their distance apart at the end of 5 minutes.

6. Sound travels at the rate of 1090 feet per second. The report of
a gun fired at sea is heard on shore after 35 seconds ; how far is the
ship from the shore?

7. A steamer going 12 knots steams at this rate for 4 days, and then
altering her speed travels for 3 days 7 hours at the rate of 13 knots,
find the whole distance travelled.

8. A train takes 7 hours 31 minutes to travel 205 miles; find its
mean velocity in the foot-second system.

9. A point moves at the rate of 754 yards per hour; find the
velocity in feet per second.

I0. A train starts on a journey of 347 miles and travels at the rate
of 30} miles an hour; after travelling 261 miles, the train is stopped
by an accident for 2 hours 27 minutes, and then proceeds at the rate
of only 16 miles an hour; find time of travelling the whole distance.

II. A train performs a journey of 45 miles in 2 hours; find the
mean velocity in feet per second.

12. A point is moving at the rate of 2700 yards per minute ; express
this velocity in feet per second.

13. How long will it take to circumnavigate the earth at the rate
of 12 knots?

14. The motion of a point at any instant is known when
its direction and rate are given. We may therefore
completely represent a velocity by a straight line: first, i
direction, because we can always draw a straight line in the
direction of the motion ; next, iz magnitude, because we
can always make the line contain as many units of length
(according to any determined scale) as there are units of
velocity.
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15. We thus bring velocities within the grasp of
Geometry. By using the conventions regulating the signs
4+ and — to denote contrariety of direction, we are able to
indicate velocities in the same or contrary directions.

If 4B denotes a velocity
v, then BA4 will denote a
velocity —2.

If 12 f.-s. mean that a point is moving due N. (suppose)
with a velocity of 12 feet per second, then —5 f.-s. will
indicate that a point is travelling due S. with a velocity
of 5 feet per second.

All lines which have the same length and direction will
représent the same velocity.

COMPOSITION AND RESOLUTION OF VELOCITIES.

16. A person walkin:gr fore-and-aft in a steamer going
through still water, or moving from one window to another
of a railway carriage in motion, or going aloft as a ship sails
obliquely through a current, will present a case of what are
called simultaneous velocities. In such instances the
velocities are called Component velocities, and the actual
velocity in space of the body possessing them is known as
the Resultant velocity.

The Composition of Velocities is the determination
of the Resultant when the components are given.

The Resolution of Velocities is the determination
of Components when the Resultant is given.

17. 70 find the Resultant of two velocities which are in
the same straight line.

Case I.—If they have the same direction, the Resultant
is equal to their sum.

If a point move with a velocity , in the direction of the
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straight line 4.X such that it will describe the distance 4.8
> — in a second, and if
A B ¢ X the line 4X moved
in the same direction in the plang of the paper with a
velocity z; sufficient to carry it the distance BC in a
second, then it is evident that the point has moved from its
initial position a distance 4C, or (,+2,) feet in a second.
If » denote the resultant velocity, then
v=0,4+7,. (QE.D.)
Case II.—If they have gpposite directions the Resultant
is equal to their Zifference.
If 7, would carry the point from 4 to B in a second,
e _ and the line itself
a c 8 * moving with velocity
7, in the opposite direction were carried in the plane of the
paper backwards through the distance BC in a second,
then it is evident that the point has moved from its initial
position a distance 4C or (v,—2,) feet in a second.
If v denote the resultant velocity, then
v=0,—7; (QE.D\)
Cor.—If the components are egwal and opposite, then
v=1v,—v,=0, and we say that the particle is at rest.
We mean at rest relatively to the eartk or other selected object; such
a thing as absolute rest is beyond our power to determine.
Note.—If a point have several velocities, some in one
direction and the rest in the opposite direction, we can
apply the above cases to determine their Resultant.”

ExampLEs—I1I.

1. Find the resultant of the following velocities in the same straight
line :— .
(@) 5 and 7 in the same direction.

(&) 12 to the east, and 3 to the east
(¢) 10 to the N. and 6 to the S.
(d) 8, 10, 15 in one direction, 6, 7, 11 in the opposite direction.
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2. Compound the velocities 3, 10, 13, — § in the same straight line.
3 A sailor is running forward on the deck with a velocity of 10 feet
"per second ; the ship is steaming 10 miles an hour in still water. Find
the man’s velocity over the ground.

4. Ifin Ex. 3 the sailor isunning aft, find his resulfant velocity.

)
PARALLELOGRAM OF VELOCITIES.

18. The next case to be considered is that where a
point possesses two velocities whose directions include
a given angle. Thejr resultant may be found by the
following important proposition, which is known as the
¢ Parallelogram of Velocities’:—

STATEMENT.—[f fwo component velocities be represented in
magnitude and direction by two adjacent sides of a Parallelo-
gram, their resultant wloa't'y is represented in magnitude and
direction by the diagonal which passes through their intersection.

Let 04, OB, represent
the components in magni-
tude and direction. Com-
plete the parallelogram
OACB. Then OC will
represent the Resultant in
magnitude and direction.  © a A

In a second the point moving along OA will arrive at 4.
During that second the line O4 moving parallel to its
initial position, with one extremity in the line OB, and
carrying the point in it, will reach the position BC;

.*. at the end of the second the point will be at C.
We must next show that.at any instant during the second
the point is found in the line OC. ’

Assume any time 7 less than a second.

Suppose that in the time r the point moving with the
given velocities would describe Oz and Ob respectively.

c
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Complete the parallelogram Oacs, and join Oc. Then,
as before, the point will be at ¢ at the end of the time .

Now the velocities being uniform and the spaces described
being therefore proportional to the times of describing them
(Art. g), we have

0OA:0a=08: Ob=1:7."

.. OA:0B=0a: 0b, and the angle between the sides of
the parallelograms being the same, we must have the
diagonals OC and O« coincident in direction, by Euc. vi. 26 ;

.*. the point is always found /7 the line OC;;
.. OC will represent the resultant in direction.

And since at the end of the second the point is at C';

. OC will represent the resultant in magnitude,
and thlS completes the proof.

" Cor.—The parallelograms OA4CB, Oach being similar,
it follows that Oc: OC=0a:0A=vr:v-1=71:1, ie. the
distance described along OC being proportional to the
time, we infer that the velocity of the pomt in the direction
OC is uniform. .

NoTE.—By the geometry of the parallelogram it follows that : —

1. The direction of the Resultant of two equal velocities bisects the
angle between their directions.

2. The direction of the Resultant of two unequal velocities makes
the less angle with the greater component.

3. If the diagonal 4B intersect the diagonal OC in D, the Resultant
will be completely represented by 20D.

19. v express the Resultant (v) of two velocities (v, and v,)
in terms of the components and the included angle (0).

In Trigonometry it is shown that :

O0C*=0A*4+ AC*4+204.4C cos 6. .
or, 7'=9"+9,"+2v,9,cos .

Cor. L.—If 0=go°, then cos =0, and the formula
becomes V=041,
as it ought by Euclid i. 47.
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 Cor. IL—As the angle between the directions of two com
ponents increases the Resultant diminishes,

FIG. i. FiG. ii.

Let 6=0°, or 9o°, or 180" successively ; then cos 6=,
or o, or —1 successively, and 2*=v,"+2,*+20,7, ; or
=7,"}7v,*; or=2,"+v,"— 29,7, successively; which proes
the theorem.

It may also be established by Geometry, thus :—

In the above figures, O4 and AC of the triangle 04C
are equal each to each, and the angle O4C in Fig. i is
greater than the angle 04 C in Fig. ii.

.~ by Euc. i. 24, OCin Fig. i. is greater than OC in Fig. ii.
(QE.D.)

ExaMpLEsS—IV.

I. A point tends to move with two equal velocities of 10 f.-s. in
directions inclined at an angle of 120° to each other; find its path and
the resultant velocity.

2. A point is subject to two velocities of 30 f.-s. and 40 f.-s. at right
angles to each other ; find the magnitude of the resultant,

3. An engine is running through a tunnel at the rate of 30 miles an
hour, and the boiler suddenly bursts. A piece of metal is thrown oft
at right angles to the direction of the previous motion with a velocity
of 33 f.-s. With what horizontal velocity will it strike the side of the
tunnel ?
¥ 4. A ball is rolled across the deck of a ship sailing 4 miles an hour
with a velocity of 10 f.-s. ; find its path and resultant velocity.

5. Two velocities of 12 f.-s. and 16 f.-s. are inclined at an angle of
60°; find the magnitude of their resultant.
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6. Two velocities of 18 f.-s. and 21 f.-s, include an angle of 135°
between their directions ; find the magnitude of their resultant,

7. Two velocities, 12 and 15, are impressed on a point; find the
greatest and least possible resultant.

8. The resultant of two equal velocities lmprcssed on a point is
11 f.-s., and the angle between the components is 60‘ find the value
of the components.

9. If velocities of 2 and 3 have a resultant=*/19, find 6,

10. If two velocities, §3 and 65 V2, include an angle of 45°, find
the magnitude of their resultant.

11. If the resultant=55, the sum of the components=60, and
0=60", find the components.

12, If 6=150", find the ratio 2, : 7, if v is equal to the smaller com-
ponent.
~ 13. If ,=75, 9,=35, and @=tan-? (§), find 2.

14. Two velocities, 110 and 866, have a resultant of 190; find the
angle between the components.

15. fo,=x (V5+1), 2,=x (V5 +1), v=2x, find 6.

-16. If v, and z, are inclined at an angle of 120°, and 7 is at right
angles to v}, find 2 and 7, in terms of z,.
¢ 7. Two given velocities include an angle=0; if the angle= %, then
resultant=72; if 6=60°, resultant=5v; find 6.

18. If two velocities are in the ratio 3 : 4, and their resultant is a
mean proportional between them, find 6.
~ 19. Two velocities include an angle 6 and their resultant=2; if the

angle="_— 6, the resultant = —, if the ang1e=—3- + 0, the resultant_-g

find 6.
20. The resultant of two equal velocities=2 when 0=60"; find the

cosine of the angle between them when resultant: —,

21. Ifo,=a%-8%; vy=2ab; v=42+4%; find 4.

22, Find the ratio #,:2,, if v; be greater than 7,, the resultant
=v,, and 0=135".

23. The resultant of two velocities at right angles is represented by

and it makes an angle of 30° with one of them ; find the two com-

pomts. .

24. Velocities of 40 and 24 have a resultant=v, and the resultant is
inclined at 9o° to the 24 ; find v.
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25. If two velocities impressed on a point at O be represented in
magnitude and direction by O4 and 0B, show that their resultant
is represented by (»+ 1)OC, when C is a point in 4B such that 4C=
nBC.

26. Two points starting instantaneously from the same initial
position move uniformly with the same velocity along lines repre-
sented in direction by two sides of an equilateral triangle ; find their
distance apart after a given time,

2%7. Two points move with velocities 7, and », along lines inclined
at an angle 8 ; find their distance apart after # seconds.

THE TRIANGLE OF VELOCITIES.
20. STATEMENT.—/f a point  lave three Component
Velocifies which are represented in magnitude and direction
by the sides of a triangle taken in order, the point is at rest.

N
D

(2]

R
»

If a point O have three velocities, OM, O/, OR, repre-
sented in magnitude and direction by the sides 45, BC,
CA of the triangle 48C, the point is at rest.

Complete the parallelogram 4BCD. Then A.D will also
completely represent the velocity OV
_ The resultant of O} and -ON, ie. Of AB and AD=AC
(Art. 18). g .

.*. the resultant of OM, ON, OR=the resultant of 4C

and C4, and this'=Zero (Art. 17, Cor.).
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.. the resultant of the velocities represented by 4.8, BC,
CA being zero, the point O will be at rest. (Q.E.D.)

NoTE 1.—It is hoped that this method of proving the proposition
will prevent the student from falling into the error of supposing that
the point subject to the velocities represented by the sides of the
triangle ABC tends to move along the sides 45, BC, CA of the
triangle.

NoTte 2.—The resultant of two velocities reptesented by AB and
BC will be represented by 4C.

21. The converse of the Trangle of Velocities
is true, viz.: ‘If a point be at rest when possessed of three
velocities, we may represent those velocities in magnitude
by the sides of any triangle drawn parallel to their direc-
tions.’

This follows by Euc. vi. 4.

ExampLES—V.

I. Show that velocities represented by 5, 6, 13, cannot keep the
point at rest.

2. Can a point be at rest when possessed of velocities 7, 9, 12?

3. Find the resultant of velocities 4, 4, 4 acting parallel fo the
sides of an equilateral triangle taken in order.

4. Find the resultant of velocities 4, §, 6 acting parallel to the sides
of an equilateral triangle in order.

5. Find the resultant of velocities 8, 11, 20 which include angles of
120° with each other in order.

# 6. A point which possesses three velocities 3, 4, § is at rest ; find the
: apgle between 3 and 4.

7. A point is at rest when possessed of velocities 2, 3, A/6; find
the angle between 2 and 3.

8. Show that a point is at rest when possessed of 3 velocities whose
directions are perpendicular to the sides of a triangle, and whose
magnitudes are represented respectively by the sides to which the
velocities are perpendicular.

9. If three velocities 2y, 7y, v,, keep a point at rest, and we have
given the magnitude and direction of #,, the magnitude only of z,, and
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the direction only of #,, find the direction of z; and the magnitude
of v,

THE POLYGON OF VELOCITIES.

22, STATEMENT.—/f a point have several Component
Velocities which aare represented in magnitude and divection
by the sides of any polygon taken in order, the point is at rest.

P N D
E

Q

A B

R
Let the velocities OM, ON . . . be represented in magni-
tude and direction by 4B, BC, CD, DE, EA; then the
point is at rest.
Draw AC and 4D.
The resultant of OM, ON=resultant of 4B, BC= AC.
(Art. 20, Note 2.)
.*. The resultant of OM, ON, OP=resultant of 4AC, CD
=AD.
.. The resultant of OM, ON, OP, O Q =resultant of 4D, DE
=AE. -
.*. The resultant of OM, ON, OP, 0Q, OR =resultant of
AE, EA=Zero. (Art. 17, Cor.)
Therefore the point O is at rest. (Q.E.D.)
Cor.—If a point have several component velocities
represented in magnitude and direction by @ but one ot
the sides of a polygon taken in order, their resultant is
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represented in magnitude and direction by that remaining
side taken in the reverse direction.

If the velocities OM, ON, OP, OQ be represented in
magnitude and direction by 48, BC, CD, DE, then it
may be shown by the method given above that their resultant
is represented in magnitude and direction by 4E, which
proves the proposition.

23. If then, without remowing the pen from the paper,
we draw straight lines equal and parallel to the several
component velocities which a point may possess, we shall
find that our lines will either form a cdlosed figure, or they
will not: if they do form a closed figure, then we infer that
the Resultant is zero, and therefore that the point is at
rest : if they do not form a closed figure, then we infer from
the Corollary just stated that the line necessary to close the
Jogure, and drawn in the opposite way to our otker lines, will
represent the Resultant in magnitude and direction.

This proposition is also true when the velocities are not
all in the same plane.

4

24. The converse of the Polygon of Velocities
/is not necessarily true: that is, ‘If a point be at rest when
possessed of any number of velocities more than three, we
cannot represent these velocities in magnitude by the sides
of any polygon drawn parallel to their directions,’ because
it does not follow that rectilineal figures (except triangles,
Euc. vi. 4) which are equiangular must have their sides
proportional—in other words, they need not be similar
figures.

THE PARALLELOPIPED OF VELOCITIES.

25. STATEMENT.—/f @ point kave three Component Velo-
rities which are represented in magnitude and divection by the
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three edges of a parallelopiped, their resultant is represented
in magnitude and divection by the diagonal through the point.

Let the component velo- E
cities be represented in

magnitude and  direction by
04, OB, OC, the adjacent /

edges of a parallelopiped.
Their resultant is repre- g
sented in magnitude -and |
direction by the diagonal OF. o A
Draw 0D, CE, and OE.
The resultant of the coniponents O4 and OB will
be represented by OD. (Art. 18.)
And since ODEC is a parallelogram,
the resultant of 0.D and OC will be represented by OF ;
.*. OF will represent the Resultant of 04, 0B, OC. (Q.E.D.)

26. If these Component Velocities act in directions at
right angles to each other, we can very easily obtain an
expression for the resultant in terms of the components.

Let » be the resultant of the components 2,, 7, 75, in the
directions 04, OB, OC respectively,

Then 0D*=v,*+7,? (Art. 19. Cor. i.)
and OE*=0D*+7,*;
. OF ‘=040, +9,0; ... V=242, 40,

Example.—Three velocities 16, 63, and 156, are impressed on a
point at right angles to each other; required the magnitude of their
resultant,

23=16"+63%+ 156

=256+ 3969 + 24336
=28561;
.t =169,
Therefore the resultant velocity is 169.
B
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27. Before noticing the general method of finding the
Resultant of several velocities in the same plane, it is
necessary to point out the way-in which a velocity may be
resolved into two velocities at.right angles to each other.

28. As we have seen #fpat two Simultrneous Velocities
-can be combined into a resultant velocity (Art. 18), so we
can resolve a single velocity into two simultaneous com-

B ¢  Pbonent velocities.

For example, if a velocity
be represented by OC, then
it can be resolved into the
simultaneous components 04

o A and OB.

Now in resolving a velocity into two others we cannot
speak of one component as quite independent of the other,
because by the geometry of the parallelogram the magni-
tude of OA will evidently depend on the direction of OB.
Hence, when we speak of #k¢ component of a velocity
in any particular direction, .we must know the direction of
the other component. In practice it is most convenient to
take the second direction at right angles to the first; and
we may then speak of the component of a given velocily in
any direction, it being understood that the direction of the
other component is perpendicular to it.

The component in this case is called the ¢ resolved part’
‘of the velocity in the required direction.

29. 7o determine the components of a velocily in any given
divection and at right angles to that dirvection.

Let OC denote any velocny, and it is required to find
the components of which it is the resultant, one in the
‘direction of the straight line DE, the other at rlght angles
to this direction.
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Through O draw OX parallel to DE, and OY at right
angles to OX.

¥
B c

»

o O Y"1
D E

Draw CA and CB perpendicular to OX and OY respec-
tively.

Then OACB is a parallelogram, and OC will be the
resultant of the velocities represented by OA4 and OB.

Since these velocities are at right angles to each other, it
follows that the resolved part of OC in the direction OX
(or DE) will be represented by 04 (=v,), and in the
direction O ¥ by OB (=w,). Let the angle 40C=6.

Now 0A=0C cos A0C,

and OB=0C cos (90°—A0C);
‘v, =wvcosb _

and vy =v cos (9o°—0)=v sin 6.

Therefore the component of a velocity in any direction is
Jound by multiplying the velocity by the cosine of the angle
between the direction of the velocity and the line along which
the component is required to act.

NotE 1.—If two velocities are inclined at any angle, they have only
one resultant ; and this may always be found by the Parallelogram of
Velocities. But any velocity may be decomposed into asy number
of pairs of components, because by Geometry the same straight line
may be a diagonal of an infinite number of parallelograms ; or on any
straight line an infinite number of polygons may be constructed. (See
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Art. 22, Cor.) If, however, one component be given in direction, its
magnitude, and that of the other at right angles to it, may always be
found.

Nore 2.—If in the diagram OC denote a velocity in a direction
between north and east, then while the point has moved from O to C,
it is evident that it has moved due north, a d:stance represented by
OB, and due east, a distance represented by 04. * '

Example i. —If a point move with a velocity of 100 in a direction
making an angle of 60° with the horizon, find its horizontal and
vertical components.

Hor. comp. =100 cos 60°=100 x }=50.

Vert. comp. =100 cos 30°= 100 X %-3= 50/3=86.6.

Example ii.—A point moves with a velocity of 1000 {.-s. in a direction
inclined to the horizon at an angle of 45°; find its vertical component,
Let 7, denote the vertical component

Then v,=1000 cos 45° —1000’\/--—707 1f.-s

ExampLEs—VI.

1. Find the horizontal and vertical components of a velocity of 80
whose direction is inclined at 30° to horizon.

2. A velocity of 2004/3 f. :. is inclined at an angle of 30° to the
horizon, find its horizontal component.

3. A particle moves with a velocity of 120 up . plane, inclined at an
angle of 30° to the horizon ; with what speed is it travelling horizontally
and vertically ?

4. A ship is making 14 miles an hour on a no.th-east course ; how
fast is she moving east, and also north ?

« 5. Three velocities 204/3, 304/2, 40, are impressed on a point in
directions making angles of 30° 45°, and 60° respectively with a fixed
straight line; find the velocity of the point in a direction parallei to
that line. ‘

3 6. Three velocities, 12, 15, 24, are inclined at angles 30°, 45° 120°
respectively to a given straight line ; find the velocity with which the
point tends to move along that line, and also along the line at right
angles to it.

« . Two velocities, 7, and s, in the direction of 04 and OB respec-
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tively, include an angle of 30°; find their combined components along
a line which makes an angle of 120° with the direction of 04, and 30°
with the direction of OB5.

30. 70 find the Resultant of any number of wvelocities
* possessed by a poiht.
This may be done in three ways.

(i.) By repeated applications of the Parallelogram of
Velocities.

Find the resultant of any two of the velocities ; then of

this resul'ant and the next velocity; and so on for any
given number 1 components. The final resultant so found
will be the Resultant of the given velocities.

Let 04, DB, OC rep-esent three velocities.
Completing the parallelograms as in the figure, we have,
OV, the resultant of OA and OB, (Art. 18)
and OV, the resultant of OV, and OC;

.»of 04, 0B, OC.

(i) By the Polygon of Velocities.

Construct a figure whose sides taken in order will repre-
sent the magnitude and direction of the given components ;
then the line closing the figure and Zaken in the opposite
direction will completely represent the Resultant. (Art 23.)

The student ought to notice that the order in which we draw the
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lines is quite immaterial, and that it will not make any difference if the
lines cross each other. The annexed figures will make this clear.

In Fig. i. the lines are drawn in the order 1, 4, 2, 3, 5

In Flg ll ” ” "
In Fig.

4 3, 5 I
Iy 35 5. 4: .

In each ﬁgure the dotted line rcpresents the Resultant in magnitude

and direction.
Kl

bl
04, OB, OC, 0D, OF.

(iii.) By resolv-
ing the velocities
alongtwostraight
lines at right an-
gles to each other,
and compounding

X the  components

thus found.

Let O be a
point possessing
velocities  fully
represented by
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Through O draw two straight lines xx, sand yy, at right
angles to each other. )

Resolve the velocities along xx, and yy, respectively.
The components along xx, in the direction Ox will then be
OAcosx04; OB cosxO0B; OCcosxOC . . (Art. 29.)

The components along yy, in the dlrectlon Oy will be

OA cosy0A4 ; OB cosyOB; OCcosyOC . .
or, OAsinx0A ; OBsinxOB ; OCsinxOC . . .

Let X denote the algebraica/ sum of the components in
the direction Ox. (Art. 17, Note.)*

Let YV denote the a/gebraical sum of the components in
the dicection Oy.

. X=0A4 cos xOA+ OB cosxOB+ .
And Y=0A4 sinx0OA4 4 OB sinxOB+ .

Then we have two velocities, X and ¥, at right angles to
each other. Let /7 denote the resultant of these velocities.
Then V*=X*+4¥* (Art 19, Cor. i.)

This determines the magnitude of the Resultant.

If 6 be the angle which 7 makes with Ox, then
Yy
tan 6= %
And this determines the dsrection of the Resultant.

No1E 1.—The usual conventions about the positive and negative
directions of straight lines must be carefully attended to. For example,
if X=8 and Y= —6, then V=10, and the point would move in the
region x()y; ; but if X=—8 and ¥= —6, then the point would move
in the region x; Oy, with the velocity = 10,

< NOTE 2. —In practice it is often desirable, in order to lessen the labour
of numerical computation, to draw xx; or yy; coincident with the
direction of one of the component velocities.

* The student will remember that a line Ox1 is positive when measured
in the direction Ox1, but it must be considered megafsve when measured
in the direction Ox.
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Norte 3.—If the point is at rest, then ¥=o0.

. X%+ ¥Y*=0; and ». X must=0 and ¥ must=0 separately.

From this we infer that if a point be at rest when possessed of any
number of velocities, then the algebraical sums of their components
in any two directions at right angles to each other must_ be separately
equal to zero ; and conversely, if these algebraical sums be each equal
to zero, the point is at rest.

Example.—A point has four simultaneous velocities of 10 f.-s. The
angle between first and second is 30°, between the second and third is
60°, between the third and fourth is 30°. Find the magnitude of the
resultant.

Drawing xx, to coincide with the first component, it is evident that
yy, will coincide with the third.

Then X=10+ 10 cos 30°+ 10 cos go°+ IO cos 120°,

and ¥Y=10 cos 90°+ 10 cos 60° + 10+ 10 cos 30°;

. X“‘°+l°V3+o—xo 3=5+53,

Y=o0+10. 4+ lo+-—:-/ =15+5V3,

VA= X1+ ¥2=(5+5V3)2+ (15 + 5V3)*=400+200V3
=100 (4+2V3);
o V=10 (V3+1)=27-32 f.s.

CHANGE OF VELOCITY.

31. When a certain velocity has been changed into
another velocity the question may be asked, * What has been
the change of velocity?’ We can answer this by saying
that a given component and an unknown velocity have
produced a given resultant, and ke unknown component
represents in magnitude and direction the ‘ change of velocity.

c B £

o A D

32. To make this clear, suppose that a velocity O4 at
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any instant is changed into a velocity DZ at another
instant, and we require to find the change of velocity in the
interval. We draw OB equal and parallel to DE, join 4B,
and complete the parallelogram OA4BC. Then OB is the
resultant of 04 .and oc.

That is, OC (or 4.B) in combination with OA4 has pro-
duced a velocity represented in magnitude and direction
by DE.

Therefore OC (or AB) measures the °¢change of
velocity ’ in the interval in both magnitude and direction.

NoTe.—The student must therefore remember that the ‘change of
velocity” is not denoted by the difference between the velocities at the
beginning and end of any interval unless the direction of the velocity
has during that interval been in the same straight line. This is
important.

Example i.—A velocity of 10 to the north is changed into a velocity
of 6 to the south ; find the change of velocity.

Here we ask, ¢ What velocity when compounded with a velocity of
10 north will produce a velocity of 6 south?’

Let z=velocity required.

Then if a velocity to the north is positive, one to the south will be
negative.

Therefore, 2+10=—6.

. o=—16.
Hence the change of velocity is 16 to the south.

Example ii.—A velocity of 6 to the east is changed to a velocity of

6~/2 to the north-east; find the
- c B

change of velocity.

Construct the fig. as in Art. 32.

The A OAB is evidently right-
angled at 4, and 408=45", 0

.. AB=A0=6. A

Hence the change of velocity is 6 to the north.

Example iii. —A point is moving with a velocity of 10 (04), and
during an interval its change of velocity is 14 (OB), in a directior
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* making an angle of 60° with its first direction. Find the motion of the
point at the end of the interval.

7

c

o'} 3
© A *]
OC is the resultant of 04 and 0B5.
0C?*=10%+142+2. 10. 14. cos 60°.
+.0C?=100+196+140;
& =436 ;
.. 0C=24/100.
_CD_ Vertical comp. of 0B 14sin60° _ 78/3
tan 0= 5 5= 64+ Hor. comp. of 0B~ 10414 c0s 60°~ 10+7
The point is moving with a velocity of 24/109 in a direction which

makes an angle with its first direction whose tangent is -7%/7-3

ExampLEs—VIIL.

I. A point has a velocity at a certain instant of 10 f.-s. to the west,
and at another instant a velocity of 6 f.-s. to the north-west ; find the
change of velocity in the interval.

2. The direction of the velocity () of a point is changed by 60°, but
its magnitude remains the same; find the change of velocity in the
interval.

3. A point has a velocity of 12 to the east at one instant and a
velocity of 12 to the south at another instant ; what is the change of
velocity ?

4. A point. is describing a circle whose ridius is 10 feet with a
velocity of 25 f.-s. ; find the change of velocity during the time the
point describes an arc (1) of 60° ; and {2) of go°.

§. A point has velocity of £ f.-s., and it suffers a change of velocity
of # f.-s. in a direction which is inclined at an angle 60° to the
original direction of the motion ; find the final velocity.
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ANGULAR VELOCITY.
33. If O be a fixed point, P any other point, and 04

a fixed straight line, then the P
rate at which tie. angle 40P is . |

altering measures the angular ‘
velocity of P about O. It is A

evident that if £ be not moving
in a straight line to or from O,
it must always have some angular
velocity about O.

34. The Unit of angular velocity is that uniform
angular velority with which a point describes the unit angle
(a radian) in unit time.

The symbol w is used to denote the angular velocity of a
point expressed in circular measure.

When equal angles are described in all equal intervals
of time the angular velocity is #niform ; if not, it is said to
be variable.

Uniform angular velocity is measured by the number
of unit angles described in unit of time.

Variable angular velocity is measured at any
instant by the number of unit angles which would be
described in a unit of time if the angular velocity at that
instant remained uniform for the unit of time.

If o be the angular velocity of a point 7, and # the time -
in which it describes the angle 4OF, then 4OP=ul.

35. 'If 7 be the Jinear velocity with which 2 is moving in
the cigcumference of the circle whose radius is 7, then we
may connect the linear and angular velocities as follows :—

Let motion take place for # seconds.

.
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Then AP=2¢, and AOP=wt"

AP vt
b tAOP 0—14-—;-,

124
oo wt——; ;

. W=y
r

linear velocity

i.c. the measure of the angular velocity = radius of the cirdie"

ExampLEs—VIII.
Take »=22,
7

1. If a point be moving on the circumference of a circle whose

radius is 3 feet with a velocity of 4 f.-s., find its angular velocity.
otz
3 63

2. A point is moving in a circle of 20 feet with a velocity of 20 feet
per second ; find the angular velocity.

3. A point is moving with an angular velocity of X in a circle
whose radius is 10 feet ; find its linear velocity.

4. A point is moving with uniform velocity zalong the circumference
of a circle, radius »; find its angular velocity about a point on the cir-
cumference at the other end of the diameter.

5. If a ball at the end of a string make a complete revolution in one
second, find the angular velocity.

6. Compare the angular velocities of the hour-hand, the minute-hand,
and the second-hand of a watch.

« 7. If the hour-hand be 3 inches long, find the linear velocity of its
extremity.

If the minute-hand be twice as long as the second-hand, show that
the end of the latter moves 30 times as fast as the end of the former.

. 8 Ifthe earth’s radius be 4000 miles, find the linear velocity of a
point situated on the equator in foot-second units.

. 9. Compare the linear velocities of the extremities of the hands of
a clock, the hour-hand being 2.2 inches long, and the minute-hand

3-6 inches.
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s 10. If a point move with a velocity » in a circle whose radius is 7
and after.a ti.me ¢ has described an angle 40P, show that the velocities
of the point in the directions O4 and a line perpendicular to 04 are

v (24 .
-2 sm; , and 2 cos—r—, respectively,

» RELATIVE VELOCITY.

36. DEF.—When the straight line joining two points
changes either in magnitude or in direction, or in both, the
points are said to have Relative Velocity.

37- Thus, if two points are moving in the same straight
line with different velocities, the line which joins them is
changjng in magnitude but not in direction, and each of
the points has a velocity relative to the other.

If a point is moving on the circumference of a circle its
distance from the centre .changes in direction but not in
magnitude, and the moving point has a velocity relative to
the centre.

Generally, if two points move with different velocities
along two lines, the line which joins them changes both in
magnitude and direction, and each of these points has a
velocity relative to the other.

38. Now suppose that two trains are moving in the same
direction with equal velocities (however great) on parallel
lines close together, then a person sitting well back in a
carriage of either train and in full view of the other, would
not be conscious of that other train possessing anmy motion
whatever,—supposing, of course, the motion of his own
train to take place on perfectly smooth rails. )

If the velocities of the trains are not equal, then a f»erson
in either would be conscious of a velocity in the other
equal to the difference of the velocities, but ‘this velocity
would appear to have opposite directions to the respective
passengers.
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39- This may be very easily explained by a figure :—
A E B X

»
r

c ., D F Y

(4

Let one train move along 4X with a \;elocity AB;
and the other along C¥ with a velocity CD.
Cut off from 4B a part AE=CD.
Then AB=AE+EB,
i.e. the velocity of the faster is equal to the resultant of two
components one of which is equal to the velocity of the
slower train.

Now the component 4 of the velocity 458 would not
be apparent to a person moving with the equal velocity
CD. There remains the component £2B, which will carry
the faster train ahead of the other; and this component is
the difference of thé velocities. Thus to a person in the
slower train, the faster will have only a velocity represented
by the difference of the velocities in the direction of the
faster.

Next, in CY take CF=AB.

Then CD=CF—DF, or=CF4FD. (Art. 15.)
f.e. CD is equal to a velocity 4B in its own direction, and
a velocity 7D in the opposite direction.

Now a person in the faster would not be conscious of the
component CF, but he would be conscious of the component
FD, and of that only. And hence the slower train would
appear to him o move backwards with the velocity FD,
which is the difference of the velocities.

In each case, therefore, where the velocities have the
same direction, the magnitude of the Relative Velocity is
the difference of the velocities.

The student can easily show in like manner that when
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the velocities have opposite directions the magnitude of the
Relative Velocity is equal to their sum.

40. The same result may be more briefly shown as
follows, but the principle is the same :—

Let the velocify of 4
the faster train 4,=u;
that of the slower B,=2.
Suppose that x=v+x. B v Y
A person in B is not g
conscious of the component # in 4, but he is of x; and this therefore
will be the velocity with which the faster moves a%ead of the other.

Again v=u~x.

A pegson in A is only conscious of the component—x in B, and this
will appear to carry the slower train éackwards at a rate x.

In each case x the difference of # and 7 will be the magnitude of the
Relative Velocity, and its direction will depend upon which train is
selected as that whose relative motion is wanted.

w X

Y

41. Let us next consider the case where the directions are
not parallel.

D
c E
—e
A -]

Suppose that two ships close to one another at 4 and C
have velocities represented in magmtude and direction by
AB and CD respectively.

Resolve CD into two components, one of which, CE, is
equal and parallel to AB, and complete the parallelogram
CEDF. (Art. 28.) Then CD is the resultant velocity of
velocities represented by CZ and CF.

Now by what has gone before a person in 4 is not con-
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scious of that part of C’s motion represented By CZ (Art.
38), but he is of that motion only which is represented by
CF. Hence CFrepresents the Relative Velocity of C with
cegard to A4 in magnitude and direction.

In the same way the velocity of 4 with regard to C may
be found. It is equal to the other in 'magnitude, but
opposite in sign. The student will find it profitable to draw
the figure as a test of his grasp of this part of the subject.

NotTe.—The shortest distance apart between the ships may be found
by drawing from A4 a perpendicular to #C, produced if necessary.
The Relative Velocity is often denoted by 7.

Example i.—One point is going due east with a velocity of 10,
another due east with a velocity of 25; find the velocity of the latter
relative to the former. .

V=25—-10=15 due east.

Example ii.—If the latter point were travelling west with a velocity
of 12, what would be the relative velocity ?
V=10+12=22 due west.

Example iii.—One train A is going N. at the rate of 30 miles an
hour, another B due W, at 40 miles an hour ; find the velocity of the
latter relative to the former.
E ¢ We break up 520 (40) into BE
(30) due north, and BF (V) equal
and parallel to £D, somewhere
between south and west.
D B Iy Vi=BLr2+ DF?=40*+ 30*=2500
V=503
DF
tan DBF: ——D—B—2 5

.*, DBF=tan-! (3).
F Hence the magnitude of the
relative velocity is 50 miles an hour, and its direction makes with the
east and west line an angle whose tangent is §.

Example iv.—Explain why rain falling vertically appears to a person
in a train moving rapidly through it to move in a slanting direction.
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Let a drof of rain have a vertical velocity 4.5, and let X¥
represent the velocity of the A

train. Resolve 4B into the > c
components AC equal and
parallel to XY and 4.0 (equal \
,and parallel to Cﬁ), Then
AD will be the only com- P B
ponent of which the traveller —
can take note, and BAD will X Y

be the angle of apparent deflection from the vertical.

42. Now if two points are in motion their »e/ative motion
is not changed if the same velocity, in magnitude and
direction, is impressed on each; and hence another very
useful method of finding the Relative Velocity of a point 4
with regard to another B is to imagine impressed upon
each, in composition with its own velocity, a velocity equal
and opposite to the velocity of B. B will now be at rest,
and the new velocity of 4 will be its relative velocity with
regard to B. This method is often more easy of application
than that of resolving one of the velocities.

Thus in Example iii. above, if we impress on both 4 and 5 a velo-
city of 30 miles an hour in a southward direction, the train 4 will be
at rest, and the diagonal of the parallelogram whose sides are 80 and
BE (drawn due south from 7?) will be B# as before. .

ExampLEs—IX.

1. Two points are moving along a line in the same direction with
velocities of 30 and 20; find their relative velocity.

2. If the points in Ex. 1. were moving in opposite directions, find
their relative velocity.
. 3 If the points in Ex. 1. were moving along lines at right angles to
each other, find their relative velocity.

4. Two trains run through a station on lines whose directions ine
clude an angle of 60° with velocities of 20 and 35 respectively; find
their relative velocity.

Cc
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5. A ship is sailing due N. with a speed of 1o knots, and another
S.W. with a speed of 15 knots; find the velocity of the latter relative
to the former.

6. Two points 4 and B are moving on a horizontal plane, 4 with a
velocity of 2 f.-s. due N., and & with a velocity of A/3 f.-s. due E. ; find
the velocity of B relatwe to 4.

7 Two steamers leave the mouth of a harbour at the same time, one
going due E. with a speed of 12 knots, and the other due N. with a
speed of 16 knots ; show that they separate from each other at the rate
of 20 knots.

+ 8. A ship is sailing due N. at 5§ miles an hour; in what apparent
direction and with what relative velocity must a man run on her deck
that his actual motion over the ground may be due W., and his absolute
velocity § miles an hour?

9. A ship A is sailing due E. 6 knots. A person in 4 observes an-
other, B, on the port bow ; B appears to be going due N., and is known
to be going 12 knots ; find her course.

10. Why does a person walking rapidly in rain which is descending
vertically hold his umbrella somewhat in front ?

11. A man walks at the rate of 33 miles an hour in rain falling vert1-
cally at the rate of 40 f.-s. ; in wha. direction will the rain strike him?
x 12. A4 is due W. of B, and distant from him 200 feet. A starts to
walk due E. with a velocity of 8 f.-s., and at the same instant B pro-
ceeds due N. with a velocity of 6 f.-s.; find (1) their relative velocity,
(2) their nearest distance to each other, (3) when they are nearest to
each other.

13. Two persons are placeu at 4 and B, 5 yards apart. The first
starts to walk from 4 to B at the rate of 3 yards per second, and the
other starts from B at right angles to the line B4 at the rate of 4 yards
per second ; what is their shortest distance apart, and the time of
reaching it?

14. A boy is running with a speed of @ f.-s., and passing through rain
falling vertically with a velocity of 4 f.-s. e holds an open tube in such
a manner that a drop entering it traverses its length along the axis ; at
what angle does he hold it?

15. To a passenger in a train moving at the rate of 45 miles an hour,
through rain falling vertically, the direction of the drops appears to
make an angle tan-1(§) with the vertical ; find the velocity of the
rain,
~ 16.. A traveller moving due E. at 4 miles an hour observes that the
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wind seems to blow directly from the N., and on doubling his speed it
appears to blow from the N.E.; find the true direction of the wind,
and its velocity.

17. A farmer driving to market on a road going due W. feels the
wind from the N.W.; and returning at the same speed he feels the
wind N.E. Explaig this, the wind not having changed its true direc-
tion during the day.

\ 18. A wind is on the beam ; as the ship’s speed increases the wind
appears to draw more ahead. Explain this by a diagram.

19. Two trains moving in the same direction on parallel lines ap-
pear to a passenger to pass each other in 2 minutes; on the faster
reversing its direction, they 1epass each other in 30 seconds. The
slower speed being 21 miles an hour ; find the faster.

20. 4, B, Cruna race, £ having 30 and C having 50 yards start.
After 32 seconds /5 passes C, and 16 seconds later 1s passed by 4.
When did 4 pass C?

21. The wheel of a carriage is 4 feet in diameter, and it makes 3}
revolutions per second; find the velocity of any point in the circum-
ference relative to the centre.

22. Three railways, 45, AC, AD, which make angles of 30° with
2ach other, meet in , and three engines pass through 4 at the same
time, on the three lines with uniform velocities, such that at any in-
stant they are in a line perpendicular to 4/, Show that to a person
on the first engine the velocities of the other two engines would appear
to be as 1: 3.

23. A train is going 28 miles an hour, when a bullet moving hori-
zontally enters a compartment at one corner and passes out at the
corner diagonally opposite. The compartinent is 8 feet between the
windows, and is 6 feet wide, the sine of the angle between the paths
of 'the bullet and train being £ ; find the velocity of the bullet.

24. Two particles move with the same uniform velocity » on the cir-
cumferences of two concentric circl (radii » and 27), starting from
points on the same straight line 045 through the centre and on the
same side of it. Determine the direction and magnitude of their
relative velocity when the particle on the smaller circle has described
one-third of the circumference.

25. If a watch be laid face upwards on a table, and moved without
rotation along the line joining the figures 9 and 3 on the dial, with the
velocity with which the extremity 2 of the minute hand moves when
at rest, prove that the velocity of P at any instant relative to the



36 Elements of Dynamics.

table is perpendicular and proportional to the line joining # at that
instant with the position of £ at any half-hour, -

26, If x be the distance between two points moving uniformly in one
plane, P their relative velocity, and x, z the resolved parts of Vin,
and perpendicular to, the direction of x, show that their shortest dis-
xn
peoe

27. Two railway trains are moving in lines at right angles towards a
crossing, I mile and 4 mile off respectively, the vclocities being 40 and
30 miles per hour 1espectively. Show that their shortest distance
apart is } mile.

28, A ship 4 sails duc WV at 44/3 miles per hour. Another ship B
is at a given time 8 miles from ., bearing 30° west of north. Prove
that if B sails at 4 miles per hour there are two directions in which she
will me€t 4, one at the end of 1 hour, the other at the end of 2 hours.

29. Practice is carried out from a ship steaming at « f.-s. in a circle
round a target abeam, with guns firing with a muzzle velocity of
v f.-s. Prove that the axis of the gun must be trained aft through

2
an angle sin—l(—v—)-

For instance, if #=15 knots, and 2=1500, show that this angle
becomes nearly 1°.

30. On board a ship steaming N.E. at 12 knots, the relative
velocity of the wind as estimated from the clouds is 4 knots from N.
Changing her course without altering speed, the wind appears to blow
from N.W. Construct the new course of the ship.

31. When a steamer is going N. at 15 knots, a vane on the mast-
head points E.N.E., and when the steamer stops, the vane points
S.E.; <how that the velocity of the wind is also 1§ knots.

Show that if the vane points due E. the course of the steamer has
been changed to NUE.

tance apart is {; » and the time of arriving at this i,



CHAPTER II.

'‘ACCELERATED VELOCITY.

43. DEF.—When the velocity of a point is changing, the
‘rate at which the velocity is being changed’ is called the
Acceleration of the Velocity.

44. The term Aweleration is here used to denote any
change in the velocity, whether that change be an increase
or adecrease. If the acceleration measured in one direction
be regarded as positive, then when measured in the opposite
direction it must be considered as negative ; and a negative
acceleration is what is called a refardation in popular
language.

45. The phrase ‘acceleration of a point’ is often used
instead of ‘ acceleration of the velocity of a point.’ '

46. A velocity involves both magnitude and direction, and
if either, or both, of these elements be changing, the velocity
is said to be ‘accelerated.’

For instance, the velocity of a falling body is said to be
accelerated, becduse, while the direction of the velocity
remains the same, the magnitude of the velocity is being
changed. Again, the velocity of a point which describes
the circumference of a circle with uniform velocity is ac-
celerated, because, while the magnitude of the velocity re-
mains the same, the direction of the velocity is'being changed.

87
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The student must bear in mind this two-fold capability of
change possessed by a velocity. The acceleration arising
from the change in direction only is sometimes forgotten,
or not understood.

47. The ‘rate of change in the velom.y of a pomt may
be either uniform or variable.

48. DEr.—Uniform Acceleration in any direction
means that the ‘rate of change cf velocity’ in that direction
is the same at every instant.

49. DEr.—Variable Acceleration means that the ‘rate
of change of velocity’ is not the same at any two consecutive
instants.

50. The Unit Acceleration is the ‘unit of velocity
added per unit of time.’

The British Unit Acceleration, thererore, is ‘a velocity of
a foot per second added per second.’

The Unit Acceleration in the C. G. S. system is ‘a velocily of a
centimetre per second added per second.’

And generally: If ‘x feet® and ‘£ seconds’ are the units of space and
time selected, then the Unit Acceleration will Le ‘a velocity of x feet
per ¢ seconds added per # seconds.’

s51. Uniform Acceleration is measured by the rate
at which the velocity is increased per wunit of time.

Thus an acceleration of 12 in the foot-second units will
imply that the velocity of a moving point is increased by 12
feet per second every second. And this will be denoted
by ‘12 f-s.-s.’

A point moving from rest with an acceleration of 5 f.-s.-s. will therefore
have velocities of 5, 19, 15, 20, ...feet per second at the end of 1, 2, 3,
4, ... seconds respectively ; or, velocities of 2%, 5, 74, 10, ...feet per sec.

at the-end of 4, 1, 13, 2, ... seconds respectively.
And if after successive seconds we discover that a moving point has
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velocities of 20, 16, 12, ... feet per second, we are justified in saying that
the point has been moving with a negative acceleration of 4 feet per
second per second. (Art. 44.)

52. Variable acceleration is measured at any
instant by the increase of velocity which would be added
in a unit of time® if the rate of increase of velocity at that
instant remained the same throughout the unit of time.

53. Der.—The average or mean acceleration
during any time may be found by dividing the whole
velocity gainea during the time by that time.

It may be added here, once for all, that when we speak of dividing
velocity by time, we diviie the numerical measure of the one by that of
the othér. The phrase otherwise is nonsense.

54. Note 1. —Ao leration is now generally depoted by the symbol
‘a.” In older works on Mechanics the letter ‘/’ was used, when the
erroneous term ‘ac:ze'erating force’ was employed to express an in-
crease of velocity.

NoOTE 2.— t nothing be said to the contrary, the student will under-
stand that we are using the ¢ foot-second ’ system of units.

55. FROPOSITION 1. —If we pass from the ‘foot-second’
units tv any other units of space and time, then the New Unit
of Acceleration varies divectly as the new unit of space, and
inversely as the square of the new unit of fime.

Iet x feet be the new unit of space, and let # seconds be
the new unit of time. .

By Definition (Art. 5u) the New Unit of acceleration

= a vel. of x feet per ¢ secs. added per # sec.
= x times a vel. of 1 foot per £ secs. added per 7 secs.

times a vel. of 1 foot per 1 sec. added per £ secs.

times a vel. of 1 foot per 1 sec. added per 1 sec.

IR /KR ™K

times the ¢ foot-second’ unit of acceleration.
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.. New Unit= ;; x Old Unit

=%§, because the Old Unit is constant ;

.*. New Unit = ;, by Algebra,
. . Unit of space

fe, New Unit e« . 277

(Unit of time)®>  (Q-E.D.)

56. PROPOSITION I1.—Z%e Measure of an acceleration,
when we pass from the ¢ foot-second’ units to any other units,
varies directly as the square of the unit of time, and inversely
as the new unit of space.

Since any Quantity =Measure x Unit of that quantity,
we can assert, by Algebra, that the Measure of the quantity
varies inversely as the Unit employed.

And therefore, by Proposition I., we infer at once that
(Unit of time)?
Unit of space ~

Or, the Proposition may be established directly from
Definition, as follows :—

Let x feet be the new unit of space,
and let # seconds be the new unit of time.
Let o be the measure of an acceleration in the
¢ foot-second’ units.
Let a; be the measure of the same acceleration in the
. ¢ x feet-f seconds’ units.
Then a means that the velocity is increased by
a times a vel. of 1 foot per 1 sec. per 1 sec. (Art. 51.)

the Measure of an acceleration (Q.E.D.)

a .
or, —times a vel. of x feet " »
x

or, * times a vel. of x feet per Z secs.
x
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or, ?:2 times a vel. of x feet per # secs. per # secs.

KN ‘%ﬂ is the Measure of the acceleration in the new units.

But, by data, the Measure in the new units is a, ;

af?
. ay=—
x
But a is a constant, .. a,=k£_
oAy oK —
X
e g
1.c. the Measure of the acceleration o (_'(_J__n}t of time)" (Q-E.D.)
Unit of space

57. "When required to change the measure of an accelera-
tion from one system of units to another, the student is
strongly advised to avoid stated formule, and to work each
question directly from Defmition. The following examples
will sufficiently explain the method of working here recom-
mended :—

Example i,—If 32 be the measure of an acceleration in the f.-s.
system, find its measure in the ‘foot-minute’ system.
Let o be the measure required.
A velocity of 32 feet per second added per second
" 32 x 60 feet per 60,seconds added per second
. 32 x 607 feet per 60 seconds added per 60 seconds ;
*. a==32x 60%2=115,200 feet per minute per minute.
Example ii.—If 110 be the measure of an acceleration in the f.-s.
system, find its measure in the ‘ mile-hour’ system.
Let a be the measure required.
A velocity of 110 feet per second per second
= »» ;;—Too miles per second per second
110 x 3600
T
110 X 3600° . .
. a8 miles per hour per hour ;

a= ‘_{oféségsc’biim_o: 270,000 miles per hour per hour.

il

miles per hour per second
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Example iii,—An acceleration which is measured by 32 in the f.-s.
system is measured by 640 when the unit of space is 5 feet; find the

unit of time.
Let 7 seconds be the unit of time.

Then 640 means that the velocity is increased by
640 times 5 feet per # seconds per # seconds ;
or, 640 x 5 times 1 foot per # seconds per £ seconds ;

or, 640—"5 times 1 foot per 1 second per # seconds ;

or, 94.3 X5 times'x foot per 1 second per I second.
But, by data, 32 means that the same velocity is increased by 32
times I foot per 1 second per 1 second.
_640x 5
- 3z=2
.*. =100
‘. =10,

The unit of time is therefore 10 seconds.

Example iv.—If a 10-acre field be represented by 100, and an ac-
celeration by 583, which in the “f.-s.” system is measured by 32; find
the unit of time.

10 acres =4840 x 10 square yards ;
.*. 100 square units=48,400 square yards ;
. I square unit=484 square yards ;
.*. I linear unit=22 yards;
.*. Unit of space= 66 feet.
Let # seconds be the unit of time.
A velocity of 32 feet per second per second

»

gz times 66 feet per second per second.

= 3626t times 66 feet per ¢ seconds per second.
= 16%2 times 66 feet per # seconds per ¢ seconds.
and, by data, 583 means a velocity of 58 times 66 feet per ¢ seconds
per # seconds. . 3208 3
o =58y
o B=121
. I=11,

The unit of time is therefore 11 seconds.
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Example v.—If the unit of velocity be 6 f. -s. and unit of acceleration
be 24 f.-s.-s.; required (1) the unit of time, and (2) the unit of space.

Let ¢ secs. =unit of time, and x feet=unit of space.

By Definition, Unit Velocity =x feet per # seconds.

x
= 7 f.-s.
By data, Uikt Velocity =6 f.-s.
.z
-l IR (1.)

Again, by Definition, Unit Acceleration=unit velocity added per unit

of time. x
= f.-s. added per ¢ seconds

x
== f.-s.-s.
t:
but, by,data, Unit Acceleration=24 f.-s.-s.
. };:24 ....... (2.)

Solving these equations, #=} second, and x=13} feet.
Therefore, Unit of time=} second ; Unit of space=1} feet.
t

ExamMpLES—X,

1. If the acceleration of a falling stone be 32 in the foot-second units,
find its measure

(a) when a yard and a second are the units ;
(6) when a yard and a minute are the units;
.(¢) when a mile and a minute are the units;
(¢) when 5 yards and 10 seconds are the units ;
(¢) when a fathom and 4 second are the units ;
(/) when x feet and y seconds are the units ;
(¢) when a mile and an hour are the units.

2. Find the ratio between an acceleration of 5 in the foot-second
units, and an acceleration of 20 in the yard-minute units.

3. If 10 be the measure of an acceleration of 40 in the foot-second
units, what number will represent an acceleration of 5 when the units
are a yard and a minute?

4. If an acceleration is represented by 32 in the f.-s. system, and by
576 in a system of ¢ x feet, 643 seconds’ units ; find x.

5. If an acceleration is denoted by 27 when referred to a quarter of
2 minute and 25 feet as units, by what number will it be expressed
when referred to a foot and a second ?
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6. If the measure of an acceleration be the same in two systems, in
which the units of time are 3 secs. and § secs., find the ratio of the
units of space.

7. If a be the measure of an acceleration when using / as unit of
length and ¢ as unit of time, find its measure when using /4 and #
respectively.

8. If 10 be the measure of an acceleration when using § feet and 4
seconds as units, find the measure if we use the units 4 feet and
§ secongs respectively. .

9. If an acceleration when measured by the ¢foot-second’ system of
units is 32, and is represented by 384 when a yard is unit of space,
find unit of time,

10. How often does the measure of an acceleration of 120 yards per
minute per minute contain the measure of an acceleration of an inch
per second per second ?

11. A point is moving with an agceleration of 10 (metre-seconds) ;
find its measure in the (centimetre-second) units.

12. If 1760 yards per 60 seconds is the unit of velocity, and 3 feet
be taken as the unit of length, what will be the unit of time ?
¢ 13- If the unit of velocity be 32 feet per 16 seconds, and the unit of
acceleration be 32 fect per second per second, find the unit of time.

. I4. If the unit of velocity be 12 feet per 3 seconds, and the unit of
acceleration be goo miles per hour per hour, find the unit of time.

15. If 11 yards per sec. per sec. be taken as the unit of acceleration,
and 60 secs. be taken as the unit of time, required the unit of space.

& 16. If § mile be the unit of space, and 13 minutes be unit of time,
find (1) unit of velocity, (2) unit of acceleration, in the *f.-s.” system.
% 17. If unit of velocity be 18 feet per 4} secs., and unit of acceleration
be 2 fathoms per } sec. per 4 sec, find (I) unit of time, and (2) unit of

space.

» 18. The measure of an acceleration is 32-12 in the foot-m.'gmnils H
what is the unit of time in use when with a mile as unit of length the
measure of the same acceleration is 87:6?

. 19. The measures of an acceleration and a velocity when referred te
(a+8) ft., (m+n) secs. and (@~ &) ft., (m - n) secs. respectively are in
the inverse ratio of their measures when referred to (a—4) ft., (m —n)

secs. and {(z+ &) ft., (»2 + ) secs. ; their measures when referred to a ft.,

m secs. and b ft., » secs. are as ma: nt; show that‘ 1:—
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® 20. Two bodies £ and Q are movmg from rest with accelerations
measured in the ‘inch-second’ and *yard-minute’ units respectwely,
and their measures are as 2 to 1. If P describe (x+y) feet in (a—4)
seconds, and Q describe (x — ) feet in (a+5) seconds, and the velocities
of £and Q measured in their respective units at the end of the (z—4)
and (a+4) second§ are as 10 to I, prove that a:4=13:11 and

Xiy=43:7.

58. Acceleration when uniform is measured by the ip-
crease of velocity per unit of time (Art. 51), hence any
straight line which represents a given velocity in magnitude
and direction will also represent in magnitude and direction
the acceleration which is measured by that velocity added
per unit of time.

PARALLELOGRAM OF ACCELERATIONS.

59. STATEMENT.—If a point at any instant possesses two
accelerations whick are représented in magnitude and direction
by two adjacent sides of a parallelogram, their resultant
acceleration is represented tn magnitude and direction by the
diagonal dratn through the point.

We must show that the resultant acceleration of two
accelerations which are repre-
sented in magnitude and direc-
tion by O4 and OB will be
represented in magnitude and
directjon by OC.

04 and OB represent o A
the accelerations,
;" they represent the velocities added by each in unit of time.
The Parallelogram of Velocities (Art. 18)
is true for a// velocities,
.*. it is true for velocity added in unit of time;
.*. OC will fully represent the resultant velocity
added in unit of time;
.*. OCwill fully represent the resultant acceleration. (Q.E.D.)

8 (o
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60. The terms Component, Resultant, Resolution, Composition,
apply to accelerations as weli as to velocities, and we have analogous
propositions. The Parallelogram of Accelerations has just been estab-
lished, and in the same way we might prove the 7riangle of Accelera-
tions, the Polygon of Accelerations, etc.

UNIFORM ACCELERATION IN A STRAIGHT LINE.

61. If a point moving with a uniform velocity (1) become
subject to & uniform acceleration (o) in the direction of its
motion, to find the velocity (v) after a given time (¢).

Our definition of the Measure of Uniform Acceleration
(Art. 51) tells us that the velocity of the point is increascd
each second by the quantity a.

At the beginning the velocity=1#.

At the end of 1® »” =u+a;
” i3] 25 ” =u+2a;
) ” 3° . =u+3u;
”» n £ 3 =u+ta.
But the final velocity is denoted by 2,
Lv=u-+al

ExampLES—XI.

I. A point moving with a velocity of 6 f.-s. has its velocity increased
8 feet per second per second ; find its velocity after 12 seconds.

2. A stone thrown vertically downwards from the top of a cliff with
a velocity of 40 f.-s. is subject to an acceleralnon of 32 f.-s.-s. ; find its
velocity after 3 seconds.

3. In what time will.a point whose initial velocity is 10 acquirc a
velocity of 100 when moving with an acceleration of 6?

4. A point movmg at the rate of 140 yards per minute has its velocity
umfonnly increased, so that at the end of a quarter of a minute it is
moving at the rate of 15 miles an hour; find the measure of the
acceleration in the foot-second system.

§ Ifa point moving with a uniform velocity of 100 f.-s. is subject to
a constant »efardation of 20 f.-s.-s., when will the particle be at rest?
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62. If a point moving with uniform velocity (u) become
subject to a uniform acceleration (a) in the direction of its
motion ; 1o find the space (s) passed over in a given time (?).

Since the velocity increases wniformly throughout the
given time, the“mean velocity during the interval will be
kalf the sum of the extreme velocities.

To find the value of the Mean Velocity during # seconds,
we have—

velocity at the beginning=x (By data.)
” " end =u+tal (Art. 61.)
*.*. sum of the velocities =zu+at
.. Mean Velocity =u+;';£.

Now the space described with uniform velocity in any
time=uwelocity X time. (Art. 9.)

.. s=(u+a7t) z.

oo s=ut+datl

In Art. 76 another proof of this important result is given
not involving the mean velocity.

ExampLEs—XII.

1. A point has an initial velocity of 100 f.s., and moves with a
uniform acceleration of 10 f.-s.-s.; find distance passed over in §
seconds.

2. A point describes 124 feet in 4 seconds under a uniform accelera-
tion of 8 f.-s.-s. ; find the initial velocity.

3. A stone starting with an initial velocity of 29 f.-s. describes 750
feet with an acceleration of 32 f.-s.-s. ; find the time.

4. If a point moving with an initial velocity of 12 f.-s.  describes
252 feet under a uniform acceleration in 6 seconds, find the measure of
the acceleration in the foot-second units.
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63. If a point moving with uniform velocity (&) describe a
certain space (s) with a given acceleration (a) in the direction
of its motion ; to find the velocity (v) at the end of that space.

We have v=#+at (Art. 61); and s=ut+44ar? (Art. 62);
o2 =wul42uat a2 !
=u42a (ut+ar?) .
=u"+4z2a.s
L vr=124 zas.
Thenv—»=velocityacquired while describing the distance s.

ExampLEs—XIII.

.

I. A point has an initial velocity of 6 f.-s., and describes 8 feet with
an acceleration of 4 f.-s.-s. ; find its final velocity.

2. A point, having described 12 feet with an acceleration of 12 f. -s.-s,
has a velocity of 18 f.-s. ; find its initial velocity.

3. A point starting with initial velocity of 30f.-s. describes 50 feet with
an acceleration a, and has then a velocity of 40 f.-s. ; find the value of a.

4. A point has a final velocity of 60 f.-s., having started with an
initial velocity of 10 f.-s., and passed over 70 feet with uniform accelera
tion ; find the measure of the acceleration in the foot-second units.

8. A point starting with an initial*velocity of 12 f.-s. describes a
certain space with an acceleration of 6 f.-s.-s., and has then a velocity of
30 f.-s. ; find the space passed over.

64. Collecting the results obtained in Articles 61-63, we
have—
(1) v=u+a¢  (connecting v and ¢),
(2) s=ut+}at® ( " s ., ),
(3)?=u?+2as ( ” 7, S
These may be called the ‘ Formulz of Reference’
for uniformly accelerated motion in a straight line.

Norke 1.—If a point have no initial velocity, it is said to starz from
rest.  In this case we must assume #=o0, in the ‘Formule of
Reference.’
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NortEe 2.—Ifthe acceleration be opposite to the direction of the initial
velocity, then we must write a with a negative sign in the ¢ Formule of
Referegce.’ (See Art. 44.)

NoTE 3.—A body falling freely under the earth’s attraction has its
velocity increased each second by 32-08 feet per second at the Equator,
by 32-18 at Greenwich, by 32-25 at the Pole.

This case of unitbrm acceleration is so important that it is usual to
denote its measure by the special letter ‘g.’

" If nothing be said to the contrary, the student may assume that g=32.

Example i.—A point moving at the rate of 44 feet per second is
brought to rest in 30 seconds by a constant retardation; find the
measure of the retardation.

Here #=44, v=0, t=30, and a is required.

We evidently make use of v=wu+at;
.. 0=44—0a.30;
‘. a= 1 feet per sec. per sec.

Hence we infer that the velocity is déminished at the rate of 145 feet
per second per second ; and thu; in 30 seconds the point has lost al/ its
velocity.

Example ii.—A particle is thrown up with a velocity of 144 f.-s.;
after what time will its height be 320 fcet ?

If we agree to consider velocity, acceleration, and space, measured in
one direction as positive, then when measured in the opposite direction
they must be regarded as negative:. In this question the initial velocity
and the height are measured #p, and the acceleration caused by gravity
is measured dow. If, therefore, we consider quantities measured up as
positive, then quantities measured down will be negative.

Here =144 ; s=320; a=g= —32; and / is required.

‘We evidently make use of s=#/+ 3as?;
. 320=1442- E x 32 x 225
.*. 1672 — 1442+ 320=0;
whence /=4, or 5.

We conclude therefore that the particle is at the height of 320 feet in
4 seconds and 5 seconds after its projection ; in 4 seconds oz its way
up, in § seconds ox its way down.

Example iii.—A particle is projected vertically upwards with a
velocity of 160 f.-s. ; find (2) how high it will rise.
(6) the time of ascent ;
(¢) the velocity at the height of 300 feet ;
D
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(d) the velocity after 3} seconds ;
(¢) the velocity after 6 seconds.
Herg u=160; a=g= -32.
(a) Height attained—
=22+ 2a5;
7. 0=160"-2x32%5;
*. s=400 fect.
(b) Time of ascent—
v=u+al;
.*. 0=160-32/;
.*. ¢=35 seconds.
(c) Velocity after describing 300 feet—
v*=u%+ 2as
= 160%— 2 x 32 X 300
=25,600 - 19,200
=6,400 .
.*. v=80 feet per second,
(d) Velocity after 3% seconds—
v=u+al
=160- 32 x z
=160—112 >
=48 feet per second.
i.e. a velocity of 48 ft. per sec. upwards.
(e) Velocity after 6 seconds—
v=u-+at
=160—-32%x6
=160—-192
= — 32 feet per second ;
i.e. a velocity of 32 feet per second downwards.
Example iv.—A particle passes a point 528 feet high with a velocity
of 128 f.-s. up; after what time will it return to the ground?
Let us consider the positive direction dow, and the negative direction
up., The ground is therefore 528 feet éeow the point.
Heres=3528; a=32; u=—128.
We use the formula s=#2 + }as*;
.t 528= - 1287+ 1683;
.. HB-8-33=0;
whence =11 seconds.
The other root, — 3, of the equation, signifies that the particle will
return to the ground in 3 seconds after passing the point on 3¢5 way down.

.
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Note.—It is much simpler to work this question as shown than to
find (1) the further height to which the particle will ascend ; (2) the
time of this further ascent ; (3) the time of descending throughs whole

space ascended from the ground ; (4) and, finally, by (2), (3) the whole
time required.

Example v. —A" particle is dropped from a height of 12¢, and 4
seconds afterwards another is projected from the ground vertically
towards it with a velocity of 4¢ ; w/her and whkere will they meet?

When ?—Let ¢ seconds elapse after 2nd is projected.

Then (2+4) ”» 1st was let fall,
Space described by 1Ist, s;=0+% x g x (¢ +4)% because z=0;
" 2d, s,=qgxt—fxgx#; (See Ex. ii.)

s1+;,=—";~(t+4)’+454— :1’
But 5+ s5,=12¢ (by data);
tzg:%(t+4)’+4gt—-§t’;

co24=(24+ 421822
24=0+8:+16+8t—13;
. 166=8;
.. t=%second.
Where 2—Let x be the height above the ground.
Then x=4g x{—1g (§)
=64-4
=60 feet,
The particles therefore meet } sec. after the second is projected, and
at a height of 6o feet.

ExampLEs—XIV.

1. Abody falls for § seconds; find its velocity and the space described.
2. A particle is projected vertically upwards with a velocity of 250
f.-s. ;5 how high will it rise?

W3 A partticle is projected vertically upwards, and has lost half its
original velocity when it has risen through 60 feet; find the initial
velocity.

4. A particle is projected vertically upwards with a velocity of 320
f.-s. ; find the velocity after it has described 576 feet.
5. A particle has an initial velocity of 12 f.-s., and having described
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30 feet has a velocity of 18 f.-s. ; find the acceleration, and also the
time of motion.

6. A particle is thrown upwards with a velocity of 200 f..s. ; after
what interval will it be 50 feet above the ground ?

7. A particle is projected from 4 with an initial velocity of 100 f.-s.,
and is subject to a retardation of 40 f.-s.-s. ; find the distance from 4
after § seconds.

8. A particle under uniform acceleration described 180 feet in 6
seconds from rest ; find the acceleration.

9. A particle is projected vertically upwards with a velocity of 640
f.-s.; in what time will it be at a height of 624 feet? Explain the
double result.

10. Two particles fall from heights of 256 and 1600 feet respectively ;
if they reach the ground at the same 1nstant, find the interval betwcen
their starting.

II. A particle starts from rest under a uniform acceleration of 16

f.-s.-s.; after 5 seconds another particle is projected from the same point,
after it and with the same acceleration. If the second body overtake
the other in 10 seconds, find the velocity of projection.
* 12. A body is dropped from a height of 784 feet; after it has fallen
through 144 feet, a second body is projected vertically downwards from
the same point with such a velocity that the bodies reach the ground
in the same time ; find the velocity of projection.

13. A body is dropped from a height of 576 feet ; after it has fallen
through 48 feet, a second body is projected vertically downwards, and
the bodies reach the ground at the same instant ; find the velocity of
projection.

I4. A particle projected vertically up passes a point 176 feet high
with a velocity of 160 f.-s. ; after what interval will it return to the
ground ? '

15. A particle thrown up passes a point 240 feet high with a velocity
of 240 f.-s. up ; when will it return to the ground?

16. A particle thrown up passes a point & feet high with a velacity
of & f.-s. ; after what time will it return to the ground?

17. A ball is let fall from a height of 256 feet, and at the same
instant a second ball is projected vertically upwards to meet ii; find
the velocity of projection of the latter if the balls meet at a height of
64 feet, .

18. A ball is projected vertically upwards with a velocity of 5¢; after
what time must another be projected with a velocity of 7¢ in order that
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the latter going up may meet the other coming down at a height of
384 feet?

19. A body projected vertically up is at the same height at the end
of 5 and 9 seconds ; find the initial velocity.

20. A body is thrown up with an initial velocity of 176 f.-s. ; after
1% seconds another : z projected up, and overtakes the first at its highest
point; find the velocity with which the latter is projected.

2r. A body is let fall from a given point; 3 seconds later another is
let fall from a point 240 feet below ; in what time will the bodies pass
each other, and how far apart will they be one second after that
happens ?

22. From the top o a tower 100 feet high a stone is dropped ; with
what velocity must another be projected downwards from the same
point after the lapse of half a second, that the stones may reach the
ground 4t the same instant ?

23. One second after the first stone in Ex. 22 was let fall, another
was projected downrards so as to reach the ground half a second
before the other; find (1) the velocity of projection; (2) where the
stones passed each other. )

24. A body shot vertically upwards rises 240 feet in 4 seconds; how
high will it rise, and what time will elapse between its starting and
returning to the point of projection ?

65. We next proceed to find the acceleration with which
a particle will slide down an inclined plane.l

Let AC be a plane inclined to the horizon at an angle
CAB=i. Draw a vertical
line OG,and let it represent
the value. of g. Resolve
the acceleration g along
the plane and at rightangles
toit. Letthese component
accelerations be OF and
OE respectively.  Then A
(Art. 28) the component

c

1 The assumptions made in this Article will be justified in Article 133
after the student has read the Laws of Motion.



54 Elements of Dynamics.
e

OF will be the resolved part along the plane of the accelera-
tion OG.
Therefore the fofql effect of g along the plane will be
fully represented by OF
Now OF=0G cos FOG;
.. OF=0G sin BAC; '
or, a=g sin 7.
And when motion takes place on an inclined plane whose
inclination is 7, we must substitute ‘g sin 7’ for ‘e’ in the
‘ Formule of Reference.” (Articles 61-63.)

ExampLES—XV.

1. Find the angle of inclination, when the acceleration along the
plane is 4.

2. In what time would a body slide down a plane 640 feet long,
having an inclination to the horizon=30°?

& 3. A particle slides from rest for 4} feet down an inclined plane, and
has a velocity of 12 f.-s. at the bottom ; find the inclination.

4. A particle takes twice as long to slide down the length as to fall
through the vertical height of a given plane; find the inclination of
the plane.

- 5. In what time will a particle slide down an inclined plane whose
length 1s 100 feet, and height 65 feet ?

6. A particle slides down a plane 150 feet long in 12 seconds; find
the height of the plane.

7. Find the velocity acquired by a particle on sliding down a smooth
plane whose base is 200 feet and inclination 45°. .

y. 8 If the time of sliding down an inclined plane : the time of falling
down the vertical height=2 #/2 : #/3—1; find the inclination.

9. A plane rises I foot in every 100 feet of length ; find the velocity
with which a particle must be projected up the plane in order that it
may describe 1839 feet in 10 seconds.

» 10. A particle slides down a plane 100 feet long, inclined to the
orizon at 60° ; find the time of describing the upper and lower halves
respectively. )

11. A particle slides from rest down a plane 320 feet long, and having
an inclination of 30°; find the time of describing the last 50 feet.
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I2. A particle takes twice as long to slide down either of the sides
of an isosceles triangle as to fall freely from the vertex to the base
(which is herizontal) ; find the vertical angle of the triangle.

13. With what velocity must a particle be projected down a plane of
given length (/b whose inclination is 30°, so as to reach the bottom
simultaneously with another particle which starts at the same instant
and falls freely through the vertical height of the plane?

14. Show how to place a smooth plane of given length (/) so that a
particle may acquire a given velocity (2) in sliding down it.

66. A point is moving with an initial velocity (u), and
becomes subject to a uniform acceleration (a) in the direction of
motion ; to find the space described in any particular (n'*)
seconds

Space in n* second=space in # seconds—space in (z—1)
seconds.
Space in » seconds=w#.n+3a.n’. (Art. 62.)
»y (r—1),, =u(n—1)+}a.(n—1)"
.*. Space in n** second=u(n—n+1)+}a (B’ —n’+ 2m—1)
=u+}o (2n—1).

If the point have no initial velocity, then #=o, in this

result.

Note.—The student may, as an exercise, obtain this result by using
the mean velocity in n™ second.
Example i.—Find the space described in the 6th second by a-
particle falling from rest.
If S, denote the space described in 7 seconds,
Then sg=0+3g(6)%
And ss=0+34g (5)°;
.*. Space in 6th second=3%g (11)=16 x 11=176 feet.

.

Example ii.—A particle has fallen from rest for 16 seconds; com-
pare the spaces described in the 6th and 16th seconds.
56— 5 =326 - 35\ =4gx 1L
18— S =45(16)" - d5(15)° =hg x 315
.*. Space in 6th sec. : space in 16th sec. =11: 31.



56 Elements of Dynamics.

Example iii. —A particle which had an initial velocity of 10 f.-s.
described 54 feet in the 6th second ; find the acceleration.
5¢=10.6+4a (6)2,
55=10.5+4a (5)%;
. 54=10+3}a (11); . a=81.-5.-8

Example iv.—A particle moving with uniform acceleration described
140 feet between the 3d and 5th seconds, and 770 feet between the
12th and 17th seconds; find the initial velocity and the acceleration.

Let % denote the initial velocity, and let a denote the acceleration.

Then ss=u#.5+3a (5)3,
And sg=u.3+3a (3)%;
. 140=2x+3%a.16 . . . . . . . (L)
Also Sp=u.17 +3a (17)3,
And sg=u.12+}a (12)*;
770=5t+3a.145 . . c e (2)

From these two equations (1) and (2) we get #=38 f.-s. and
a=8f.-s.-s.

ExampLEs—XVI.

1. A stone has fallen for 7 seconds ; find the space passed over in
the seventh second.

2. A point moving from rest with uniform acceleration describes
590 feet in the 30th second ; find the acceleration.

3- A point had an initial velocity of 100 f.-s., and it described 328 feet
1 the 10th second ; find the acceleration.

4. A body has fallen for 12 seconds ; compare the spaces passed over
in the 6th and last seconds.

5. A body moving from rest with uniform acceleration describes
300 feet in the Sth second of its motion; find the space passed over,
in the 8th second, and in 8 seconds

6. A body whose velocity was umfoxmly accelerated described 84 feet
and 108 feet in the » and (#+ l)‘ sec. respectively from rest ; find the
acceleration.

7. A body whose velocity was uniformly accelerated described 82 feet
in the 7th second, and 98 feet in the gth second of its motion ; find both
the initial velocity and the acceleration.

8. A falling body describes 16/25 of the whole space in the last
second ; find the whole time of motion.
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9. A stone falls over the edge of a cliff, and describes 7/16 of the
height of the cliff in the last second of its fall ; find the height of the cliff.

10. A stone falls from an anchored balloon, and describes 8/9 of the
height in the last second of its fall ; find the height of the balloon.

11. The space described by a falling body in the 5th second : space
described in the last=1:3; find the height from which the body is
let fall.

12. The space described by a falling body in the last second of its
fall : space in the last second but one=15:13; find the height from
which the body is let fall,

13. A falling body describes in the last second a space equal to three
times that described in the last second but five; how long has it been
falling ?

I4. A particle sliding from rest down an inclined plane whose angle
of incliffation is tan —1(3/4), describes 86-4 in the last second but one ;
find the length of the plane.

I5. A point moves with uniform acceleration, and in the m?, »*, p”‘
seconds it describes x, y, z feet respectively ; show that

° x(n—p)+y(p—m)+2(m—n)=o0,

67. We can obtain the following interesting results from
the ¢ Formule of Reference.” Examples in which some of
them are required will be found in the Exercises at the end
of this Chapter.

68. When a point starts with no initial velocity, and moves
with uniform acceleration, the space described varies as the
square of the time.

We have s=ul+4%a’. (Art. 62.)
And, by data, u=o0;
cos=}att;
but 4o 4s a constant ;
s.s«< 2 (QED.)

69. When a point moves with uniform acceleration the
spaces described in successive seconds arve in  Arithmetical
Progression.

The space in the #* second=#%+4a (22—1); (Art. 66.)

¢4
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.". space in 1st sec.=#+3e (z—1)=%+4a;

» 2nd ,, =#+4a (4—1)=u+3a;

» 3rd ,, =u#+3a (6—1)=u+3a.
Hence the spaces described in successive seconds form
an Arithmetical Progression, whose common difference is a.
The student will notice that these spaces are proportional
to the odd numbers 1, 3, 5, . . . when the body starts from

rest.

NoTre.—The converse of this theorem is given as an exercise in the
Examples at the end of this Chapter. See Example 111.

70. The space described by a particle falling freely for a
grven time is approximately equal to the square of the number
of quarter-seconds.

We know that s=##+4a#* ; and in this special case #»=o,
and g=32, nearly;

Sos=168;
=(42)";
=(number of quarter-seconds)’. (Q.E.D.)

71. When a particle is thrown vertically upwards its time
of ascent is equal to its time of descent.

- Let #=time of ascent, and Z’=time of ascent and descent.

We know that v=u+at.

In this formula =0, because after # seconds the body is
at its highest point; and e= —g, because its direction is
opposite to the direction of «.

u
coo=u—gt; ..t_g.

When the body has returned to the point of projection,

its height ahove that point=o, and this is the space de-
scribed in the time= 7~
We know that s=w¢+3as?;
o o=ul—4gT*;
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. 3 __ .
;g =2uT;

2 .
T'="—=time up and down,
and ‘7= — =time up;

.. I'—{=--=time down.

09 R 0g R oy

“Therefore, the time of ascent is equal to the time of
descent. (Q.E.D.)

The time up and down—that is, the Zime in the asr—is called the
Time of Flight.

72. *When a particle is thrown vertically upwards, on re-
turning to the point of projection it has a velocity equal to the
velocity of projection, but in the opposite divection.

Let #=velocity of projection, .
and wo=vclocity on returning to the point of pro;ectlon.

Then, Tine of thht= -E (Art. 71.)

Now v=u+at;
S—
b - (-3 g ’
=u—2u;
=—u.
Or, we may establish the theorem in the following very
simple manner.
When the particle returns to the ground its height above
the ground =o.
To find the velocity at this height we use the formula
' =u"+}2a5.
But s=o0;
sovi=dt

. v==kn,
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Ze. +u is the velocity of projection,and —# is the velocity
on striking.

Therefore the velocity on returning to the point of pro-
jection is equal in magnitude to the velocity of projection,
but in the opposite direction. (Q.E.D.)

Cor.—Hence the velocity at azy point in the ascent is equal and
opposite to the velocity at the same point in the descent. The student
will notice that this is a special case of a general theorem, viz. :—*If
a particle is moving in a straight line, and its velocity be uniformly
retarded, it will pass twice through any point in its path with its
velocities equal in magnitude but opposite in direction.’

73 When a particle slides from rest down an inclined
plane, the velocity acquived in describing the length of the plane
is equal to the velocity whick it would acguire in falling freely
through the height of the plane.

Let v,=velocity acquired in
describing the length of the
plane.

We use the formula

v =u'+2as.

In this, s=/; u=o0; a=gsiny,

—ox ”.
—g 1 )
. 2 A
Sov =042 % 7—xl
=29%;

o= J2gh. . . . . (1)
Let #,=velocity acquired in falling through the height.
Cot=o+428%;
oo v=a28h. . . . (2)
Hence, from the results (1) and (z), we conclude that
7,=7,. (QED.)
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74- The time occupied by a partice falling from rest down
any chord of a vertical circle, passing through its highest point,
is equal to the time taken to fall down the vertical diameter.

To show that the time down any such chord 4Z=time
down A4C. A

c
Draw BD L AC, and join BC.

Now £ ABD= . ACB; .'. each=9o°—CBD;

AB

.*. SIn ABD———ZC‘

We use the formula s=u¢421as’,
Let the time down 4B =¢,,
. AB=o+3gsinix?;
248 248 24C

Let the time down 4 C=¢,.
o AC=o0+44g47;
,2:_:?149 e . (2)
&
Hence, from the results (1) and (z), we conclude that
ti=t¢. (QED.)
75. In the same way it may be shown that the time down
any chord of a vertical circle passing through its Jowest
point is equal to the time down the vertical diameter.
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Cor.—If from a given point particles at any instant fall away in all
directions, at the end of a time ¢ they will all be situated on the surface
of a sphere whose diameter is 472

ExampLES—XVII.

1. If two vertical circles touch at their highest points, and a straight
line be drawn through this point cutting the circles, show that the time
down the part between the circumferences is constant.

2. A particle moves down a chord of a vertical circle inclined at an
angle of 60° to the horizon, and passing through the lowest point of the
circle. If it reach that point with a velocity equal to that due to the
vertical diameter, prove that its velocity is doubled during its descent.
~ 3. Determine that diameter of a vertical circle, down the latter half
of which a body (having started from rest at the other extremity) falls in
the same time as down the whole vertical diameter.

+ 4. If a circle be placed in a vertical plane, determine that chord
passing through its lowest point down which a body must fall so that
it may acquire the greatest horizontal velocity.

5. Find that radius of a vertical circle so that the time to the centre
may be equal to the time from the extremity of the radius to the lowest
point of the circle.

6. 4B is the horizontal diameter of a vertical circle, C the lowest
point of the circle, P a point on the circumference. If 2, £,, %, the
times of falling from rest down P-4, PB, PC, be such that 2+ 7, =425%,
find the angle PAB. _

4. Ifthe angle P4 B inthe last question be 15° show that 4 —2,=¢; 4/2.

8. ABC is a vertical circle, 4 its highest point, CB a diameter which
is produced to meet the tangent at 4 in D ; if a particle fall down DC
from rest, find (I) its velocity at B ; (2) its velocity at C; (3) the angle
ADC, so that the velocity at B may be half the velocity acquired in
moving from B to C.

9. If ¥.B be the horizontal diameter of a vertical circle, show that
the time down any chord AP varies inversely as the time down the
chord BP. '

76. Although the proof of the Proposition in Art. 62 is
sufficient, yet some may desire to have it established with-
out reference to the mean velacity.
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"A point has initial velocity (4), and an acceleration (a) in the direc-
" tion of motion is imparted to it ; it is required to show that in any time
() the space described=ut+ jas’.’
Let the time ¢ be divided into # equal intervals,
*. each interval=—

The velocity added in the interval £=fﬂ_’

The number of intervals will be

I, 2, 3 . n.
The velocities at the beginning of these 1ntervals will be
u, u+i: u+ 2at' . . . u+("—_—l)lt.
, ” ” ”
The velocities at the exd of these intervals will be
u+ a-{n u+3¢3{9 “+-3al‘ . . . +'11t
n ”n n

Let s, and s, denote the whole space described, if the point moved
uniformly during each interval with the velocity which it possessed at
the beginning and end of the intervals, respectively ; then, since s=2¢
(Art. 9), we have

¢ 2ar\ ¢ n—l al
= —_ —_ oo s + —.
= +(u+ p +(u ) —+ ( pod

=n-’—+-——(1+z+3+ ..... “eee. n—1terms); &

—ut+£ l(n 1), by Arith. Prog. ;

In the same way the student may show that

Sq=ut+ a:(l + ; )'

Now the actual space (s) described must lie between these values of
51 and s; whatever be the value of 7.

When 7 is increased the quantlty is diminished, and in the limit

vanishes,
Hence when 7 is endlessly increased, s; and s, will each become ulti-

mately equal to ut+“;t’, which therefore represents the actual space

described. . s=ut+§ad  (QE.D.)
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LINES OF QUICKEST DESCENT.

77- By means of the two results arrived at in Arts, 74 and
75, we are enabled to solve a series of problems known as
‘Lines of Quickest Descent.’

7&' Der.—A Line of Quickest Descent is the line
along which a particle will pass in the shortest time from
one assigned position to another; e.g. from a given point
to a given line, or to a given circle, or the converse.

79. The student is advised to become familiar with the solution of
the following problems in Geometry before attempting to find any line
of quickest descent. -

1. Draw a circle which shall touck two; 'n straight lines, touch-
ing one of them at a given point.
3. Draw a circle which shall touch a grven straight line at a given
point, and also touck a given circle.
Take various cases, ¢.g. when the point is first within, and
then without the circle.
3. Draw a circle which shall touck a given circle at a given poim
and also touck a given straight line.

Exa.mple i.—Find the line of ¢ :kest descent from a given point
without a circle to the circle.

Let P be the point; ADE the
P circle. Draw a horizontal line through
P. Then describe a circle which shall
touch this line in 2, and also touch the
c circle ADE (No. 2 above). Let the
circles touch at 4, and draw P4 and
any line PCD cutting the circles at

C and D respectively.

PA 1s the line required.
The time down 2’4 =time down PC
(Art. 74),
and .". < time down 20.

E Similarly for all other lines through

2P which cut the circles.

oo PAis the line of quickest descent from 2 to the circle 4 DE.
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Example ii.—Find the line of quickest descent from a circle to a
given point within it,

Through the given point 27 draw a hori-
zontal line. Describe a circle which shall
touch this line at 2 and also touch the circle
ACD. l.et the circles touch at 4 ; then 42
is the line of quickest descent from the arcle
to /. Draw any straight line CH 2P cutting
the circles and passing through 2>
Then time down 4 P=time down B 7(Art. 75),

and .. < time down '/’

ExanMrLes—XVIIL

No?E.—The circles, lines, and points are supposed to be in the
sume vertical plane.

1. Find the line of quickest descent—
(z) From a given point to a given straight line.
(4) From a given straight line to a given point.
(¢) From a given straight hine without a given circle to the circle.
(d) From a given circle to a given point without it.
(¢) From a given circle to a straight line without it,
(/) From a given point within a circle to the circle.
(g) From a given ciicle to a given point within it. .
(%£) ¥rom a given circle to another circle within it.
(7) From a given circle within the circle to the circle.
(7) From a given circle to another circle without it.
* 2. A point Pis 16 fect from a plane inclined at an angle of 30° to
the horizon and above the plane. Find the #me of quickest descent in
a straight line from /’to the plane.

3. C s the centrc of a vertical circle ; 5 any point within it vertically
above C. If 2D be drawn hornzontally to mect the cirgumference in
D, and CE be taken in CD,=C/, show that the line of quickest
descent from £ to the circumference is perpendicular to C/).

MISCELLANEOUS EXERCISES—XIX,

1. Compaze the velocities of two particles, one of which moves
through 13 yds. in 2} secs., and the other through 260 ft. in a minute.
2. Compare the velocities of two particles, one of which moves at
the rate of 8 miles an hour, the other at the rate of 176 feet per minute.

E



66 Elements of Dynamics.

3. What is implied when we say that the acceleration due to gravity
is 32-2?

4. A train increases its speed uniformly from 30 to 40 miles per
hour in 12 minutes; compare its acceleration with that of a_particle
falling freely. .

5. A man walks with a velocity represented by 5-5, and finds that
he travels 10 miles in 3 hours ; if 2 secs. be the unit of time, find the
unit of space.

6. Distinguish between uniform velocity and uniform acceleration ;
and give an instance of each.

7. State and prove the theorem known as the *Parallelogram of
Velocities.’

8. Explain and give illustrationsof the following varietiesof motion :—
translation, rotation, undulation.

9. What is the acceleration (f.-s.), supposed uniform, of a train
which while passing over 120 yards changes its velocity from 15 miles
an hour to 60 miles an hour?

10. A point describes 45 feet and 55 feet in two successive seconds ;
find the space it would describe (1) in 20 seconds from rest, (2) in the
2oth second from rest.

11. Establish the formula, s =+ 3as3.

12. Assuming the formule, 2 =%+ at, and s=u#+ }as?, establish the
formula 2?=u%+ 2as.

13. A particle projected vertically upwards passes a point 640 feet high
with a velocity of g6 f.-s. ; after what time will it return to the ground ?

14. A particle thrown up is 10 seconds in the air; find (1) its velo-
city of projection ; (2) the height to which it rises ; (3) the time taken
to rise 200 feet ; (4) its velocity at a height of 300 feet.

15. A particle is projected vertically upwards with a velocity which
would carry it to a height of 576 feet ; after what time will it be coming
down with a velocity of 48 f.-s. ?

16. Show that the unit of acceleration varies directly as the unit of
length, and inversely as the square of the unit of time.

17. Show that the velocity acquired by a body falling down an
inclined plane is the same as if it had fallen through the vertical height
of the plane.

18. A point moves with a velocity increasing every minute at the
rate of 50 yards per minute. What space is passed over during the
interval between its having a velocity of 20 and one of 80 yards per
minute ?
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19. If 3 seconds were substituted for 1 second as the unit of time,
by what number would an acceleration one-fourth as great as that
caused by gravity be represented ?

20. A train starts from A ; its pace is quickened so that in 2 minutes
its velocxty is 30 miles an hour; it then travels for 18 minutes with
uniform velocity ; its speed then is regularly diminished so that in two
minutes the train comes to rest at B, Find the distance between 4
and B.

21. A $tone let fall from a certain height would reach the ground in
g seconds. If it were stopped at the end of 3 secs. and afterwards let
fall, how long would it take to fall through the rest of the distance?

22. A body falls from a certain point ; after it has been in motion
for 3 secs. it moves for 2 secs. more with the unifoim velocity which it
has acquired ; find the whole space described.

23. Show that the time down any chord of a vertical circle passing
through its lowest point is equal to the time down the vertical
diameter.

+ 24- A man walks with a velocity represented by 23, and he finds
that he walks 73 miles in 2} hours ; if 3 secs. be the unit of time, what
is the unit of length ?

25. A body projected vertically upwards loses 2/3 of its velocity in
describing 9 feet. To what height will it rise ?

26. A particle describes spaces of 24 feet and 64 feet respectively in
two successive intervals each of 4 seconds dutatlon required the measure
of the acceleration.

27. In 3 minutes after starting from a station a train_is travelling at
the rate of 40 miles an hour; express its mean acceleration in the
interval with a foot and a second as units.

28. Find the vertical and horizontal components of the acceleration
down a plane whose inclination is 7.

29. Define velocity, and explain how it is measured (1) if uniform,
(2) if variable.

30. If gravity be represented by 14 instead of 32, when the unit of
time is § seconds, find the unit of length.

31. If 3 seconds be the unit of time, and a square yard be repre-
sented by 16, find the measure of a velocity of 15 miles an hour.

32. In what time will a body slide down an inclined plane whose
length is 100 feet, and height 64 feet? What is the velocity acquired ?

33. A body sliding down an inclined plane describes 104 fegt in the
7th second from rest ; find the angle of inclination,
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34 In the last question, where must the plane be divided in order
that the times of describing the two portions may be equal?

35. Explain how the measures of a welocity and an acceleration
respectively depend on the units of length and time.

36. A particle moves from rest under a uniform acceleration, and
describes 20 yards in a certain second, and 30 yards in the next second.
Compare this acceleration with that caused by gravity, and find how
far the particle had moved from rest before the first observation was
made. *

37- If each unit employed in the measurement of an acceleration be
increased x times, show that the new value of the measure of the
acceleration will be x times its former value.

38. What is the unit of length when a minute is the unit of time,
and a velocity of 1 f.-s. is denoted by the cube root of the number
which denotes an acceleration of 60 f.-s.-s. ? '

39. A man runs with a velocity § on a horizontal platform which is
rising vertically with a velocity 12; find the magnitude and direction
of his actual motion. .

40. Prove that the velocity of a particle moving from rest under a
constant acceleration varies directly as the square root of the distance
described.

41. Obtain the formula 2?="+2as5, defining the symbols em.
ployed.

42. A particle subject to a constant acceleration describes 50 and
56 feet in the 6th and 7th secs. respectively ; find the initial velocity.

43. If at the two instants when 1t is 1 foot distant from a certain
point in its path a particle is moving with velocities of 1{.-s. and 7 f..s.
respectively, find (1) the value of the acceleration; (2) the velocity
with which it passes through the point.

44. A person at a window throws a ball up outside, and observes
that in 3 seconds it passes him on its downward path, and that in
another second it strikes the ground. Find (1) the height of the
window above the ground ; (2) the vertical velocity of projection.

45. A stone falls freely for 3 seconds when it breaks a pane of glass,
and thereby loses one-half its velocity ; find the height of the glass
above the ground if the stone reaches the ground in 2 seconds after
breaking the glass.

46. If a stone fall freely for 4 seconds, and then perforating a roof
lose one-third of its velocity, find the entire space described in 5%
seconds.
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47. A particle moves over 16, 40, 70 feet in the 1st, 2nd, 4th seconds
respectively. Is it moving with uniform acceleration?

48. A particle falls down a smooth inclined plane; if 2, o, are its’
velocities at two points whose vertical distance apart is %, prove that
vinv3=2gk. .

49. A particle moving with uniform acceleration is observed to pass
over a feet and & feet respectively in two consecutive seconds; find the
acceleration, and find the time from rest before describing a.

50. A stone in falling from rest describes the #* part of the height
in the last second ; find the time of falling.

5I. What is the acceleration (a yard and a second being the units) of
a train which quickens uniformly in one minute from 10 miles to 6o
miles an hour.

52. If a body falling freely for 1 second acquire 5 units of velocity,
and its acceleration be 10, find the units of length and time.

53. If the unit of velocity be a velocity of a mile an hour, and the
acceleration duc to gravity be represented by 3274%, what are the
pnits of length and time? Express the unit of acceleration in the foot-
second units.

54. If the space described in the last 5 seconds of motion under
uniform acceleration (a) be 11 times that described in the first five
seconds, find the whole time of motion, the initial velocity being 6a.

55. Can a particle move with a velocity of constant magnitude, and
yet be moving with an acceleration ?

56. A stone is projected vertically upwards from the mouth of a pit
with a velocity of 3¢, and finally reaches the bottom -of the pit with
the velocity 5¢.  Find (1) the depth of the pit ; (2) the time of motion.

57. If the units of space and time be each doubled, find the effect on
the measures of a velocity and an acceleration.

58. A particle starts from rest at one end of a straight line 4.5, 364
feet long, under an acccleration of 8 f.-s. ; at the same instant another
particle is projected from B towards 4 with umform velocity. If they
meet 64 feet from A, find the velocity of the latter particle.

59. Two balls are thrown up with a velocity of 192 feet per second,
one 2 seconds after the other ; when and where do they meet ?

60. A body is thrown up with a velocity of 100 f.-s., and after
1 second another is thrown up and overtakes the other when at its
highest point ; find the velocity with which the latter is projected.

6I. A particle is started from 4 towards 5 with an acceleration of
9 f.-s. ; while another particle is moving fiom B towards 4 to meet it
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with uniform velacity of 120 f.-s., they meet half-way ; find the distance
between A and B, and the time of motion.

62. A balloon is rising uniformly with a velocity of 10 f.-s., when a
stone dropped from it reaches the ground in 3 seconds; find the height
of the balloon (1) when the stone was dropped ; (2) when the stone
reaches the ground.

63. A ball is projected up a plane (inclination=30°) with a velocity
of 64 feet per second. (1.) In what time will the ball return to the
point of projection? (2.) What distance does it ascend? (3.) When
will the velocity be 256 f.-s. ?

64. A balloon is ascending vertically with a velocity of 20 f.-s., and
a stone having been let fall from it reaches the ground in 8 seconds.
(1.) Find the height of the balloon when the stone was let fall from it.
{2.) Find the velocity of the stone when the height of the balloon was
1000 feet.

65. A balloon is rising with a uniform velocity of 50 f.-s., and a
stone projected vertically upwards from it with a velocity of 30 f.-s.
reaches the ground in 10 seconds; find the height of the balloon
(1) when the stone was projected ; (2) when the stone reached the
ground ; find also the greatest height attained by the stone.

66. A balloon ascends with uniform acceleration of 11 f.-s.-s., and
at a height of 352 feet a stone is dropped. (1.) How long will the
stone continue to rise? (2.) When will it reach the ground ? (3.) What
was its greatest height?

67. A balloon ascends with uniform velocity for 43 seconds, and a
stone let fall from it reaches the ground in 7 seconds. Find (1) the
velocity of the balloon ; (2) the height from which the stone fell.

68. A person drops a stone into a well, and after 10 seconds hears
the splash ; find the depth to the surface of the water, if sound travel
at the rate of 1120 f.-s.

69. Assuming the velocity of sound to be 1120 f.-s., find the height
of a cliff if the sound of a stone striking the base reach the top in 54
seconds after it was dropped. .

20. A particle is projected vertically up a height of 212 feet with
a velocity of 9o f.-s.; after what time must another be projected
down from the upper extremity with the same velocity to meet the
other half-way ?

71. A stone is thrown upwards with a velocity of 150 f.-s., and one
second later another stone is projected with a velocity of 200 f.-s.
When and where will the stones meet?
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72. A stone is projected downwards with a velocity of 5o f.-s. If
another stone be projected after it in 10 secs. with a velocity 8 times
as great as that of the first, when will it overtake the first ?

73. A rocket fired vertically upwards with an initial velocity of 96
f.-s. explodes at its highest point. The interval between the sound
reaching the firing-point and a place a quarter of a mile distant from
it is one second. Determine the velocity of sound.

74. A balloon is ascending with a velocity of 8o f..s., and when at a
height A a stone is dropped from it. Five seconds later another
stone is projected vertically downwards from it with a velocity of 200
f.-s. When will the latter overtake the former? and find the least
value of /A for this to be possible.

75. A steamer goes due W, at 18 miles per hour ; a current is running
due S. at 4 miles an hour ; a train is going due N. at 60 miles an hour ;
find the relative velocity of the steamer and train.

76. A falling body describes in the #% second of its fall a space
equal to x times the space described in the (%— 1) second ; find the
whole space described.

77. A particle is projected up;a smooth plane inclined at 60° to the
horizon with a velocity Vg#; find (1) how far, (2) how long, it will
rise, % being the height of the plane.

%8. Two balls are projected vertically upwards with the same velocity
u, the second being despatched when the first has attained 3/4ths of its
greatest height ; at what height will they meet ?

79. To a man travelling W. at the rate of 8 miles an hour the wind
appears to come from the NW.; when he stands still the wind comes
from a point 5° more to the N. ; what is the velocity of the wind?

80. If the measure of gravity be 32-2 in the foot-second units, find
its measure when the centimetre (=-4 inch) and a second are the
units.

81. One ship sailing due N. is 6 miles south of another sailing twice
as fast due E.; what will be the shortest distance between them, and
when will the bearing of one from the other be NE. ?

82. A body is dropped from the top of a tower, and at the same
instant two bodies are projected upwards from the ground, one of
which meets the falling body at the middle of the tower, and the other
after the lapse of half the whole time of descent. Compare the
velocities of projection.

83. Two bodies are projected at the same instant, and they are
instantaneously under the same acceleration, the initial velocity of one
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being 5 times that of the other. After 53 secs. their velocities are 277-1
f.-s. and 677-1 f.-s.; find the initial velocities, and the magnitude of
the acceleration.

84. A particle is projected vertically up with a velocity of 102 f.-s.
from a certain point 0, and 2 secs. later another is projected down from
X (vertically above O) with a velocity of 14 f.-s.; find OX, if the latter
reach O at the same instant that the former reaches X.

85. A body slides down an inclined plane. It starts with an initial
velocity due to the height of the plane. The time of its descent is
equal to the time in which it would fall from rest through this height.
Find the inclination of the plane.

86. Divide an inclined plane, whose length is /, into # parts, such
that the times of describing the successive parts shall be equal.

87. Find the velocity with which a particle should he projected down
an inclined plane whose inclination is 7, that the time of describing the
length (/) may be equal to the time of falling down the height (Z).

88. A particle starts from A and slides down a smooth plane 43
inclined at 45° to the horizon. Two seconds before it starts another

is projected up the plane from 5 with velocity ;5“5'; , and meets the
N

first midway between 4 and B. Find when they meet.

89. The velocities acquired by a body falling vertically down 47
and along the inclined planes 4C and 4D respectively are as the
numbers 4, 2, I, and the time of falling is the same in each case; find
the inclinations of the planes to the horizon.

90. With what velocity must a particle be projected downwards so
that in # seconds it may overtake another which has already fallen
through a distance of  feet?

9I. A body has fallen from rest through 7z feet at the instant another
body begins to fall from a point # feet below that which the first then
occupies ; find the distance traversed by the second before it is over-
taken by the first, assuming that the acceleration caused by gravity is
constant, but unknown in amount.

92. A stone is projected vertically downwards with a velocity of o,
and in # seconds after its projection another stone is projected down-
wards with a velocity ; ; when will the latter overtake the former?

93. In the last example, what should the second velocity be in order
that the first stone may not be overtaken?

94. Two particles slide downithe sides 45, 4C of a vertical triangle
whose base BC is horizontal. Prove that (1) the velocities acquired
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are equal ; (2) the times of describing the sides are proportional to their
lengths.

95. Three bullets are fired vertically upwards at the end of three
successive seconds; the first with a velocity of 500 f.-s., the second
with a veiocity of 600 f.-s, Find the initial velocity of the third if the
three bullets pass through a plane parallel to the horizon at the same
instant.

96. If a particle be projected upwards with a velocity xg, when will
it have attained the height of xg, and what will be its velocity at that
instant ?

Find the least value of x.

97. A particle is moving with uniform acceleration a. If # be the
Arith. Mean between its initial and final velocities in describing a space
s, and o be the velocity generated during the time of describing that
space, show that wz=as.

98. A number of beads lie in contact on the horizontal arm 45 of a
bent wire 4B8C, BC being vertical, and they are pushed along the wire
in the dircction A3 with uniform velocity. Show that at any time the
distances between those which htve passed the bend B and are moving
vertically are in A. P.

99. Determine that point in the hypothenuse of a nght-angled
triangle, having its hase horizontal, from which the time of a particle’s
descent down an inclined plane to the right angle is least.

100. A wheel of a carriage is 4 feet in diameter, and makes 3} revolu-
tions per sccond. If the carriage be moving at the rate of 30 miles an
hour, find the velocity in fixed space (1) of the point of the wheel in
contact with the ground; (2) of either of the points in its circumference
one yard above the ground. (w—_—_27_2).

10I. A particle is let fall from a height % at the same instant that
another particle is projected downwards from a point 2% above it with
the velocity which the first would acquire in falling to the ground.
Show that they will reach the ground at the same instant, and compare
their final velocities.

102. A particle is thrown vertically up; the time (# scconds) between
its leaving a point whose height (% feet) is known and returning to it
again is observed ; find the velocity of projection.

103. A point has moved from rest with a uniform acceleration,and at
the end of #, #, seconds its velocities are »; and o, respectively; find
the space described in ¢ seconds.
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104. If two particles be thrown up from the same point with an
initial velocity u, one » seconds after the other, show that they will
meet at a height of »_ gl’.

2z 8
' 105. ABCD is a square, and £ is the middle point of BC ; find the
resultant velocity of velocities fully represented by 45, 4£, and AC.

106. A particle at the centre of a regular pentagon has impressed on
it velocities of 4, 3, 2, 2, in the directions of four of the angular points
in order ; find the resultant velocity.

107. AB is a quadrant of a circle whose centre is O, the radius 058
being horizontal ; C is a point on the arc of the quadrant, and the
angle B0C=6. Show that the time of falling from 4 to C'is to the
time of falling from C to B in the ratio /cos §8 : a/sin 6.

108. A velocity o, at an inclination 0 to the horizon, changes into a
velocity 2 cos @ horizontal in time # with a constant acceleration ; prove
that the acceleration was vertical, and determine its magnitude.

109. PQ is the perpendicular from a point 2 in the circumference of
a circle to a fixed diameter. If P describe the circumference with
uniform velocity in 27 seconds, prove that the velocity of Q at any
instant is measured by PQ.

110. Three particles are thrown vertically downwards with initial
velocities #,, g, 3 from heights s; 55, 53 respectively, and they reach
=5 _ $1—Sy _ H—5,
Up—Ug Ug—Uy Ug— U,

111. The distances through which a particle is observed to move
from rest in successive seconds are in the proportion of the numbers
1, 3, 5, 7, - - . ; prove that the particle is moving with uniform
acceleration.

112. A particle falls through x feet at two different places on the
earth’s surface, and it is observed that at one place the time of falling
is # seconds less, and the velocity acquired is 7 feet per second greater
than at the other ; show that if the acceleration caused by gravity at
the two places be g; and g, respectively, then m/n= Vg, g

113. A smooth wire is bent into the form of a right-angled triangle
ABC, and is placed with the hypothenuse 4B vertical. A ring is pro-
jected from C towards B with the velocity which it would acquire by
sliding down 4 C from rest, and another ring begins to move down 48
from rest at 4 ; show that the two rings will reach B with the same
velocity, and that their times of motion will be as tan 4 : 1.

114. A Pullman car, 45 feet long, is running at the rate of 60 miles

the ground simultaneously ; prove that
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an hour along a straight railway., A bird flying at the rate of 61 miles
an hour is seen to pass in through the middle point of one window and
to pass out through the middle point of exactly the opposite window.

If the bird’s path through space is parallel to a diagonal of the floor of
the car, what is the width of the car?

1I5. A man 5 ft. 8 in. high runs from a lamp raised 12 feet at the
rate of 63 miles an hour ; find how fast the tip of his shadow moves.

116. If 5, be the distance passed over in the 2% sec. by a particle
moving from rest with an acceleration a, prove that 2s;/a is always an
odd integer.

I17. A man seated in a railway carriage which is moving at the rate
of 30 miles an hour observes a distant object through the opposite
window, and notes that it remains in view for fifty seconds, If the
breadth of the window be 21 inches, and the distance of the observer’s
eye from the sides of the window be 8 feet and %% feet, find the
distance of the object at the moments of its appearance and disappear-
ance from view.

118. Two candles 12 inches and 6 inches long respectively are placed
on two stands I foot high and 1 foot apart on a table. If the candles
burn steadily at the rate of 4% inch per minute, find, in feet per second,
the velocity of the extremity of the shadow of the shorter candle cast
on the table.

119. In a vertical circle two chords are drawn from the extremity
of a horizontal radius subtending arcs @ and 26 ; if the time down
the chord of 20 is = times that down the chord of 6, show that
sec f=n?—1.

120. A is the highest and B the lowest point of a vertical circle, C
a point in the ciicumference. Two particles are projected with equal
velocities, one along C4, the other along C5. The velocity of pro-
jection is such that the first particle only just reaches 4, and in a time
double of that taken by the other to reach B ; find the angle 4BC.

121. A and B are the highest and lowest points respectively of a
vertical circle. From any point 2 in the circumference a tangent P7
is drawn to meet a horizontal line through B in 7°; show that a particle
will run down 27 in a time which varies inversely as 4 2,

122. Two ships 4 and B, whose rates are 14 and I12 knots re-
spectively, are 6080 feet apart, and they are steaming in opposite
directions. A shot is fired from 4, and, moving with a mean velocity
of 1000 f.-s., strikes B ; how far astern of the spot aimed at will the
shot strike? (1 nautical mile = 6080 feet.)
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123. If 7, be the velocity after # secs. possessed by a particle starting
with an initial velocity and moving with uniform acceleration, and a,
be the space described in the same time, show that

N S U1 =20+ Us-y,

124. One particle describes the diameter of a circle with a uniform
velocity, and another the semicircle with uniform acceleration in the
direction of the tangent ; if they start from one extremity of the diameter
at the same instant and arrive at the other at the same moment, show
that the velocities ag the end are in the ratio 1 : .

125, Three heavy particles are moving at a given instant with
velocities v, v,, 7y respectively up lines inclined at angles a, 8, v
to the vertical, and aie at that instant in the same horizontal plane.
Prove that if at any subsequent time in their motion they are again in
a horizontal plane

?,C0s a—v, COS B _ .
" costa—cos*B  cosif—cos?y  costy—costa

126. Two candlesticks, one six inches and the other a foot high,
stand on a table two fcet apart, and hold candles each a foot long at
the moment when lighted. The candles burn at the rate of 5 inch
per minute. Find (1) the velocity of the shadow of the top of one
candle thrown on the table by the other, and (2) the average velocity
of the shadow of the top of the lower candlestick during the whole
time which the candles take in burning away,



CHAPTER IIL

THE FIRST LAW OF MOTION:
MOMENTUM. *

80. IN the previous Chapters we have dealt with the
motion of a point or particle without considering either the
quantity of matter moved or what caused the motion.

81. The relations between the quantity of matter moved,
the motion produced, and the cause of motion are contained
in ‘ Three Laws of Motion.” Thesc were first enunciated
in their present form by Sir Isaac Newton in 1687. The
first two were, however, known to Galileo—perhaps were
discovered by him—and the Third Law, in some of its many
forms, was known to several mathematicians before New-
ton’s time.

82. These laws must be considered as due to actual
experience in the shape either of observation or experi-
ment. Their truth is best established sndirectly : viz., on the
assumption of their truth long and complicated computa-
tions are made, and the results thus obtained are verified in
all cases by observation. The prediction of the time of an
eclipse is a good example.

83. Matter is something the existence of which we know
intuitively, just as we know what #me is and what space is;
but for our present purpose it may be defined to be anything
which can have its motion changed by some cause. (See

Introduction.)
g
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. The guantity of matter contained in a body is technically
called its Mass.
The mass of a body is invariable, z.e it remains the same
wherever the body may be.

84. Newton established by experiment the extremely
important fact that a practical measure of the Mass of any
body is its Weight (see Arts. 95, 110, and 126), and therefore
that in a balance equal masses will always counterpoise each
other.

85. Since Mass is a thing which may be measured, it is
necessary to decide on a #z:t by which it can be measured.
Most nations have their own Units of Mass, known in
popular language as Standard Weishts

86. The term Weight denotes a force, as we shall see
presently (see Arts. 95 and 110); viz,, the force of the
earth’s attraction on a mass ; and some confusion may, and
in fact does, arise from this double use of a word. The
student ought to bear in mind that a national ¢Standard
Weight’ is intended to be a test of mass. It is exclusively
used in commerce to measure out a definite gwantity of
some commodity—i.e. of matter, and is not designed to deter-"
mine the quantity of matter which shall be attracted by the
earth with a given force.

These national standards ought evidently to be of some
material not liable to waste in careful handling, or through
the .corroding action of the atmosphere. Platinum, or a
mixture of platinum and iridium, is.found to be most suit-
able for this purpose.

87. The British Unit of Mass is the quantity of
matter contained in a definite piece of platinum, preserved
in the Exchequer Office, authorised copies of which are kept
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in the Mint and other places (Introduction). Thisgis known
as a Pound Avoirdupois, or an Imperial Pound.
The French Unit of Mass is called a Kilogramme, and is

equal to 2.204 pounds.
Ld

88. Matter has an innate incapacity to alter its state of
rest or of uniform motion in a straight line, and therefore
every portion of matter, so far as it is isolated from all
external influences, remains at rest or moves uniformly in
a straight line. When we speak of the ‘ Inertia of matter,’
we mean that matter is perfectly passive, and at once
responds to any the slightest force which acts upon it.

89. If, therefore, a body previously at rest be found to be
moving, or, if previously moving in a straight line, be found
to have its velocity changed in any way, then we infer that
some cause has produced that change. And this cause is
termed Force.

We are now in a position to state the First Law of Motion.

90. First Law.—* Every dody continues in its state of
rvest or of uniform motion in a straight line except in so jfar
as it may be compelled by force to change that state’

This law expresses the fact that matter is indifferent to
rest or motion ; or, that a state of uniform rectilinear motion
is as much a proof as a state of rest that a body is not acted
onp by force.

The law affords a definition of Force.

o1. Der.—Force és anpcause which allers or tends to alter
a body's state of rest or of uniform motion in a straight line.

92. Of course we can never completely test this law by
experiment, because we can never isolate a body from the
influence of external force. But, by reducing the action of
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external force as much as possible, we can approximate
to the conditions required by the law. The following
illustrations will make this clear :—

1. When a body previously at rest is found to have changed its
position, the motion can always be traced to the action of some force.

2. A curling-stone will go further on ice than on a road, and the
smoother the ice the further it will travel ; and also the more nearly”
will the velocity of the stone be uniform and in a straight line.

3. A pendulum will swing longer in an exhausted receiver than in
the open air, and the greater the degree of exhaustion the longer it will
continue to swing.

4. \hen a train is approaching a station, if the speed be consider-
able and the rails very smooth, it is found difiicult to apply the brake
with effect. .

5. When a carriage turns round a sharp curve there is a tendency
for any occupant to shoot on in the straight line previously pursued.

6. When a person stamps to get rid of mud or snow, the inertia of
matter tends to detach it from the boot.

7. When a train pulls up suddenly, a passenger, as a rule, sustains a
jerk, from the muscular effort made to check the onward motion of his
body.

8. A person sitting at the back of a dog-cart at rest is aps o be left
behind if the horse make a sudden start forward.

9. The following is a good illustration, and will be better understood
on reading the subject a second time.

When a train is moving on a horizontal railioad, a constant expendi-
ture of coals or steam is required to maintain a constant velocity. The
opposing resistance caused by the air and friction is balanced by a
constant force, and the train is in the same condition as if it were
acted on &y no force ar all, and hence, as the law asserts, it will move
uniformly.

» g3. There are three elements specifying a Force, viz. :—
(1) its Point of Application; (2) its Direction ; and (3) its
Magnitude. These must be known before a clear notion of
the force in question can be formed. It is evident that as
a finite straight line is also determined by the same three
elements, any given force may also be fully represented by
a straight line. (See Article 156.)
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" 04. Forces are known by different names, such as
Pressure, Tension, Friction, Electrical, Chymical. Some
of these will require detailed explanation later on.

95. The Law o7 Gravitation asserts that every particle
of matter in the universe attracts and is attracted by every
other particle. In consequence of this law the earth tends
to draw all masses towards itself. —The force which the
earth exerts on the mass of a body is called the Weight of
that body. The student will therefore bear in mind that
weight means a force. (See Article 84.)

96. Now let us suppose that there are three bodies of
equal mass, and that all three are moving with the same
velocity ; then we say that they possess equal ¢ quantities of
motion.” If we conceive two of these bodies to be joined
and to become one body, the velocity remaining as before,
we are plainly justified in saying that the ‘quantity of
motion’ possessed by this larger body is double the amount
possessed by the other.

Again, if there are two bodies of equal mass, and one of
these has a velocity twice as great as that of the other, then
it is evident that the ‘quantity of motion’ possessed by the
first is double the quantity possessed by the other.

97. The ‘quantity of motion’ must be distinguished
from ‘velocity.” These have the same relation to one
another as ‘quantity of heat’ and ‘temperature.” And as
we would say that 1oo gallons of water at a temperature of
160° F. have more heat but a less temperature than a cup
of boiling water, so we can say in like manner that a loco-
motive moving at the rate of 40 miles an hour has more
Motion but less Velocity than a bullet shot with a velocity
of goo feet per second.

F
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98. The ‘quantity of motion’ of any body depending,
therefore, on its mass and its velocity, it is easy to see that,
if certain units of mass and velocity be selected, the
numerical measure of the ‘quantity of motion’ will be
found by multiplying together the measures of the mass
and the velocity.

+99. The term Momentum is applied to the product or
the mass of a body and its velocity.

100. It is necessary to select a Unit of Momentum. As
the British unit of mass is a pound (Art. 87), and our unit
of velocity is a velocity of a foot per sccond (Art. 6), so our
British Unit of Momentum will be the * Quantity of
Motien possessed by a pound of matter moving at the rate of
a foot per second.

If a body contain 7 pounds of matter and be moving
with a velocity » feet per second, it will possess mv units of
Momentum, and therefore its Momentum = mz.

And, generally, if in any system of units a body contain
m units of mass, and be moving with » units of velocity,
then we shall have its Momentum=mv.

NoTe.—There is as yet no widely recognised name for the ¢ Unit of
Momentum.’

Example i.—A mass of 10 lbs. is moving with a velocity of 18 f.-s. ;
what momentum does it possess ?

Momentum =m2.
o ” =10x 18=180 units of momentum.

Example ii.—A mass of 20 lbs. is falling freely at a place where
the acceleration caused by gravity is 32-2; find the momentum after
3 and after 10 seconds respectively.

(1) After 3 seconds, v=u+at=32:2x3=96:6;

.*. Momentum =m2=20 x 96.6=1932 units of momentum
(2) After 10 seconds, v=u+al=32:2 X 10=322;

.*. Momentum= 20 x 322=6440 units of momentum.
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ExampPLEs—XX.

1. What is the momentum of a mass of 6 lbs. moving with a velocity
of 25 f.-s. ?

2. A mass of 18 lbs. has moved from rest with an acceleration of 16
f.-s.-s. What is its momentum (1) after 8 seconds, (2) after it has
described 576 feet ?

3. An anchor whose mass is 4% tons falls 16 feet; with what
momentum does it reach the water?

4. The masses of two trains are 40 and 50 tons respectively, and
they are travelling with speeds of 40 and 50 miles an hour respectively ;
compare their momenta.

5 The mass of a boat and its contents is 3} tons, and it is moving
with a velocity of 74 miles an hour; find the momentum.

6. A lpdy whose mass is § cwt. is moving with a velocity of 22}
miles an hour ; through what height must the body fall to acquire an
equal momentum ?

7. Find the momentum of a mass of 25 Ibs. when it has faljen for
6 seconds. .

8. Find the increase of momentum acquired by a mass of 100 lbs.,
falling freely, between the 4th and gth seconds.

, 9. A mass of 30 lbs. is travelling with an acceleration of 10 f.-s.-s.
In one position its velocity is 40; find its momentum after describing
another 200 feet.

10. A body having a momentum of 100 describes 45 feet in 3 seconds
with uniform velocity ; find its mass.

* 11. Through what space must a mass of 60 Ibs, fall that its momentum
may be 1000?

v I2. A mass of 100 lbs. is thrown vertically upwards with a velocity
of 256 f.-s.; find its momentum after 1, 4, 8, 10 seconds respec-
tively.

13. Compare the momenta of a mass of 100 Ibs. moving with a
velocity of 1000 f.-s., and a mass of 1 lb. moving with a velocity of
30 feet per minute.

14. If the units of length, time, mass, be 176 yards, I minute, and
a hundredweight of matter respectively, what is the measure of the
momentum of a train of 100 tons, moving with a velocity of 40 miles
an hour?

15. A mass of 20 Ibs. moves from rest through a space of 200 feet
with acceleration 16 f.-s.-s. ; compare its final momentum with that
acquired by a mass of 30 Ibs. falling from a height of 1024 feet.



CHAPTER IV.
THE SECOND LAW OF MOTION.

101. SINCE the effect of a Force is to produce motion, it
will appear reasonable that the Magnitude of the force
should be estimated by the ¢ quantity of motion ’ it is capable
of producing ; and the Second Law of Motion asserts that
this is the case. Mm,m.i: o

102. Second Law.—* Change of guglian is proportionai
to the force applied, and takes place in the direction of the
straight line in which the force acts.

NOTE.—* Motion,’ in this statement, means ‘quantity of motion,’
i.e. Momentum. (See Art. 99.)

103. Let us first notice the very important facts implied
in the statement of this Law.

(@) It speaks only of the ckange of momentum, e it
takes no notice whatever of any fhotion already possessed
by the body when a force begins to act on-it. We infer
therefore, by this Law, that a force will produce exactly the
same change of momentum whether the body is at rest or
in motion at the instant the force begins to act on it.

(#) It says nothing which restricts it to oze force. We
infer therefore, by this Law, that if any number of forces act
on a body, eack will produce exactly the same change of
momentum which it would produce if it acted alone on the

body.
o
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I04. The student willwemember that we do not prove the Laws of
Motion by experiment. We assume that they are a correct interpreta-
tion of facts in nature. On this assumption extremely complicated
work is underlaken, and remote consequences are arrived at, and, as
has been said (Art. 82), every such computation, when verified, will
afford a fresh proof, though an #ndirect one, of the truth of the laws
which form the basis of our reasoning.

105. The following illustrations of the statement that
a force will always produce its full effect in its own direction
may be given :—

I. A ball thrown along the deck of a steamer will go the same
distance on the deck whether the ship be at anchor or in motion.

2. A stone dropped from a mast-head will strike the deck at the
foot of the mast, whether the ship be at rest or in motion.

Thus, in the latter case, the vertical motion caused by gravity has not
been changed by, nor has it changed, the horizontal motion given to
the stone by the ship.

3. If any number of balls be projected instantaneously from the
summit of a cliff with different velocities in a horizontal direction, they
will reach the water simultaneously. Thus the horizontal motion does
not interfere with the action of gravity producing its full effect.

4. If a traveller, in a railway carriage having rapid motion, throws
a body upward, it will fall into his hand as if the train were at rest.

5. A circus-rider intending to jump through a hoop will spring
vertically ; his previous horizontal motion, being the same as that of the
horse, will not be altered, and thus he will alight on the horse again.

106. The Second Law of Motion asserts, and we there-
fore assume as a fact, that a force is proportional to the
change of momentum which it can produce.

We infer from the statement (2) in Article 103, that as
long as a force continues to act on a body it is producing
momentum in addition to the momentum already pro-
duced—in other words, the force will be proportional to
the rate of change of momentum which it is capable of pro-
ducing,.
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107. Now if a force act on a single body, since the
mass of that body is constant, the rate of change of
momentum will evidently depend on the rafe of change of
velocity, that is on the acceleration, produced. (See Art. 43.)

108. We may exhibit this extremely important fact gg
follows :—Let # denote the magnitude of a force acting on
a body, the mass of which is 2, and let a be the accelera-
tion.

Then the Second Law asserts that—
F o rate of change of momentum ;
.. Fec rate of change of mv;
.~ F e rate of change of 7, if 7 be constant,
but a is the rate of change of 7 ;
.. Foc a, if m be constant;
And also F« 7, if a be constant
.. Fec ma, when 7 and a both vary.?

Now uniform acceleration in any direction is measured
by the velocity generated in a second. (Art. 51.)

We may therefore say that a Force is proportional to the
Momentum whick it produces in a second.

109. First. F« a, if m be constant.

We infer, therefore, that if different forces act on the
same mass the forces will be proportional to the accelera-
tion produced, and therefore to the velocities produced in
a second.

Thus the velocities acquired in a second by the same
mass falling freely at different places, enable us to compare
the force of gravity at those places.

We may define Equal Forces as those which can produce
in the same mass the same acceleration.?

1 This Theorem in Variation is proved in any work on Algebra.

2 We shall see presently (Art. 124) that whatever be the mass of the body
acted on, a given force will produce in it the same change of momentum
in a second.
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I10. Next. F o« .m, if a be constant.

We infer, therefore, that if different masses acquire #%¢
same acceleration, the forces acting on them are proportional
to the masses on which they act.

Now this is the case when bodies fall freely in a vacuum
at any place. All bodies, whatever they are composed of,
acquire the same acceleration, viz. the value of g at the
place. We must therefore conclude that the Weig/# of any
body at any place is proportional to the mass of the body.

This most important result was verified by the careful
experiments of Newton, and it is so well established that
no other method of comparing masses, than that of com-
paring their weights at the same place, is ever made use of
either in commerce or scicnce.  (See Art. 125.)

III. We conclude,then,that by theSecond Law of Motion,
F o ma,
and ... F=#4.ma.

Now by a suitable arrangement of units we can make
¢=1, and then the above equation of variation may be
written as an equation, thus,

Ir'=ma.

112, What is the most suitable arrangement of units to
make in order that 2 may have this convenient value?

We have already selected a foot and a second as our
units of space and time, and have decided that the unit of
acceleration shall be the ‘velocity of a foot per second
added every second.” (See Art. 50.)

Now the equation F=ma restricts us in the units of
force and mass to this extent, that if either unit be chosen,
the equation determines the other unit ; the unit of accelera-
tion having been already decided on. To show that the
equation does so, let us select the Units of Force and Mass
In turn,
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II3. Let us first select the Unit of Force.

Let this force act on a mass so chosen that the accelera-
tion produced is the unit acceleration.

Then the above equation gives us—

I=mx1; ..m=I1.

Therefore the Unrit of Mass must be that amount of matter

in which the unit of force will produce the unit acceleration.

I14. Let us next select the Unit of Mass.

Let a sufficient amount of force act on this quantity of
matter to produce the unit acceleration.

Then the above equation gives us—

F=1x1; .. F=1.

Therefore the Unit Force must be that amount of force
which, acting on the unit mass, will produce the unit accel-
eration.

115. We have now to consider the two alternatives thus
offered to us.
Suppose we select our Unit of Force, and let a Pound
Weight be the unit chosen.
A Pound Weight is the force of the earth’s pull
on the mass of a pound.
If a pound of matter be allowed to fall freely,
then a Pound Weight is the force acting on it,
and the acceleration produced is g.
.~ APound Weight will producein 1 1b., g units of acceleration.
.. to produce only the unit of acceleration,
it must act on mass of g Ibs.
Hence if Unit of Force=a Pound Weight, we must take
& lbs. of matter as the Unit of Mass.
Or, using the equation F=ma,
" Let F=1, and let the acceleration=g.
Then 1=mg,

e M=—=

'
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That is, the Quantity of matter acted on when an acceleration of g is
produced by the action of 2 Pound Weight is éth of the Unit of Mass;

but we require only an acceleration=13;
«*. Unit of Mass=g lbs. of matter.

116. All bodies having weight, it has been usual to com-
pare forces with the Weight of a body, and to speak of a
force as so many Pounds Weight. When forces are thus
expressed in Zerms of weight, we are said to use Gravitation
Measure.

117. There is, however, a double objection to making a
Pound Weight the unit of force.

1. We have a Unit of Force which is not constant.

A Pound Weight is greater as we advance from the
Equator towards either Pole. A ‘Pound Weight’ is never
definite, and therefore of no scientific value, unless the
locality be specified where the measurement was made.

2. And the Unit of Mass is not constant, depending as it
does on the local value of g. )

118. Now Gravitation Measure will answer perfectly so
long as we are called on to compare forces at the same
place only. It will also serve practically where strict
accuracy is not important. In Statics this method of
measuring force may be used with advantage—and is, in
fact, nearly always used; but for strictly scientific pur-
poses, such as comparing the earth’s horizontal magnetic
force in different places, recourse must be had to another
method. )

Professors Thomson and Tait directed attention, in the
first edition of their Zyeatise on Natural Philosophy, to
Newton’s method of measuring force; and to this method
the student’s attention will now be drawn.
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119. Let the Unsit of Mass be first chosen, and let this
unit be an émperial pound of matter.

Then we have seen that the (British) Unit of Force will
be that amount of force which will produce in a pound of
matter the unit acceleration. (Art. 114.)

The amount of force required to produce a stated quantity
of momentum in a given time is perfectly definite (Art. 106),
and is quite independent of locality. Hence the British
Unit of Force is invariable.

On a similar principle, the unit of force in the C. G. S.
system of units being the amount of force which, acting on
a gramme, will produce each second a change of velocity of
a centimetre per second, is also invariable.

These units are known as Absolute or Kinetic units of
force.

120. There is a twofold advantage in first selecting the
unit of mass:—(1) We secure an invariable unit of mass;
(2) we deduce a constant unit of force.

The British Kinetic unit of force is called a Poundal.

The C. G. S. Kinetic unit of force is known as a Dyne.

NoTE.—A foot contains 30 4797 centimetres, and a pound is equal
to 453-59 grammes. A Poundal is equal to 13825-28 Dynes.

121. 70 find the value of a Poundal in terms of weight.?

1 Pound Weight will produce in 1 lb. mass an acceleration g ;
1 Poundal ” 1lb. » I;
.. 1 Pound Weight=g Poundals;

.. L Pound Weight=1 Poundal.
g

1 By Professor James Thomson.
2 Weight has been aptly called the coinage of force.
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By very careful experiments, the average acceleration due to the
force of gravity for the whole of the British Islands is found to be
nearly 32-2.

Hence 32:2 may be taken as the number of Poundals equivalent to
the Weight of a Pound in Great Britain.

A Pound Weight =32.09 Poundals at the Equator.
. =32-18 ' Greenwich,
. =32-2§ ’ the Pole.

If g be taken as 32, we can take the force of a poundal
as equal to the weight of { oz.

122, Since 1 Pound Weight=g Poundals, it is evident
that we can express the Kinetic measure of a force in terms
of Gravitation measure at any place, by dividing the num-
ber of Poundals by the local value of g; and we can always
change the Gravitation measure of a force at any place into
Kinetic measure, by multiplying the number of Pounds
Weight at that place by the local value of g.

Example i.—Express in poundals the value of 3 pounds weight at
the Equator.

1 pound weight =32.09 poundals ;
.*. 3 pounds weight=g96-27 poundals.

Example ii. —How many pounds weight at Greenwich will represent
a force of 640 poundals?

32-18 poundals=1 Ib. weight at Greenwich.

1
=
=640

3218
=19-88 lbs. weight nearly.

.
ot 1 ” ” »

.%. 640

AL ’”»

123. This Absolute method of measuring force was first
indicated by Newton, and was first practically introduced
by Gauss. Newton never spoke of a force as being equal
to so many pounds weight or tons weight ; in other words,
the Gravitation Measure of force receives no countenance
from him.
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124. The equation ma=Fis the Fundamental Equa-
tion of Dynamics, and the student must bear in mind
that it expresses the important relation—¢ Number of Units
of Mass X Number of Units of Acceleration= Number of Units
of Force acting.

Thus we see that the proper measure of a force 1s ‘the
rate at which it can produce momentum.’

And, practically, a finite Force is measured by the change
of momentum which it can produce in a second.

125. Special Case of tie equation ma=PF.

If m be allowed to fall freely the acceleration is g, and
the force acting is the Weight of m. Calli..g this ferce I,
we have mg=w.

If two bodies, whose masses are m, and m,, be allowed
to fall freely at the same place, they will move with the
same acceleration (g) under the act.on of their weights w,
and =, respectively.

Hence m, g=w,, and m, g=10,;
m, w,,
oo ;,;; w‘
and therefore the masses are pr* ,ortional to their weights
at the same place. (See Art. 110.)

120. It is a fact discovered by observation, and verified by the
carefully conducted experiments of Newton, that bodies of equal mass
(whatever be the matter they are composed of—gold, silver, lead, glass,
sand, salt, wood, water, wheat)—placed in the same position relative to
the earth, are attracted with an equal force towards the centre. The
student will notice that a merchant using a balance and a set of standard
weights (=Masses, see Art. 86) would give his customers the same
quantity of a commodity however the earth’s attraction might vary, his.
instrument depending on the weights of comstant masses ; but it is other-
wise with a merchant using a spring balance correctly adjusted for a
certain place (London, for example). With this instrument, which
depends on constant forces, he would defraud his customers in High
latitudes and himself in low latitudes.



The Second Law of Motion. 93

127. By Article 125 we have—
mg=W; and .. m= il

£
That is, the number of Units in the Mass of a body is
equal to the Weight of the body at any place divided by the
local value of g.

128. If, in any example, 2 mass and a force be expressed
in the same terms—e.g. a force of 2 pounds weight and a
mass of Q pounds—the student may apply the equation
ma=F to either the Gravitation or the Kinetic method of
measuring force.

(1.) If he de-ide to work by Graevitation measure of
force, the force acting =2 pounds weight, and his mass
=% units of mass. (Arts. 115 and 127.)

(=.) If he prefer to use the Kinetic measure of force, then
his mass=Q lbs., and his force =g poundals. (Art. 121.)

Several examples " -lly worked will, it is expected, remove
any ambiguity. Take =32.

Example i. — A force of 5 pounds weight acts on a mass of 48 Ibs. ;
find the acceleration.

We have ma=F.
(1) Using gravitation measure, then F=5, and m=-4£;

5_8 =g; .na=X¥=19¢.s
a=ss 873
(2) Using Ainetic measure, then m=48, and F=5¢;
‘. 48a=5g; .~ a=3="2f 5.5 as before.
. 48a=5g; u.48 3 s.-s. as before
Example ii.—A mass of 30 1bs. is acted on by a force which produces

in a second a velocity of 14 f.-s. ; find the magnitude of the force.
We have ma=F.

(1) Using gravitation measure, m=§2; a=1I4.
g g

Then %x 14=F; .. F=3"__3_’;!!'= 13§ lbs. weight.
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(2) Using Ainetic measure, m=30, a=14.
Then 30x14=F;
.*. F=420 poundals.

Example iii.—A mass of 24 lbs. having a velocity of 100 {.-s. is
resisted by a force of 1 1b. weight ; how long will it continue to move ?
ma=2F.,

Using 4inetic measure, m=24; F=1.g;
o' 24a=1¢;
o’ a= _3_2 = 4 .
24 3
Then v=u+at;
<% O0=100 — —;—t ;
.. ¢=75 seconds.

Example iv.—An engine moving at the rate of 30 miles an*hour has
the steam shut off, and a brake power=y}y weight of the engine is
applied ; in what time will the engine be brought to rest ?

Using gravitation measure, let }V=weight of the engine.

Then 1:: mass » .

w .
— =forze acting.
20
We have ma=F.

Then LV.a:—H-,'

T
coas= 32 _Tiss
320 10

A velocity of 30 miles an hour=a velocity of 44 f.-s.
Then v=u+at;
. o= __»l Z:
- 0=44— 65
*. £=440 seconds.
Using kinetic measure, let m=mass of the engine.
Then mg=weight ,, ,,
v 2= force acting.
320
Then ma=F;
o ma=ll£

3z0°
or a=3Z= l—lof.-s.-s. as before,

320
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ExamMpLEs—XXI.

r. A force produces in a mass of 40 Ibs. an acceleration of 10 f.-s.-5.;
find the gravitation measure of the force.

2. A force produces in a mass of 6 lbs. an acceleration of 12 f.-s.-s. ;
find the kinetic measure of the force.

3. A railway carriage whose mass is a ton is pushed by a force equal
to the weight of 112 lbs. along smooth rails ; find the acceleration.

4. A force equal to 3 lbs. weight acts on a mass of 16 lbs., and a
force of 4 Ibs. weight acts on a mass of 20 lbs.; which body will
acquire the greater velocity in a given time?

5. A force of 15 lbs. weight acts on a mass of 300 lbs.; find the
space described from rest in 20 seconds.

6. A fass of § tons is acted on by a constant force of 200 lbs.
weight ; find the space described from rest in 7 seconds.

7. Find the force which in 4 mile would stop a train whose mass is
50 tons moving at the ratc of 24 miles an hour.

8. A mass of 1 ton under the action of a constant force describes
180 ft. from rest in 15 seconds; find the force in gravitation measure.

9. In what time will a force of 5 Ibs. weight move a mass of 10 1bs.
a distance of 50 feet on a smooth plane? What will be the velocity of
the body at the end of 12 seconds?

10. If a force of 32 poundals act on a body for 1 minute, and pro-
duce a velocity of 400 f.-s., find the mass of the body.

11. Through what distance must a force of 3 lbs. weight act on a
mass of 50 lbs. to increase its velocity from 30 f.-s. to 45 f.-s. ?

12. A mass of 20 lbs. thrown along ice with a velocity of 40 f.-s.
comes to rest in 6 seconds ; find the magnitude of the resistance.

13. A mass of 8 Ibs. is moved through 2} feet in the first second of
its motion ; express the measure of the force in poundals.

14. How long must a force of 3 oz. weight act on a mass of 12 oz.
to produce in it a velocity of 40 f.-s. ?

15. If a mass of 25 oz. under the action of a constant force describea
distance of 320 feet in 10 secs., find the value of the force in poundals.

16. A mass of 8 Ibs. describes 5 feet in the first second of its motion ;
find the value of the force acting on the body in gravitation units.

17. What force (in poundals) must act on a mass of 48 lbs. to
increase its velocity from 60 f.-s. to go f.-s. while the body passes
over 120 feet ?
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18. A ball whose mass is*12 lbs. is thrown along ice with a velocity
of g6 f.-s., and is brought to rest in 10 secs. ; find the resistance in
terms of pounds weight. .

19. Find the resistance (in poundals) when a body whose mass is
20 oz., projected along a rough table with a velocity of 48 f.-s., is
brought to rest after 5 secs.
< 20. A body whose mass is 50 Ibs, is acted on by a force for 5 secs.
only, the body then describes a distance of 60 feet in 2 seconds; find
the force and express its measure in poundals and pounds weight.

21. A train quickens its speed uniformly from starting, and in 3
minutes describes a mile; compare the force exerted by the engine
with the weight of the train. '
- 22. What constant force will lift a mass of 50 lbs. vertically upwards
through 200 feet in 10 seconds? and find the velocity of the body at
the end of that time. *

23. What pressure, acting for 10 seconds, will produce in a mass
of 36 Ibs. a velocity of 120 f.-s. ?

v 24. A mass originally at rest is acted on by a force which in 1/368th
part of a second gives it a velocity of 54 inches per second; find the
ratio between the force and the weight of the mass.

+ 25. An engine produces in a train, whose mass (including that of the
engine) is 60 tons, a velocity of § miles an hour in § minutes. If the
same engine produce in another train a velocity of 7 miles an hour in
10 minutes, find the mass of the latter.

26. Two masses, 37 and 57, are acted on by forces which produce in
their motions accelerations of 7 and g respectively. Compare forces, and
also amounts of force expended on the two bodies in any the same time.

27. Two forces whose magnitudes are in the ratio 3: 5 act on two
bodies and communicate velocities 5 and I1 in 3 seconds ; compare the
masses of the bodies. [

28. Two bodies are acted on by equal forces, and starting from rest
desoribe the same space, the one in half the time that the other does.
Compare their final velocities and momenta.

129. We have already seen that when any number of
forces act simultaneously on a body, each produces the
same rate of change of momentum as if it acted alone
(Art. 103 ), and also that a force is measured by the change
of momentum which it can produce in a second (Art. 124).
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Now if the mass moved be constant, the force acting will be
proportional to the velocity produced in a second ; we can
therefore assert that if several forges act on the same body,
each force will be proportional to the velocity produced by
it in a second, and will be represented in direction by that
velocity.

PARALLELOGRAM OF FORCES.

130. STATEMENT.—[f two Forces acling on a body be repre-
sented in magnitude and direction by two adjacent sides of a
parallelogram, their Resullant is represented in magnitude and
direction by the diagonal whicl passes through their intersection.

If a’body be acted on by )
two forces represented in mag- B C
nitude and direction by 04
and OB, then each force will
produce in a second a velocity
proportional to itself in magni-
tude and direction (Art. 129).

Therefore O4 and OB will represent the velocities pro-
duced in a second by the two forces.

The resultant of these velocities = OC.

The Resultant Force must be proportional to the resultant
velocity.

.*» OC will represent both in magnitude and direction the
Resultant of the two forces .chich are represented in magni-
tude and direction by 04 and OB. (Q.E.D.)

A

131. From this Proposition we may deduce the ‘Triangle
of Forces’ and the ‘ Polygon of Forces,’ as the corre-
sponding propositions were established in Articles 2o, 21;
and by the methods explained in Articles 14-27, we can
compound and resolve Forces in exactly the same way as we
compound and resolve Velocities, and hence the proposi-

. G
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tions in Articles 17-30 hold good when Forces are sub-
stituted for Velocities. (See Arts. 59, 60.)

132. The case of the equilibrium of a number of forces
acting at a point is also deducible at once from this way of.
treating the subject. If we introduce a Force equal and
opposite to the Resultant, it will cause a momentum equal
and opposite to the momentum produced by the Resultant,
and will, therefore, produce a condition of things where
the body experiences no momentum, which is, evidently,
the condition of equilibrium.

Thus the Second Law of Motion, as Newton perceived,
‘ contains the most philosophical foundation for the Static
as well as for the Kinetic branch of the Dynamic Science.’*

‘It is manifest that when a system of forces is exactly
balanced, and is equivalent to no force at all, the forces
will also be balanced if they act in the same way on any
other material system, w/katever be the mass of that system.
This is the reason why the consideration of mass does not
enter into statical investigation.’*

133.- We are now in a position to find the Acceleration
when a body slides down a smooth inclined plane under the
action of gravity.

Let 7 denote the mass of the body,
and a the acceleration in the direction
of the plane.

The forces acting on m are its Weight
and the Pressure of the plane on m, and
this we denote by A.

Resolve the forces acting on m along the plane, and at
right angles to it.

m

1 Thomson and Tait, Natural Philosopky, vol. i. p. 245.
2 Clerk Maxwell, Matter and Motion, p. 46.
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Consider, first, the latter set of components :—

Let Z=acceleration at right angles to the plane ;

.. mk=force acting in this direction ;

.. mh=R—mg cosi.

But the motion at right angles to plane=o.

.o=R—mgcoss . . . .o (1)

Comzder, next, the components alonv tlze plane —

Let a=acceleration along the plane;

*. mo.=force acting along the plane;

Soma=mgsin f;

Sooa=sgsing . L. L L. e (2)
This,result (2) was assumed 1n Article 65

134 We have seen (Art. 124) that if a force act ona
body free to move under the action of that force, the
equation ma=F connects the mass of the body, the magni-
tude of the force, and the acceleration produced.

Now we know v=wu=tas, by Articles 61 and 64, Note 2.
Eliminate u from this equation,and from the equation ma.=F.

v=u:i:’-f.t; o (mv—mu)=Ft.

Now mu will measure the momentum possessed by the
body at the instant & begins to act on it, and myp its
momentum after # seconds. )

If the force act in the direction in which the body is
moving, we must take the posifive sign in this equation ; if
in the opposite direction, then we take the negazive sign.

(1.) If Fbe acting in the direction of the previous motion,
then— myv—mu=1Ft;

i.e. the Momentum gained measures the amount of force
expended in the time.

(2.) If Fbe acting in the direction opposite to that of the

previous motion, then—
+mu—mov=Fi;
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i.e. the Momentum lost measures the amount of force ex-
pended in the time,

(3) If the body start from rest under the action of a
force, then u=o, and mv—o=F%.
t.e. the Momentum produced measures the amount of force
expended in the time.

(4.) If the velocity of a body be destroyed by the action
of a force resisting motion, then—

v=o0, and o+mu=F.

.. the amount of force expended in the time is measured
by the Momentum destroyed.

Example i.—A mass of 100 Ibs. moving with a velocity of g6 f.-s.
is retarded by a force of 8 1bs. weight ; how long will the body move ?
Momentum=F¢;
.. 100x96=8g.2;
_9.;.‘00. =Z:
‘T 8x32
.*. Time=37} seconds.
Example ii. —How long must a force of 10 1bs. weight act on a mass
of 128 Ibs. to increase its velocity from 50 f.-s. to 110 f.-s. ?
my—mu=Frt;
.*. 128 (110 —50) =10 £.¢;
.% ?=24 seconds.

ExamMPLEs—XXII.

1. By how much is the momentum of a mass of 40 lbs. falling freely,
*increased between the 3rd and 6th seconds?

2. A mass of 14 lbs. is moving on ice with a velocity of 8o f.-s., and
comes to rest in 30 seconds ; what is the force of friction?

3. A mass of 100 Ibs. moving with a velocity of 136 f.-s. is retarded
by a force of 17 lbs. weight ; how long will it move?

4 If a friction of iy of the weight retard a mass of 20 Ibs. moving
with a velocity of 60 f.-s., in what time will it bring the mass to rest?

g If a mass of 20 lbs. moving with a velocity of % f.-s. be
subjected to a force of friction which in 33 seconds brings it to rest,
find the magnitude of the force.

6. A mass becomes subject to a resistance of '15 pounds weight per
ton ; in what time will its speed decrease from 40 to 30 miles an hour?
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7. How long will a mass of 150 lbs. moving with a velocity of
30 f.-s. move against a resistance of 10 pounds weight?

8. A train of 100 tons mass, moving at the rate of 30 miles an hour,
is brought to rest in 44 minutes ; find the retarding force.

9. A mass of 25 lbs. having fallen through 400 feet, what amount
of force will stop it in § seconds?

* 10. An engine exerts a steady pull of 10,080 poundals on a mass of
81 tons. In what time will the body pass over 174% miles from rest
on a smooth horizontal plane ?

» II. An engine can exert a steady pullequal to the weight of 24% tons.
In what time will it get up in a train of 160 tons a velocity of 45 miles
an hour from rest, the resistances being equivalent to the weight of
12 Ibs. per ton?

« I2. A mass of 112 lUs. is acted on by a horizoutal force equal to the
weight of 16 Ibs. ; if a force equal to the weight of 10 1bs. just balances
the resistance due to friction, after what time will the body have a
speed of 8o f.-s. ?

« 13. A projectile striking with a velocity of 1260 f.-s. just pierces
an armour plate 14 inches thick. If it pass through a plate 7 inches
thick, with what velocity does it emerge, the resistance being uniform?
. I4. A train of 150 tons acquires in a furlong a velocity of 15 miles
an hour; if the resistance due to friction be equal to the weight of
10 Ibs. per ton, find the pull exerted by the engine.

15. A projectile whose mass is 700 Ibs. has a muzzle velocity ot
1600 f.-s. Find the force (supposed to be uniform) which will
produce this velocity, if the projectile traverses the bore in g second.

16. A mass of 3 lbs. is faliing with a velocity of 100 f.-s.; what
force will stop it (1) in two seconds, (2) in 2 fect?

IMPULSIVE FORCES.

135. In Art. 134 (1) we saw that the equation mo—mu
=F¥ made it clear that the momentum gained measuresthe
amount of force expended in any time 7 and hence the
change of momentum will in general be very small when the
time is very small.
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If, however, F be very large, an appreciable change ot
momentum may be produced in a very short time.

A force acting under such conditions is usually called an
Impulsive Force.

Der.—A4n Impulsive Force is a force which vroduces
a defintte change of Momentum in a time too short to ke
measured.

136. If a large force act for a time so short that it is
impossible to estimate it, we cannot measure the force in
the ordinary way, and such a force must therefore be
measured, not by the rafe g change of momentum (Art. 124),
but by the #oZal change of momentum.

The following are examples of Impulsive Forces :—A Dbilliard ball
struck with a cue; a cricket ball struck with a bat; a projectile
fired from a gun ; a nail driven with a hammer ; an arrow shot from
a bow.

An Impulsive Force (or Impulse) being measured by the
Momentum produced by it, if the measure of an Impulse
be denoted by /, then

my=1.

Where » denotes the total change of velocity.

The effect of an Impulsive Force in producing Momentum
is the same as if 2 much smaller force acted for a finite time.

If we wish to compare an Impulsive and a Finite Force we must
know the time during which the latter has acted.

DEeF.—The unit of Impulse is the Impulse which generates
the Unit of Momentum.

Example i.—If a ball whose mass is 3 Ibs. be started with a velocity
of 40 f.-s., find the measure of the blow.
I=mwv=3 x 40=120 units of impulse.
NoTE.—A poundal must act on this body for #wo minutes to produce

the same change of momentum.
If a poundal act for this time, the body will move 2400 fect, whereas the
blow produced the velocity o 4o f.-s. in an indefinitely short distance.’
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Example ii. —If a mass of 50 lbs. be fired vertically from 2 gun with
a certain charge, and rise for 20 seconds, through what height will a
40 Ib. mass ascend if fired with a double charge?
We have v=u+ai;
. O0=%—32%X20;
. " initial vel, =640 f.-s.
my=1;
. 50x640=1,
Also g0 v=27;
SU= ﬁsowx -6—49: 1
40
and *=u4%+2as;
.. 0=(1600)>—64s ;

ExampLEs—XXIII.

I. A mass starts with a velbcity of 100 f.-s. ; with what velocity will
a mass half as great start under the action of an impulse twice as great?

2. If a ball be thrown up and attain a height of 200 feet, how high
will it ascend if started with three times the impulse ?

3. Two masses, 3 lbs. and 5 lbs., rise to heights of 300 feet and
200 feet ; compare the impulses.

4. If two masses, 7 and 5m, are projected vertically upwards with
impulses 3/ and 77, compare the heights attained.

5. If two impulses 15 and 35 impart to two masses velocities of 49
and qo respectively, compare the masses.

6. If a mass under a given impulse rise to a height of 300 feet, and
another projected vertically with eight times the impulse be 12 seconds
in the air, compare the masses.

%. Two bolts, masses 5 oz. and 8 oz., are fired from a cross-bow ;
compare the velocities with which they start.

8. A shell lying on the ground is separated by explosion into two frag-
ments whose masses are 100 lbs. and 50 Ibs. respectively. If the larger
fragment have an initial velocity of 200 f.-s., find the other’s velocity.
* 9. A ball of mass } moving with a velocity of 50 is struck, as it
moves, a blow in a direction at right angles to that of its motion, and
is by it made to proceed in a direction making an angle of 45° with its
original path ; find the momentum applied by the blow.
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“ 10. A particle of unit mass moving with no acceleration is made by
impulses acting instantaneously upon it, when at the several vertices,
to describe the perimeter of a regular hexagon, always with the unit
velocity ; find the momentum applied by each impulse,

v IT. A billiard ball, struck with a force &, describes the length of the
table (10 feet) with uniform velocity in 2 seconds; what impulse will
cause, 1t to describe the breadth (6 feet) in 1} seconds?

12." A ball whose mass is 6 lbs. stikes a target with a velocity of
64 f.-s. and stops dead ; find the measure of the blow.

13. A ball whose mass is 10 Ibs. strikes a wall with a velocity of 8o
f.-s., and rebounds along the same line with a velocity of 16 f.-s. ; find
the measure of the impulse.

¢ 14 If a mass of 10 lbs. fall from a height of 36 feet on a fixed
honizontal plane and leave it with a velocity of 30 f.-s., find the

measure of the blow. If the bodies were in contact for ¢ of a
second, find the mean pressure between them.

. I5. A projectile whose mass is m lbs. leaves a gun with a muzzle
velocity of 1600 f.-s., and, striking a target with a velocity of 1400 f.-s.,
1s brought to a standstill in } second; find the average resistance
oﬁ'ered by the target.

* 16. A projectile whose mass is 1800 lbs. strikes a target with a velocity
of 1400 f.-s., and rebounds with a velocity ot 120 f.-s. ; ind the measure
of blow dehvered.

CIIANGE OF UNITS.

137. The Units of Mass, Force, Space, and Tiune are so0
tonnected that if any three of these be given the fourth
may be found. The young student 1s advised to work all
questions of this nature as in the following examples, as he
can thus, perhaps, best trace and realise what happens
when any Unit is changed.

Example i.—If the weight of a pound be selected as the umt of
force, one pound of matter as the unit of mass, one second as the unit
of time, what is the unit of length 4 Let x feet=Unit of length.

By definition of Unit Force (Art. 114),
1 1b. weight produces in 1 1b. an accel. of x feet per 1 sec. per 1 sec
But rlb. weight , 1lb. , &
o x=g; % Unit of length=¢ feet.
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Example ii.—If 4 lbs. be selected as unit of mass, a yard as unit of
length, 10 secs. as unit of time, what 1s the unit of force?

Let x poundals= Unit of force;
By definition of Unit Force,
x pdls. produce in 4 lbs. an accel. of 1 yd. per 10 sec. per 10 sec.

. ;:_ . . 1 1b. ”» »» ” ¥
.. ;—xé . » 11b. » 1t » ”

. lzozx " e 1 1b. ” 1 ft. per 1 sec. »
%‘r " " 1 Ib. »  Ift per I scc. per I sec.
But 1 ,, - 1lb, » 1 ft. per I sec. per I sec.

100x . 3
‘. =I; ea=—3
12 25
«% Umt of force=—3- poundal,
25

Example iii.—The umt of force is the weight of 7 lbs., the unit of
mass 1s 21 lbs., the unit of space is 6 fect ; what is the umt of time ?
Let x seconds=Umit of time.
By defimition of Unit Force,

7 1bs. weight produces in 21 1bs. an accel. of 6 ft. per x sec. per % scc.
1

A - 1 lb- " ih ”» XY :
. _lb . . 11b. ) 1ft. ' "
1
. _'}:g " " 1lb. ” Ift. per Isec. ,,
1
. _x.'-' " » 1lb. * ,, I it. per 1 sec. per I sec.
18 .
But -t " » 1lb.v ,, 1 ft. per I sec. per I sec.
x? 1

.'.ﬁ:?g; Cox=

Y

0'.';§=3—2‘;

.% Unt of time=-i- second.
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ExamPLES—XXIII. (2.)

1. If the weight of 2 1bs, be taken as unit force, 4 lbs. as unit mass,
3 yards as unit of length, find unit of time.

2. If a cwt. of matter be the unit of mass, 8 feet the unit of length,
4 seconds the unit of time, find the unit of force.

3. &he unit of force is the weight of 10 Ibs., the unit of mass is
6400 1bs. ; find the unit of length when the umit of time is 10 seconds.

+ 4. If the unit of mass be 10 lbs., the unit of time a minute, the unit
of length a fathom, find the unit of force.

8 If unit of force be the weight of a pound at a place where g=32-2,
the unit of mass 164 lbs., find the unit of time, the unit of length
being 8 feet.

6. If the unit of acceleration be 10 f.-s.-s., find unit of mass, the
unit of force being the weight of 50 Ibs.

7. If the unit of force be the weight of 16 lbs., the unit of mass
1120 lbs., the unit of velocity 9} f.-s., find the units of length and
time, the value of ¢ being 32.

8. If a mile be the unit of length, and a minute the unit of time,
compare the measures of the weight and the mass of a body.

9. If in the equation F=+/ma (Art. 111), we sclect the following
units, Unit Force=weight of 3 lbs.,, Unit Mass=8 lbs., Unit
Time=2 seconds, Unit Length=7 feet, what will be the value of £?
- 10. Using the units of Ex. 9, find the space passed over in 8
seconds, if 11 1bs. weight act on a mass of 20 lbs. Verify your result
by using British Units. .

11. Using the units of Ex. 9, find the velocity after 21 seconds if
10 1bs. weight act on a mass of 12 lbs. Verify your result by using
British Units.

12. If in the equation F=4ma, the Unit Force=2% lbs. weight,
Umt Mass=112 lbs., Unit Length=4 foot, and £=x§$s, what Unit
of Time has been chosen?



CHAPTER V.
THE THIRD LAW OF MOTION.

138. THE First Law of Motion affords a definition of
force ; the Second Law teils us how to measure force ; the
Third Law, which will now be given, points out the nature
of the force acting.

Third Law.—‘ 70 every action there is always an
equal and contrary reaction; or, the mutual actions of any
two bodics are always equal and oppositely directed.

139. Action is the name given to the force exerted by
one body on another, and Reaction is then the force exerted
by the latter upon the former.

We may illustrate the force called in one aspect actior, and in an-
other reaction, by any commercial transaction. From one point of view
we have selling, from the opposite point of view we have ézying, and
when both sides are considered we call the transaction Zrade. To
pursue the simile,—as an auditor, in examining books, must bear in
mind in whose interest the respective sides are made up, so we must
always remember which of the two bodies we are concerned with, in
order that we may write down the forces in the interest of that body,
and not set down any force on the wrong side of the account,

140. The term Stress is often used to denote the wiole
of the mutual action between two bodies. The stress is
measured numerically by the.force exerted on eiZser body.

The scientific use of this word is due to Professor Rankine,

Pressure is the stress when two bodies are in contact, and
the force exerted oz either is directed away from t{lo? other.

»
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Thus, when a mass rests on a horizontal table, the force
exerted on the table is downwards, the equal force exerted
on the body is upwards. If we denote this latter force by
R, then R=mg.

Zension is the stress when two bodies are connected by
a string, and the force exerted oz either is directed towwards
the other.

Thus, when a mass is suspended by a string from a fixed
support, the force which keeps the body in its place is
directed upwards, the force exerted on the point of support
is directed downwards. If we denote the former force by
7, then Z'=myg. .

Attraction is the stress when bodies act on each other
at a distance without our perceiving how the force is exerted,
and the mutual action tends to bring the bodies together.

Repulsion is the stress under similar circumstances, and
the mutual action tends to separate the bodies.

I41. The following Illustrations of the Third Law may be given:—

1. If any body press against another, it is pressed by this other
with an equal force in the opposite direction ; e.g., a mass resting on a
table; a finger pressed against a stone.

2. If any body draw another, it is drawn by this other with an equal
force in the opposite direction ; ¢.g. when a horse tows a boat on a
canal, the horse is drawn backwards by a force equal to that which he
impresses on the towing-rope forwards.

3. By whatever amount, and in whatever direction, one body has its
momentum changed by impact with another, this other body has its
momentum changed by the same amount in the opposite direction ;
e.g. when one billiard ball strikes another, at each instant during im-
pact the force between them is equal and opposite on the two bodies,
and will therefore produce the same change of momentum in each.
(See Art, 103.)

4 When one body attracts or repels another, this other attracts it
with an equal and opposite force ; e.g. when a stone falls from a height,
the earth ascends to meet it, ahd the force acting on the stone is equal
and opposite to the force acting on the earth. .
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P

This, of course, cannot be made the subject of direct experiment,
but we know that the Third Law is found to be true wherever it can be
tested, and the statement is a legitimate deduction from this Law.

142. When two unequal masses are connected by a string
passing over a smooth pulley ; to determine (1) the Accelera-
tion ; (2) the Tension of the string.

Let m and m, be the masses of the two bodies (7> m,),
and 7" be the tensiont of the string, which is
the same throughout.

Consider 7. Thenusing the Kinetic measure
of force, the forces acting on m are its Weight
(mg) downwards, and the Tension (T') upwards.
And sinee m is descending, the resultant force
acting on  is therefore mg— 7" downwards.

If a be the acceleration produced by this force, then

n

¥

mo=mg—T. . . . . . . . (1)
Similarly, the force acting on m, is 7—m,g upwards.
come=T—mg . . . . . . . (2)

7o find a, we add these equations ;

. (mtmy)o=(m—m,)g;
_m—my
“mtm’ $
Tv find 7, divide equation (1) by (2).

m _mg—T

tm T T—mg’

s mT—mmg=mm,g—mT;

o () T=2mm g ;
__ 2mmy
Tmtm ,

The student is advised not to use these formula in working examples,
but to deduce the required results each time by applying the Dynamical
Equation of Article 124.

Having found the measure of the acceleration, he can then apply the
formulz of Article 64, to find the velocity acquired, the space described,
aud allied questions.
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Example i —Two masses, of 9 Ibs. and 7 Ibs., are connected by a
string passing over a pulley; find the acceleration and the tension,

For the 9 lbs., ga=9g-T.
For the 7 lbs., Ja=T—Y%g.
To find a, 16a=2¢; .'. a=4f.-s-s.

Tofind 7, 2.-9-T
find T, 7 T-75

From which 7’=252 poundals ; or, , 7’=4%] Ibs. weight.

Example ii.—Two weights, 17 and 15 pounds respectively, are
connected by a string passing over a pulley ; how long will the heavier
take to descend 144 feet? (We use the Gravitation measure of force).

The masses are 17 anq 15 respectively.
4 I'4
For the vy lbs.y L a=17-T.
&

For the 15 lbs., .a=7"-15.

5
g
Tofinda, 32 La=2f..5.5

L3
Now s=ut+3ar*;
. 144=0+%x2x7%;
.*. ¢=12 seconds.
See Examples xx1v. Nos. 1-8.

143. When a mass hanging freely draws another mass
along a smooth horizontal table by means of a string passing
over a pulley at its edge; to find (1) the Acceleration ; (2) the
Tension.

The weight of m, acting vertically is balanced by the reac-
tion of the table, and therefore will not
affect the horizontal motion of the body,
which is caused by the Tension alone.

Consider m, mo=mg—T.. . (1.)
Consider m,, mo=7 .. ... (2)
- 70 find o, (m+m) a=mg;

m,
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m __mg—T,
o find T, R

oo mT=mmg—mT;
o (mmy) T=mmg;

o T=T o
m—-m, &

Example.—If a mass of 3 lbs. hanging freely draw a mass of 13 lbs.
along a smooth table, find the space described in 5 seconds from rest.

For the 3 lbs., 3a=3¢g—17.
For the 13 lbs., 13a=17.
7o find a, 16a=3¢;
a=6 f.-s.-s.
70 find the space | . _ .
é’icril;ed,ﬁ z:-ut+ia.ﬂ,
e s=0+4x6x25
=75 feet.
See Examples xx1v. Nos. 9-16.

144. When a mass hanging freely draws another mass
up a plane by a string passing over a pulley at the vertex ; to
determine (1) the Acceleration ; (2) the Tension of the string.

For my ma=mg—T .. .. (1)
Form, mo=T—mygsini . (2.)
(See Art. 133.)

Zo finda,(m+m,)a=(m—msini)g. »
_m—msini
T Tmdem ¥ -
m mg—T
To find T, —=

my 1I'—mg sin i
o (1sin)

rom which equation
Fro q mm,

Example.—A mass of g lbs. hanging freely draws a mass of 7 1bs. up
a plane whose inclination is 30°. Motion continues for 4 seconds, and
then the string breaks ; how far will the 7 Ibs. move up the plane after -
that?
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For the g lbs., ga=9qg-1T.
For the 7 lbs.,  7a= T'—7g sin 30°.
.t 16¢=(9 —-:—) 32;
.%  a=IIf-s.-s
To find velocity acquived during the motion—
v=u+al
=0+1Ix4
=44 f.-s.
When the string breaks, this velocity at once becomes subject to a
retardation of g sin 30°=16 f.-s.-s.
?=u+2as;
. 0=442—2x16xs,
From which equation we get s=60} feet.

See Examples xx1v. Nos. 17-27.

145. In a similar way, if w0 masses m and m, are connected
by a string passing over the common vertex of two inclined
Dplanes whose inclinations are i and i, respectively, it may be
shown that

_msin i—m, sin 4 £

mm, (sin 74sin 7). 2
m--m,
The student may compare these results with those in Article 142,
and he will notice that either of these problems may be regarded as a

special case of the other, it being understood that when a body hangs
freely it may be conceived as resting on a plane whose inclination is go°.

See Examples xx1v. Nos. 28-30.

and, =

ATWOOD'’S MACHINE.
146. An accurate knowledge of the numerical value of
g at any place is of great importance. The most trust-
* worthy results are obtained by the number of oscillations
made by a pendulum in a given time, but fairly satisfactory
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results can be obtained by means of the apparatus now to
be described. These results may be depended on, within
reasonable limits, in the machines furnished with modern
refinements of construction and means of measuring ex-
tremely small intervals of time.

The essential object secured by Atwood’s machine is, that
by its use we can so modify the force of gravity that its
effect can be accurately measured.

147. Two bodies 4 and B of equal mass

" (m) are connected by a very fine silk string D
which passes over a small pulley C. The axis
of this pulley rests on wheels which greatly A
diminish friction, and known as friction wheels. R

The machine is furnished with (1) a pen-
dulum beating seconds; (2) a vertical scale
DE, at any point of which a ring R (through
which A4 can pass) and a platform .S may be
clamped at pleasure.

The masses of 4 and B being equal, no
motion takes place; but if a small bar Bl

(mass=x) be placed on 4, the weight of the [
bar will causé A4 to descend, and, of course,
B to ascend with a certain acceleration. E

Let A, with the bar resting on it, be raised to the level D,
and, by an automatic action as the pendulum begins to
oscillate, let 4 begin to move. If now & be clamped to the
scale so that 4 may reach it in one second, it follows that
the weight of the bar has acted on the mass 2z« for a
second. A passes through the ring, but the bar is caught.
The masses in motion now being equal, and therefore equal
forces acting on 4 and B, each will move uniformly with the
velocity which it had at the instant the bar was detached. (By
the First Law.) If therefore .S be fixed to the scale at such a

H
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point that A reaches it in one second after passing £, the
space R.S will measure this velocity, and therefore #e velocity
at the end of the first second, and this measures the accelera-
tion produced by the weight of the bar in the mass 2m+a.
(Art. 51.)

It is found that if x be small and 2 be considerable,
we can make this velocity so small as to be easily measured.

148. By this machine some of the results already arrived
at can be put to the test of experiment.

©

Experiment i.—Let 4 and 5 be composed of equal
dises, made so that they can be removed, or addad to, at
pleasure, and be arranged so that any number can be stopped
at will on passing through &.

If the number composing 4 and B be equal, there will
be no motion. Let the total mass be zm.

If we transfer one or more discs from 5 to 4, we do not
change the mass moved, but we do change the force which
‘causes the motion.  If the space RS be measured after each
transfer has been made, as the result of such experiments
it is found that—

When the mass moved is the same, the acceleration is always

proportional to the jorce acting. (See Art. 109.)

Experiment ii.—If a certain number of discs, # suppose,
be placed on 4, and RS be measured, we have a certain
acceleration produced by the weight of # discs : if now wé
add the same number of discs te 4 and B, or Zake the same
pumber from 4 and B, we have still the same force
(=weight of # discs) producing motion, but we have
changed the mass moved ; and if RS be measured in each
case, it is found as the result of such experiments that—

When the force remains the same, the acceleration is in-

versely proportionsl to the mass moved. (See Art. 111.)
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149. It has been shown in Article 142, that when any two
masses (m+x) and m are arranged as in this machine,

then, a=—% g=2m+x.a
m+x X

Now the value of a is obtained from the scale, being the
value of RS, and the values of 2 and x being also known,
the numerical value of g at the place may be computed from
this equation.  Sez Examples xx1v. Nos. 67-69.

ExamMpPLES—XXIV.

I. A mass of 7 lbs. is connected by a string passing over a smooth
pulley with a mass of 4 1bs. ; find the space described in 5 seconds.

2. A mass of 7 is connected with a mass of 5, as in the last example;
find the space described in 10 seconds.

3. Masses of 9 and 7 are connected by a string over a pulley;
find the space described in 8 seconds, and in the 8th second.

4. Masses of 8 and 5 are connected by a string over a pulley ; find
the space in § seconds, and the velocity after 10 seconds.

5. The masses are 5 and 4; after the greater has descended 4 feet,
the string breaks ; how far will each move in the next second ?

6. The masses are 3 and 5 lbs. ; after 1 second the string breaks ;
for how long, and how far, will the 3 Ibs. mass ascend?

7. The masses are 5 and 7 lbs. ; after 2 seconds the string breaks ; find
the velocity of the 5 Ibs. mass when it passes through its starting-point.

8. A mass of 174 Ibs. draws one of 144 lbs. over a fixed pulley ; find
the velocity of each after describing 2 feet from rest.

9. A mass of 10 Ibs. hanging freely draws a mass of 55 1bs. along a
smooth table ; find the acceleration, the space described in 5 seconds;

' the space in 8th second, and the velocity acquired between the 7th

and 12th second.

10. Find the acceleration when a mass of 1 lb. hanging frecly draws
a mass of 1 cwt. along a smooth horizontal table.

11. In what time will a mass of 1 Ib. hanging frecly draw a mass of
Io lbs. along a smooth horizontal table, the length of which is 2o feet?

12. A mass of 13 Ibs. lying on a table is connected by a string over
the edge with a mass of 3 1bs, hanging freely ; find the space described
by each body in 3 seconds.

13. If the mass hanging freely, in the Igst question, be 5 lbs., find
the space described in 2 seconds.
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14. A mass of 5 lbs. hanging freely draws 15 lbs. along a smooth
horizontal table. When motion begins the 15 Ibs. mass is 12 feet from
the edge ; when will it reach the edge?

15. A mass of 25 lbs. hanging vertically draws a mass of 100 Ibs.
along a smooth table ; find the tension in the string.

16. A mass of 12 oz. is drawn along a table by a mass of 4 oz
hanging vertically ; find the velocity after 4 seconds ; and if the string
then breaks, find the space described by each Lody in 6 seconds more.

17. A mass of 20 Ibs. hanging freely draws a mass of 16 1bs. upa
plane whose inclination is 30°; find the acceleration, and the tension
in the string.

18. A mass of § lbs. hanging freely draws a mass of 6 Ibs. up the
plane in the last example ; find the space described in 11 seconds.

19. A mass of 25 Ibs. hanging freely draws a mass of 45 Ibs. upa
plane 450 feet long, whose inclination is 30°. Where should the
string be cut so that the 45 Ibs. may just reach the top?

20. If a mass of 29 lbs. draws a mass of 28 up a plane whose
inclination is 30° find the space described in 10th second from rest.

21. A waggon, whose mass is § ton and loaded with a mass of 1 ton,
moves down a plane whose inclination is 30° and length 576 feet,
dragging a mass of } ton by a string over a pulley at the vertex ; with
what velocity does the waggon reach the bottom of the plane?

22. A mass of 5 lbs. hanging freely draws a mass of 3 Ibs. up a
plane whose inclination is 30°%  After I second the string breaks ; how
far will the 3 Ibs. mass ascend after that?

23. A mass of 1 Ib. hanging freely is connected with a mass of 7 1bs.
resting on a plane whose inclination is 30°, and length 92 feet. The
7 lbs. mass is placed close to the pulley. After 1 second the string
parts ; in what time after that will the 7 Ibs. mass reach the bottom ?

24- A mass of 13 lbs. hanging freely draws a mass of 8 lbs. up a
smooth inclined plane rising 3 in 4 ; find the acceleration.

25. A mass of m lbs. hanging freely draws a mass of 101bs. up a
smooth inclined plane whose inclination is 45°; find # if the accelera-
tion be 3¢.

26. A mass of 15 Ibs. hanging freely draws a mass of 9 lbs. up an
inclined plane. If 81 feet be described in 3 seconds from rest, find
the inglination of the plane.

27. A mass 7 on a smooth inclined plane is connected by a string
over a pulley with a mass §7 hanging freely; find the inclination
when m moves up a distance g in the first second.

(7]
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28. Masses of 3 and 4 rest on two planes whose inclinations are 45°
and 60° and are connected by a string over the common vertex ; find
the acceleration.

29. If the masses in the last example are 12 and 4 lbs., find the
acceleration, the velocity acquired in 4 seconds, and the space described
in 6 seconds.

30. If masses of 8 and 10 rest on two planes whose inclinations are
60° and 30°% find the tension in the string, and the space described in
the 7th second.

31. Two masses of 10 lbs. each are connccted by a string over
a pulley ; what mass must be added to one of them to cause it to
descend 100 feet in 4 seconds?

32. If the masses m and »2, are connected by a string over a smooth
peg, find the ratio of 7 to m, if the acceleration is }¢.

33. Ir the last example find the ratio of m to m, if m descends
32 feet in 2 seconds.

34. I{ 7 and 181 ave connected by a string over a pulley, find m if
181 descend 18 feet in 3 seconds.

35. If two masses (each=93 lbs.) be connected by a string over a
pulley, what mass must be added to one of them that it may descend
100 feet in 8 seconds?

36. If the masses be 50 lbs. each, what mass must be added to one
of them to cause that mass to descend 32 feet in 4 seconds ?

37. Masses of 3 1bs. and 6 lbs. are connected with a mass of 7 lbs.
by a string over a pulley. After 4 seconds the 3 Ibs. mass is detached ;
how long, and ho- far, will the 6 lbs. mass descend ?

38. Masses of 7 and 5 are connected with a mass of 9. After 14
seconds the 7 is detached ; through what space will the g ascend ?

39. Two masses of 9 lbs. each are connected by a string over a
pulley ; what mass must be added to one of them that it may descend
100 feet in 5 seconds?

40. A mass m is drawn up a plane whose inclination is 30° by a mass
m, hangiug freely ; if the acceleration is }¢, find the ratio of m to m,.
41. If in last question the acceleration is 3g, find ratio of 7 to #z,,

42. A string is just strong enough to support a tension equal to § the
sum of the weights of the masses at the extremities when the string is
placed over a pulley; find the least possible acceleration that the string
may not break.

43. Prove that when two masses are suspended by a string over a
smooth pulley, the tension is less than half the sum of the weights.
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44. If in Atwood’s machine the total pressure on the points of
support be 6 lbs. weight, and the sum of the weights of 7 and m, be
16 lbs. weight, find = and ,.

45. Two equal masses are connected by a string over a pulley ; one
of them is started with a velocity z; show that both will retain this
velocity, and find the tension of the string during motion.

46. A mass of 1 Ib. is raised by a mass of 2 Ibs. connected with it by
a string over a pulley. If the string break when the 1 lb. has been
raised through $ height of the pulley above the ground, show that it
will just reach the pulley before it begins to descend.

47. If in Atwood’s machine one of the masses be 10 1bs., and the
string can only bear a tension of 12 Ibs. weight, find the mass at the
other end of the string.

48. Two masses m and m2, hang over a pulley ; m descends 18 feet
in 3 seconds. If 4 oz. had been added to ,, then m; wculd have
descended 16 feet in 43 seconds; find » and m,.

49. Two masses of 10 lbs. and 2 Ibs. are connected by a string over
a pulley at the top of an inclined plane whose length is 112 feet
and inclination is 30°. The greater rests on the plane close to the
pulley, the less hangs freely. The stiing breaks 2 seconds after
motion has commenced. In what time will the 10 1bs. mass reach the
bottom ?

50. If m, the greater of two masses connected by a string over a
pulley, descend with an acceleration=a, show that the mass which
must be taken from it in order that it may ascend with the same

40
(g+a

§1. Two masses 7 and m, are connected as in Atwood’s machine ;
if the pulley can bear a strain of half the sum of the weights of the
masses, find the least possible ratio of 72 to m,.

52. If two equal masses hang over a pulley, and one be projected up
with a velocity of 3¢, in what time will the string become taut?

53. A number of equal masses are fastened to different parts of a
string, which is then placed over a smooth pulley ; show that at any
time the tensions of the successive parts of the string are, on each
side, in A. P,

54. A uniform string hangs at rest over a peg. From one end -one-
fourth of the whole length of the string is cut off ; show that the
pressure on the peg is at once reduced by one-third of the weight of the
whole string.

acceleration=

)’. .
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55. Two equal masses are connected by a taut string / feet long, one
hanging over the edge of a table and the string at right angles to the
edge ; with what velocity does the other mass leave the table, suppos-
ing the height of the table to be x fect?

56. A mass of twelve pounds is so distributed at the extremities of
a string passing over a pulley that the greater descends through 7 feet
in as many seconds ; find the mass at each end of the string

57. Describe Afwood’s machine, and explain how.it may be em-
ployed to discover the numerical value of the acceleration due to
gravity at any place.

58. One of two equal particles connected by a string rests on a
perfectly smooth horizontal table, the other hanging over the edge;
show that the motion is the same as if either particle moved freely
down a plane inclined to the horizon at an angle of 30°

59. A mass of 10 lbs. is attached to one end of a string passing over
a smooth pulley ; find the mass which must be attached to the other in
order that the acceleration may be half that of gravity.

60. If in an Atwood’s machine the string can bear a tension equal to
only § of the sum of the weights, show that the least acceleration
possible is § g

61. Two masses of 9 oz. and 7 oz., connected by a thread 36 feet
long, are hung over a small fixed pulley so that the string is stretched
and the mass of 7 oz. at first touches the ground. After motion has
lasted for 2 seconds, the thread is cut, and it is found that both bodies
reach the ground at the same time; what is the height of the pulley
from the ground ?

62. In Atwood’s machine equal masses of 10 oz. are suspended by a
string which passes over the pulley, and a bar of 1 oz. is placed across
one of them. This, after passing through the space of 1 foot, passes
through a ring which removes the 1 oz. ; how far will the body descend
in the next minute?

63. A string passes over a smooth pulley, and has attached at one
end a mass of 8 lbs., and at the other two masses of 6 and 4 Ibs.
After running down for 2 seconds, the mass of 6 lbs. is gently
removed ; how much further will the 8 1bs. ascend?

64. A mass of 5 1bs. is placed on a smooth inclined plane of slope 1
in2. A mass of 1 lb. is attached to this by means of a cord, which
passes over a pulley at the top of the plane and hangs freely ; investi-
gate the motion,
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65. Two masses of 6 lbs. and 8 Ibs., 2§ feet apart, together pull a
mass of 10 lbs. over a smooth pulley by means of a string. After falling
4 feet the 8 lbs. mass reaches ground ; show that the 6 lbs. mass will
just reach the ground.

66. Two bodies of weight ¥ and 3 M respectively are connected
by a string which passes over a smooth fixed pulley; show that the
acceleration of the C. G. is one-fourth of the acceleration of a body
falling freely.

67. The masses in Atwood’s machine are 4 o02. each, and a bar
whose mass is § oz. is placed on one of them. After motion has con-
tinued for a second the bar is gently removed. The space traversed in
the next second by the descending body is 2-76 feet; find the local
value of g.

68. The masses at the ends of the string are 8} oz. each, the mass
of the bar is 4 oz. ; after motion has taken place for a second the bar
is removed, and the space passed over in the following second is 1-214
feet ; find from this experiment the local value of g correct to two
places of decimals.

69. The masses at the ends of the stning are 153 oz. each and the
bar is § oz. ; find the value of g, when, after the bar has rested for a
second only on one of the bodies, that body descends 1 foot in the next
2 seconds.

PRESSURE ON A PLANE IN MOTION.

150. We may now consider the Pressure exerted by a
mass resting on a horizontal plane which has vertical
motion.

151. Let us first suppose that the plane 4B is
descending with uniform acceleration=q,

R Let a body, whose mass=a, rest on
AB. Then, by the Third Law, the
Pressure on 4B ="Pressure on body.

ng Let this Pressure=2X.

Since » is moving with an acceleration a,
.. ma=the force causing 7 to move.
This force is the resultant of all the forces acting on m,
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i.e. of the Weight of m downwards, and the Pressure 0f the
plane against the body upwards.
Since the body is descending, the Weight exceeds the Pressure,
.. mg—R is the force causing 7 to descend ;
. mo=mg—R;
“R=mg—ma. . . . . . . (1)

152. Next, let us suppose that the plane 4B is ascending
with uniform acceleration=a. )

Then, by similar reasoning, the pressure upwards ex-
ceeds the Weight downwards.
Soma=R—mg;
“R=mg+ma . . . . . . (2)

153. Special Case.—If the platform is ascending or
descending with wniform wvelocity, then a=o, and from
each of the equations (1) and (2), we have—

R=mg.

We infer, therefore, that the Pressure exerted is the
Weight of m, and therefore the same as if the plane were
at rest.

Example i.—A ball whose mass is 12 Ibs. is held on the hand, and
made to descend with an acceleration of 16 f.-s.-s. ; find the pressure
exerted on the hand.

Let R=pressure exerted on ball by the hand.
.oma=mg—R
o R=mg—ma

=m(g—a)

=12 (32—16)

=12 X 16 poundals

=6 lbs. weight.

Example ii.—A balloon is ascending vertically, and a pound mass
presses with a force equal to the weight of 17 oz. on the acronaut’s
hand ; find the height attained by the balloon in the first 20 seconds.

Let a=acceleration of the balloon.
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ma=R—mg
° =IZ —
e la=e—l.g

=1 =215
o “—16&’ 2 f.-s.-s.
Then .r=ul+-£ut‘

o :=o+%x2x4oo=4oo feet.

Example iii.—If a man jump off a height with a mass of 56 1bs.
resting on his head, what pressure is exerted on his head while in
the air?

Let R=pressure on his head.
Then the whole system is moving downwards with an acceleration=g¢;
.*. ma=weight down — pressure up ; !
% 56.9=56.g—R;
e R=0;
i.e. the mass is just in contact with his head, but exerts no pressure
on it.

ExaMPLES—XXV.

1. A balloon carries a mass of 100 lbs. suspended by a rope from
the car ; find in kinetic measure the tension in the rope :—
(a) When the balloon ascends with uniform velocity of 16 f.-s.

(%) » » ,» acceleration of 16 f.-s.-s.
(c) » descends » v, 16 f.-s.-s.
(d) 9 ascends . " 24 f.-s.-s.
(e) ’ descends ’ . &

2. A mass of 1401bs. rests on a platform ; find the pressure on the
platform in gravitation measure :—
(2) When the platform is stationary.
(6) When it is ascending or descending uniformly.

(¢) When it is ascending with uniform acceleration -:—og.

() ” descending ” »” -g-g.
(e) ’» descendidg with a velocity which éncreases every

second at the rate of g feet per second. .
(/) When it is descending with a velocity which diminiskes every
second at the rate of (1) g feet per sec. ; (2) 8 feet persecond.
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3. If I jump off a platform with a mass of 40 Ibs. in my hand, find
the pressure on my hand while in the air.

4. If a mass of 1000 lbs. exert a pressure on a lift of 750 lbs. weight,
what is the acceleration of the lift?

5 A platform supporting a mass of 12 oz. sustains a pressuregof
8% oz. weight ; find the acceleration.

6. A ball whose mass is 4 lbs., held in the hand, is (2) lowered with
a uniform velocity »; (#) lowered with uniform acceleration %g;
(¢) lifted with uniform acceleration 2¢; (d) lifted with uniform accelera-
tion g; find the pressure exerted on the hand in each case.

7. Two scale-pans, each of 1 Ib. mass, contain masses of 5 Ibs. and
31bs. They are connected by a string passing over a pulley ; find the
pressure between the larger mass and the pan.

8. A 1 1b. mass exerts a pressure on the hand of an aéronaut equal
to the weilht of 22 oz. ; fiud the acceleration of the balloon.

9. In an ascending balloon a mass of 1 Ib. produces a downward
pressure on the hand of the aeronaut equal to the weight of 18 oz. ;
find the height to which the balloon has ascended in a minute from the
moment of starting.

10. A mass of 15 lbs. hangs by a string from the roof of a railway
carriage in rapid motion; find the direction and magnitude of the
tension in the string.

11, If the train in the last example went over a precipice, what
would be the direction of the stiing and the tension in it?

12, If the two weights, Zand Q, in an Atwood’s machine rest in
scale-pans of weight /7 attached to the ends of the string, find the
pressures on the two pans.

13. A spring balance is graduated at Greenwich, where g=32.19;
at Ascension, where ¢=32.095, 2 body is weighed by the instrument
and its mass is apparently 64-19 oz. What is its real mass?

14. A body placed on a spring balance in the car of a balloon at
rest appears to weigh 100; what will it appear to weigh if the balloon
(1) be rising with an acceleration of 8 f.-s.-s., (2) be descending with
an acceleration of 8 f.-s.-s. ?

RECOIL.

154. When a cannon is fired, the projectile and the gun
move in opposite directions with velocities which depend
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on the relative masses of the gun, projectile, and the charge
of powder.

The motion is due to the force exerted by the powder
gas in one direction on the projectile, in the opposite direc-
tion on the gun. If the inertia of the gas be not neglected,
the impulse on the gun is somewhat greater than on the
shot. We shall suppose the impulses to be exactly equal.

The recoil is checked by an apparatus called the
‘Compressor.” This produces a gradually increasing resist-
ance to the motion of the gun, and destroys the velocity of
the recoil in a few feet as a rule.

155. 70 find the Velocity of the recoil of a gur when a
projectile is fired from it.

Let m=mass of the gun; »,=mass of the projectile.

v=velocity ,, 7, =velocity »

Now by the Third Law, Momentum of the gun=Momen-
tum of the projectile, because the force of the explosion
produces the same momentum in each.

. my=m,v,.

Example i.—If a projectile whose mass is 700 lbs. leave a gun
whose mass is 35 tons with a muzzle velocity of 1600 f.-s., find the
velocity of the recoil.

Momentum of gun=Momentum of projectile.
Let v=velocity of recoil ;
.*. 35X 2240 X =700 X 1600 ;
1 . p—1a?2
o 1!-!47 f.-s.

Example ii.—If the action of the compressor be a steady resultant
pressure of 10 tons weight, how far will the gun in the last example
recoil ?

ma=F;
% 35X 2240a=10 X 2240¢;

u=6—41'.-s.-s.
7
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Then v*=u2+ 2as;
o’ o=(g ,_28.5;
7 7
xzu% feet ;

i.e. the gun will recoil 11 feet.

ExaMPLES—XXVI.

1. If a shot whose mass is 20 lbs. leave a gun whose mass is 3 tons
with a velocity of 1200 f.-s., find the velocity of recoil.

2. If a shot whose mass is 40 lbs. leave a gun whose mass is 4 tons
with a velocity of 1000 f.-s., find the velocity of recoil.

3. A pMjectile whose niass is 112 lbs. leaves a gun whose mass is
4 tons with a velocity of goo f.-s. ; find the velocity of recoil.

4. A projectile whose mass is } ton is discharged from a gun whose
mass i< 81 tons, with a velocity of 1600 f.-s. ; find the velocity of recoil.

5. ITow far does the gun recoil in the last question, if the compressor
exert a steady pressure of 43 tons weight ?

6. If a 64-lb. shot leave a gun whose mass is 95 cwt. with a
velocity of 1160 f.-s., how far will the gun recoil if the friction betwcen
the gun and the ground be equal to the weight of a ton?

7. If a 600-1b. shot leave a 35-ton gun with a velocity of 1600 f.-s.,
how far will the gun recoil up a smooth inclined plane, rising 1 in 14?

8. If a projectile of 700 lbs. leave a gun whose mass is 50 tons, and
the gun recoil against a steady pressure of 3 tons weight a distance of
4 feet, find the velocity of the projection.

9. A projectile whose mass is 1800 lbs. is fired from a gun whose
mass is 110 tons with a velocity of 2140 feet; find the velocity of
recoil.

10. What force will bring the gun in Ex. 9 to a standstill in
15 feet?

11. If the projectile (mass 322 Ibs.) leave a 12}-ton gun with a
velocity of 1400 f.-s., how far will the gun recoil up a smooth inclined
plane rising 1 in 4? (Take g=32-2.)

12. A projectile whose mass is 800 lbs. is fired from a 43-ton
gun ; if the muzzle velocity be 1720 feet, how far will the gun recoil
up a slope rising I in 280, the friction amounting to 2o Ibs. weight
per ton?



CHAPTER VL

FUNDAMENTAL PROPOSITIONS IN
STATICS.

156. IN Articles 131, 132, it was stated that by means of
the Second Law of Motion, and certain important Proposi-
tions relating to velocities and accelerations, analogous
propositions could be established for forces.

These Propositions relating to forces may be here
given. As a force is measured by the rate of change of
momentum which it can produce, and, when acting on a
single body, this rate of change of momentum is measured
by the rate of change of velocity—z.e. by the acceleration—
and acceleration is measured by the velocity produced in a
second ; so we infer that the straight line which represents
the magnitude and direction of a velocity will also represent
the magnitude and direction of the force which can produce
that velocity in a second.

Thus since a force possesses the three elements of magni-
tude, direction, and a point of application, and a straight
line possesses the same three elements, we infer that a force
may be completely represented by a straight line. (Compare
Art. 93.)

157. If a straight line drawn from any point O to an-
other point A represent the line in which the force is acting,
then if the force tends to cause motion from O to 4, we
say that OA is the direction of the force, and either O4 or

AO is the line of action of the force.
126
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158. DEr.—A Resultant Force is the single force
which produces the same effect as two or more forces acting
on a particle or body. And these several forces which can
be thus replaced by the Resultant are known as Component
Forces, or simply Components.

159. The Composition of Forces means the process of
finding the resultant when the components are given. The
Resolution of Forces means the process of finding two or
more components when the resultant is given. (Compare
Art 16.)

160. If two forces act on a particle, and their lines of
action be not in the same straight line, their resultant may be
found by the theorem known as the Parallelogram of Forces.

THE PARALLELOGRAM OF FORCES.

STATEMENT.—If two forces, acling on a particle, be
represented in magnitude and direction by two adjacent sides
of a parallelogram, their resultant is represented in magni-
tude and direction by the diagonal whick passes through their
intersection.

This important theorem has been proved in Article 130.

If P and Q be the two forces, 6 the angle between their
directions, and R the resultant, then—

R2= P24 Q242 PQ cos 6.

This may be proved by Trigonometry, as in Article 19

161. Special Cases.—(1) When the directions of the
forces £ and Q are at right angles to each other, then
0=90°, and the last formula becomes R2=P24 Q2

(2) When their directions are the same, then =0°, and
the formula betomes

R=Pi Q?+2PQ; and .. R=P+Q.

(3) When their directions are opposite, then §=180",

and the formula becomes
" R=P4 QR—2PQ; andt. R=P—-Q.
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If P=Q in the third case, then R=o, f.e. two equal
forces acting on a particle in opposite directions balance,
and therefore keep the particle in equilibrium.

Hence, when two forces act on a particle, their greafest
resultant is the sum of the forces, and their Jeast resultant
is the difference of the forces.

Note.—If the angle between the directions of the two forces
increases, the magnitude of the Resultant is diminished.

This may be proved by the methods of Article 19.

I62. The following is an Exgerimental Proof of the Parallelogram
of Forces :— * .

Three fine silk strings are knotted at a point O, and three masses,
whose weights are P, Q, and R, are tied to their extremities. Two
of the strings are placed over smooth
pulleys, X and ¥, fixed to a vertical
board, and the system is then allowed
to take up its own position of rest, as
in the figure. The point O is evidently
acted on by three forces, £ and Q acting
along the lines OX and OY, and X acting
vertically downwards.

If 04 and OB be measured along OX
and OV respectively, proportional to the
weights P and Q, and the parallelogram
0ACB be completed, it will be found that—

. (1) The point C is vertically above O.
(2) The line OC is proportional to the weight 2.

Therefore OC, the diagonal of the parallelogram O04CA, will re-
present, in direction and in magnitude, the resultant of the forces
represented by 04 and OB5.

TRIANGLE OF FORCES.

163. STATEMENT.—.f @ particle be acted on by three forces
which are represented in magnitude and divection by the sides
of any triangle taken in order, the forces will be in equilibrium.

This may be provedey the method of Article zo.
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CONVERSELY.—1f three forces acting on a particle b; in
equilibrium, and if any triangle be drawn, having its sides
parallel to the divections of these forces, the sides of the triangle
will also represent the forces in magnitude.

This may be proved by the method of Article 21.

164 If three forces acting on a particle be in equilibrium,
the forces are severally proportional to the sines of the angles
mncluded between the a’zredzon.r of the other two forces ’

Let P, Q, R, acting on O, be in equilibrium.

Let 04, OB, OD<=these forces in magnitude and
direction.  Complete the
paral]c]nfrmm OACB.

By Article 130, OC re-
presents the resultant of
0OA, OB. Now the particle
is at rest, therefore OC must
be equal and opposite to D
OD. (Art. 160.)

Andtherefore DO and OCmust be in thesame straight line,
By Trigonometry : .
OA : AC: CO=sin ACO : sin COA : sin OAC,
Now sin 4ACO=sin COB=sin (180°— B0OD)=sin BOD,
sin COA=sin (180°—.D0A)=sin DOA,
sin 04 C=sin (180°—40B)=sin 408 ;
oo P:Q:R=sinBOD: sinDOA: sin40B5,
P Q _ R
sin Q’k—sin RP sin Pb
where the symbol QR denotes the angle between the
directions of Q and &, etc.
The theorem' established in this Article is known as
Lami’s Theorem.

or

b ¢
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THE POLYGON OF FORCES.

165. STATEMENT.—/f any number of forces acting on a
particle be represented in magnitude and direction by the sides
of any closed figure taken in order, they will be in equili-
brium.

This may be proved by the method of Article 22.

The converse of this theorem is not necessarily true, for
the reason given in Article 24.

THE PARALLELOPIPED OF FORCES.

166. STATEMENT.—JIf three jforces, acting on a particl,
be represented in magnitude and dirvection by the three ad-
jacent edges of a parallelopiped, their resultant will be re-
presented in magnitude and direction by the diagonal drawn
through the particle.

This may be proved by the method of Article z5.

If the forces 7, Q, S act each at right angles to the
plane of the other two, and if & be their resultant, then—

R=P24+ Q24+ 52

RESOLUTION OF FORCES.

167. If F be any force, we may break it up into any
number of pairs of components, because the straight line
which represents # may be made the diagonal of any
number of parallelograms. It is most convenient, how-
ever, to have the directions of the components at right
angles to each other. And when this is the case, each is
called #%¢ Component, or the ¢ Resolved part,’ of the glven
force in that direction. (See Art. 28.)

If F denote any force acting at O in the direction OC
(see Fig. of Art. 29), then—

Component along OX=F cos 6.
Component along O Y= F cos (90°— 0)=F'sin 6.
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168. 70 find the resultant of any number of forces acting
on a particle in the same plane.
This may be found—
(1) By repeated applications of the Parallelogram of
Forces. (See Art. 30.)
(2) By the Polygon of Forces. (See Art. 30.)

(3) By resolving the forces in two directions at right
angles to each other, and compounding the
results by means of the Parallelogram of Forces.

169. Thus let /,, F,, F;, . . .. act on a particle O, and
let their directions make angles a,, a,, a,, . . . . with the line
Ox. (See the Fig. in Art. 30, iii.)

Then F, = F, cosa, along Ox, and #, sina, along Oy.

And F,=F, cosa, along Ox, and Z, sina, along Oy.

If X be the Algebraical sum of the components along Ox,
and ¥V » ” ” ” ” Oy,
Then X=F, cosa,+F, cosa,+ . . . .
And Y=F,sin o, 4+ F, sinag+ . . . .
Thus the system has been reduced to two forces, X and
Y, acting at O at right angles to each other.
Let the resultant of X and ¥ be denoted by &, then
R=X24 Y2
If 0 be the angle which the direction of £ makes with Ox,
then

tan 0=—§4

The signs of ¥ and X will determine the quadrant in
which & will act. (See Art. 30, Note 1.)
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170. In order that there may be equilibrium, we must
have R=o.

Thus, if in the equation R2= X2+ ¥? we have R—o,
we must have X2+ V2=o,
and .'. X must=o0, and ¥ must=o, simultaneously.
(Compare Article 30, Note 3.)
Hence, in order that any number of forces acting on a
yparticle may be in equilibrium, the two following conditions
must be fulfilled :—

(x) The Algebraical Sum of the component in any direc-
tion must=o.

(2) The Algebraical Sum of the components in a direc-
lton at right angles to the former must=o.

See Examples xxviL. No. 39.

ExaMpPLES—XXVII,

1. What is meant by the Triangle of Forces?

2. Can three forces, 7, 10, 20, acting on a particle, keep it at rest?

3. If three forces keep a particle at rest, show that each is pro-
portional to the sine of the angle included between the other two
forces.

4. If any number of forces act on a particle in one plane, explain
how it may be ascertained by a geometrical construction whether the
particle is at rest.

5. Two forces, each equal to 7, act on a particle, and their resultant
is 7. Find the angle between the forces.

6. State the conditions of equilibrium of three forces acting on a
particle in the same plane.

2. What is meant by the Polygon of Forces?

Four forces, 3, 6, 9, 12, mutually at right angles in the same plane,
act on a particle. Find by a geometrical construction the force which

will keep it at rest.
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8. Iffour equal forces act on a particle in a plane in directions which
are severally inclined to each other at 45°, find by a geometrical con-
struction the magnitude and direction of the force which will keep
them at rest.

9. Why may a force be represented by a straight line? State and
prove the proposition known as the Parallelogram of Forces.

10. The three forces which, acting in a plane, keep a particle at
rest being known, write down the equations by which their inclina-
tions to each other may be found.

11. If three forces, 5, 3, 10, act on a particle, find the Jeast force
which will produce rest.

12. If three forces acting on a particle be completely represented
by the adjacent edges of a parallelopiped, find the line which com-
pletely reptesents their resultant.

13. Two forces, each equal to P, act on a particle at an angle of
120° ; show that their resultant is also equal to 2.

14. O is the middle point ?f a square, and forces 1, 2, 3, 4 re-
spectively act at O in the direction of the four angles; find the
magnitude of their resultant.

15. If forces of 10 and 17 act on a particle, find the greatest and
least resultants respectively.

16. Two equal forces act on a particle, (1) at an inclination of 45°;
(2) at an angle of 135°. Compare the resultants.

17. Show that forces 3, 5, 9, cannot keep a particle at rest.

18. Explain the terms Resultant and Component.

19. A force of 60 acts on a particle between two forces of 30 and
304/3, making an angle of 60° with the former, and 30° with the latter ;
find the magnitude and direction of the force which will keep the
particle at rest.

20. Two forces are in the ratio 3: 2; find the angle between them,
when their resultant is a mean proportional between them.

21. Given the resultant of two forces, their sum, and the angle
between them, show how to determine the forces.

Resolve a force of 50 into two forces, whose sum shall be 75, and
which shall include an angle of 120°

22. Three forces, 47, 65, 70, act on a particle, the angle between
each pair being 120°; find the magnitude and direction of their
resultant.
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23. Two forces, P and Q, have a resultant R, which makes an
angle @ with 2; if P be increased by &, whilst Q is unchanged, show
that the new resultant makes an angle 4a with P,

24. Perpendiculars are drawn from any point within a rectangle '
upon its four sides. Find the magnitude and direction of the resultant
of the forces which are completely represented by these lines.

25. ABCDEF is a regular hexagon ; find the resultant of the forces
which are fully represented by 48, 4D, AE.

26. Upon the sides 4.8, AC of a triangle ABC (4 =90°), the squares
ABDE, ACFG are described. Prove that the resultant of the two
forces completely represented by BF, CD, is perpendicular to BC, and
proportional to it in magnitude.

27. Three forces, 2, 3, 4, act at a point. The largest of<the forces
lies in direction between the other two, making with the larger an
angle of 90°, and with the smaller an angle of 30°; find the resultant.

28. Forces P-Q, P, P+(Q, act at a point in directions parallel
to the sides of an equilateral triangle taken in order; find their
resultant.

29. ABC is a triangle, in which 4 is 90°, and Bis 60°. 4D isdrawn
perpendicular to BC. Find the magnitude and direction of the re-
sultant of forces fully represented by 48, AC, AD, if AD represent a
weight of 3 1bs.

30. ABC, DBC are two triangles of the same altitude on the same
base BC. Forces are fully represented by 54, 4C, CD, BD, BC;
find their resultant.

31. If eight forces acting on a particle be fully represented by lines
drawn from the angles of any quadrilateral to the middle points of the
opposite sides, show that they will form a system in equilibrium.

32. ABCDisasquare. A forceof 5actsfrom 4 to B, 4 from Bto C,
7 from Cto D. Find the single force which will maintain equilibrium.

33. Four forces are completely represented by 48, 4D, CB, CD,
and act on a quadrilateral 4BCD. Show that their resultant is com-
pletely represented by four times the line joining the middle points
of the diagonals.

34. ABC is a triangle, D a point in BC such that 8D: DC=1: 3.
Prove that the resultant of 4C and 3 times 45 is 4 times 4D,

€
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35. Three forces acting on a particle are represented in magnitude
and direction by the sides of a triangle 48C. Find the magnitude and
direction of the resultant (1) when the directions are 458, BC, CA;
(2) when the directions are B4, BC, AC.

36. The circumference of a circle is divided into a number of equal
parts, and from one of the points of division straight lines are drawn to
the rest. Show that the line of action of the resultant of the forces
which these lines represent will coincide with the diameter through that
point.

37. Ifthere be eight points taken as in Ex. 36, show that the resultant
is represented by 4 times the diameter.

38. If ABCD bea parallelogram, and four forces acting at 4 towards
the middle points of the four sides be represented by the lines joining
with those middle points, find the magnitude and direction of their
resultant.

39. In Art. 170, show that, for equilibrium, the algebraical sums of
the resolved parts of the forces in gzy two directions must separately
vanish. ;

40. ABCD is a quadrilateral, the angles 4 and C being right angles.
Forces AB, AD act at A4, forces CB, CD act at C. Show that their
resultant bisects the angle 4 £C, £ being the middle point of BD.

41. Three forces act in a plane at a point. If one of the forces be
given in magnitude and direction, and a second force in direction only,
prove that the least force which will produce equilibrium is at right
angles to the second force.

42. Forces 18 and 30 act at a point along lines at right angles to
one another, and a force 6 acts along a line between them and inclined
at 30° to the first force. Prove that their resultant is 40.2, and makes
with the 18 an angle = tan-! (1.4).

43. Forces 4, 10n/2, 14 act at a point E., N.E., N. respectively.
Prove that their resultant is 27.8, and makes with the force 4 the
angle tan-1 (1§).

44. Forces 20, 25, 30 act at a point. The angle between the first
and second is 45°, and that between second and third is 75°. Prove
that their resultant is 49-15, and that its direction with the first force
is tan=1 (1.q).



CHAPTER VIL
TWO PARALLEL FORCES,

171. BEFORE proceeding further, it is necessary to explain
certain terms, and to make certain assumptions.

172. If any force be applied to a rigid body we assume
as an axiom that its effect is not changed if made {o act at
any other point of the body 7z #e line of action of the force.

This is known as the principle of the Transmissibility
of Force. It can be verificd sufficiently by many direct
experiments.

173. We assume as an axiom that if two egual/ and gpposite
forces be introduced into a systcm of forces acting on a body,
or removed from such a system, the system of forces will
not be disturbed. (See Art. 161.)

174. If a force act on a body by means of a string, we
assume that if the string be placed over a smooth peg or
pulley, the effect of the force is transmitted without change
of magnitude. The object sought in such a case is merely
to change the direction of the force.

175. A force acting along a rod tending to compress it is
called a Zhrust; if tending to stretch it the force is called
a ZTension.

A force acting along a string is always known as a Zenston.

176. Parallel forces are said to be ‘like’ if they have the*
same direction ; and to be ‘unlike’ if they have opposite

directions.
136
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177. To find the Magnitude and Direction of the Resultant
of two like parallel forces acting on a body.

Let 4 and B be the points where the forces Pand Q act.
At 4 and B apply two equal and opposite forces & acting

o F
i/ P
yQ
F A (o B F
R, Q' R
- IR

i the line 4B. These will balance, and will not disturb
the system. (Art. 173.) .
Complete the parallelograms #2 and FQ.
Then Pand Fat 4=R, at 4. (Art. 130.)
And Qand Fat B=R, at B.

Let the lines of action of &, and &, meetin 0. (Art.172.)

At O resolve R, into components & and P parallel to

their former directions ;

and at O resolve &, into components # and Q parallel to

their former directions.

The equal and opposite forces # at O balance, and may
be removed. The Resultant is P4 Q, and OC, the line of
action of P and Q acting at O, is parallel to the lines of
action of P and Q acting at 4 and B respectively.

*If R be the resultant of 2 and Q,
R=P+Q; . . (1)
and R may be supposed lo act at C (Art 172 )
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To determine the position of C.
The triangles 0CA4, APR, being equiangular, are similar;

.P_oC (Euc. vi. 4.)
"FCA
Andthetriangles OCB, BQR,beingequiangulararesimilar,
oc
“FCB
Dividing the first of these results by the second, we have
£_CB (2.)
o=¢ca "
We therefore conclude that when two like parallel forces
act on a body:— .

1. The Resultant acts in the same divection as the forces.
2. It is equal to the sum of the jforces.
{ 3. It acts at a point whick divides the line joining their
L points of application inversely as the forces.

The Student will notice that the position of C depends on the
magnithdes only of 2and Q.

178. 70 find the Magnitude and Direction of the Resultant
of two unlike parallel forces acting on a body.

Let 4 and B be the points at which 2 and Q act; Q
being the greater force.

At A and B apply two equal and opposite forces 7,
acting in the line 4B. These will balance, and their
introduction does not disturb the system.

Complete the parallelograms #P and FQ.

Then Pand Fat A=R, at 4;
and Qand Fat B=R, at B.

Let the lines of action &, and &, meet in O.
At O resolve R, into components F and 2 parallel to
their former d'&rections.
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And at O resolve R, into components & and Q parallcl to
their former directions.

F__A
£
-

The equal and opposite forces F at O balance, and may
be removed.

The Resultant of 2 and Q acting in gpposite directions is
Q—P, and OC, the line of action of £ and Q acting at O, is
parallel to the lines of action of 2 acting at 4 and Q acting
at B. Hence if R be the resultant of 2 and Q, we have

R=Q-P, . . .. (1)
and X may be supposed to act at C in AB produced

To determine the position of C.

The triangles OC4, A PR, being equiangular, are similar;
.P_ocC
“FTCA

The triangles OCB, R, FB being equiangular, are similar;
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Dividing the first of these results by the second, we have
P_CB .. (2)
Q c4
We therefore conclude that when two unlike parallel
forces act on a body :—

1. The Resultant acts in the direction of the greater force.
2. It is equal to the difference of the force:

Crliern

3. It acts at a point whick divides, the lme joining their
points of application produced inversely as the forces.

NoTe.—The point (C) at which the resultant acts is always in 458
produced through the point of application of the greater forcg.

179. From the result (2) of the preceding Article we
have—

P.CA=Q. CB;
.. P(AB+BC)=Q. BC;
BC(Q—P)=P. AB;

. AP

.. B C = —-(7:—])

Now when Q is nearly equal to 2, 5C becomes very great
when compared with 425,

As a Special Case let Q=2.
Then =247

W BC=w

and also from (1) R=o.

The student will see that in this case 2,4 and BR, (Fig.
Art. 178) are parallel lines, and therefore the point O is not
situated at a finite distance.

If two egual uniike parallel forces act on a ‘body, the
system is called a Couple, and the two resulty £=o, and
BC=w , indicate that when a Couple acts on a body it
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cannot be replaced by any single force acting at any finite
distance.

NoTe.—The relation established in Articles 177 and 178 between
the Forces and their distances from the point at which their Resultant
acts is most conveniently written,

P.AC=0Q.BC.

180. The following simple method of obtaining the
results of Art. 178 from those of Art. 177 deserves the
student’s notice. If in the fig. of Art. 177 we introduce at
C a force R, equal and opposite to K(=2P+ Q), we shall
have three parallel forces irt equilibrium, viz. 2, R,, Q.
And it is evident that each of these forces is egual and
apposite to the resultant of the other two forces.

Now if we regard 2 and R, as the given wnlike parallel
forces we may conclude at once :—

(1) Their resultant is equal to Q, and therefore is equal
to R 1 —R

(2) Their resultant acts at B opposite to (J, and therefore
acts in the direction of &, the greater force.

(3) By Art. 177, thatA,PP gﬁ

o P.CA=R,. CB—P. CB;
oo P(CA+CB)=R, . CB;
. P_CB
R 4B ’
and these are the results of Art. 178.

Thus the fig. and the method of Art. 178 can be
dispensed with.

Example i.—Two like parallel forces, 10 and 15, act at points
21 inches apart ; find the magnitude and point of application of their

resultant. By equation (1) Art. 177, R=/+0,
o R=25.
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Let r=distance from 10 at which & acts (=4C in Fig. Art. 177),
o' Iox=15(21 - x).
From which equation, x=12.6 inches.

Example ii.—Two unlike parallel forces, 3 and 12, act at points
12 inches apart ; find the magnitude and point of application of their
resultant. By equation (1) Art. 178, R=Q—-2P;

.*. R=12-3=9 in the direction of the 12,
Let BC (Fig. Art. 178)=x.
Then if P=3, and Q=12, we have
3(12+x)=12x,
From which equation, x=4 inches.

Example iii.—Break up a force of 8 into two like parallel forces
acting at points 4 feet apart, so that one of them may act at a distance
- of 1 foot from the given force.
Let the latter force= 2 ; then the other=8 — 2.
In the Fig. of Article 177, let AC=1 ft. ; then 5C=3ft.
Therefore Px1=(8-P)x 3.
From which equation, P=6;
.*. the other force=2.

Example iv.—The resultant of two unlike parallel forces which act
at points 12 inches apart is 10, and it acts at a point 4 inches from the
greater force ; find the magnitude of the forces.

We may use the Fig. of Article 178.

Let P be the smaller force ; then P+ 10=the greater ;

Therefore P(12+4)=(+10)x 4.
From which equation, P=3};
.*. the other Force=13}.

ExampLEs—XXVIII

1. Find the magnitude and point of application of the resultant of
two like parallel forces of 7 and § acting at points 24 inches apart,

2. Find the magnitude and point of application of the resultant of
two unlike parallel forces of 10 and 6 acting at points 8 inches apart.

3. Two unlike parallel forces, 52 and 78, act at points 16 feet apart ;
find the magnitude and position of their resultant.

4 Find the resultant of two like forces whose lines of action are
parallel.
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5. Two parallel forces, 3 and 7, act in opposite directions; the
distance between their points of application is 16 inches; find the
magnitude and point of application of their resultant.

6. Explain the result when two equal and unlike parallel forces act
on a rigid body.

7- Deduce from the results of Example 4 the magnitude and direction
of the resultant in the case of unlike parallel forces.

8. Two like parallel forces, 16 and 24, act at distances of 12 and 25
respectively to the right of a fixed point; at what distance does their
resultant act?

9. Two unlike parallel forces, 82 and 15, act at distances 12 and 30
to the right of a certain point in their plane ; find the distance of the
resultant from the same point.

10. If the resultant of two unlike parallel forces be 12, and act at
distances oY 6 in. and 9 in. respectively from the lines of action of the
forces, find the forces.

11. Break up a force of 40 into two like parallel forces 3 feet apart,
one of them being 16 inches from the given force.

12. Dreak up a force P into two like parallel forces in the ratio m:»,
if one act at a distance a from P, find the distance at which the other
force acts from /.



CHAPTER VIIL
MOMENTS.

181. Ifarod OA4 be capable of rotation about a fixed point
O in it, and a force # act on the rod at the
point 4, then it is evident that the rod will
turn round O under the action of & unless
the direction of the force pass through the
fixed point O. In this case the reaction of

A F the point will keep the force in equilibrium.

182. The measure of the power of a force to produce
rotation will evidently depend on (1) the magnitude of Z
and (2) the distance of its line of action from the point O.
We may therefore say that the Measure of the Power of a
force to produce rotation about any point is the product
of the sForce by its perpendiculor distance from the point,
certain units of force and length having been sel¢cted.

This product is called the Moment of the Force with
respect to the point.

Hence, if the Measure of a Force be #, and p be the dis-
tance of the point from its line of action, the Measure of the
Moment will be F.p.

183. The physxcal idea involved in a moment is a Y’wz.rt If we con-
sider rotation in one direction posizize, then rotation in the opposite
direction will be »egative. It is usual to r=gard rotation i the divection

of the kands of & watck as negative. . "
In the Figure (Art.181) the moment is consi iered to positive. If

a body be at rest under the turning tendency of two , these tend-
encies must be equal, and therefore the algebraica? sum  of the moments
“will be zero.

144
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184. T represent the Moment of a Force with respect to a
point Geometrically.
If O be a fixed point in a rigid body, and a force F act
in the direction of the line 4X.
Make AP =F; draw OC
perpendicular to 4X.
Then, Moment of # about N i
O=F.OC=AB.OC=2AA0B.A F B c X
Hence the Numerical Measure of the Moment of a force
about a point will be represented by twice the area of the
triangle whose base is the line which represents the force in
magnitude and direction and whose vertex is at the point.

185. If O be in the line of action of the force Z the
triangle vanishes, and then the Moment is zero. Therefore
we infer that the Moment of a force about any point in its own
line of action vanishes ; and, conversely, if the Moment of a
Jorce about any point vanishes, the point is in the line of action
of the force.

186. THEOREM.—If two jforces act on a body, the Alge-
braical Sum of their Moments about any point in their plane
is equal to the Moment of their Resultant about that point.

Case i.— When the Forces act at a point.
Let £ P and 4Q be the directions of two forces acting at A4,
and 4R the direction of their Q
Resultant. /
LetObeanypointintheirplane.  Op c
Through O draw OD parallel
to 42, meeting AQ and
AR in C and D
respectively.
Through D draw DB
parallel to 4Q; A ’
Then 4B, AC, AD will completely represent P, Q, R re-
spectively. K

R
D
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Join O4 and OAB.

Then the Moment of P about O=2 AA0OB (Art. 184)
=[T7ABDC(EuC.i. 41)=2AACD=2AA0D-2AA40C
=Moment of R about O—Moment of Q about O;

.. Moment of P about O+Moment of Q about O

=Moment of & about O. (Q.E.D.)

The student ought to prove this Theorem when the point is between
AB and 4C.

187. The Proposition may also be established in the following way.
We must first show that the resolved part in any direction of the
Resultant of two forces acting at a point
is equal to the sum of the resolved parts
of the Components in the same direc-
tion. )
To show that the component of 4D
along AX=comp. of 45 along 4X+
X component of AC along AX.
Draw BE and DF perpendicular to 4X, and draw B parallel to 4X.
Component of 4D along AX=AF; (Art. 29)
»» AB w AX=AE;
w  ACorBD,  AX=EF(=BG)
Now AF=AE+EF. (Q.E.D.)

(o]

B
A X
To prove the Proposition : Let 4.D be the Resultant of the forces 45
and 4C. Join 40, and draw 4.X at right angles to 40.
AD cos XAD=AB cos X4AB+AC. cos XAC.
Multiply each term by 40, and change to the complements of the angles 3
.. AD. AOsin DAO=AB . A0 sih BAO+AC. AOsin C40;
o by Trigonometry, 20 A0D=25A0B+2nA0C,
or, Mom. of 4.D about O=Mom. of 458 about 0+ Mom. of 4C about 0.
. (Q.E.D.)
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188. Case ii.— When the Forces are parallel.

Draw OB perpendicular to the lines of action of the
forces ./, Q and their resultant X,
Then P.AC=Q.BC(Art.180Note). 5

S P(OC—04)=Q (0B—-0C).
~P.OC—P.OA=Q.0B—-Q.0C.
S (PHQ).OC=P.OA+Q.0B5,
but P+ Q=R (Art. 178).
. R.OC=P.04+(Q.0B. (Q.ED.) R

As an exercise the student may establish the Proposition (1) when
Ois between Pand Q; (2) when 2 and Q are unlike.

189. This Proposition, being true for a// positions of the
point, must be true when it is in the line of action of the
resultant. The Moment -of the resultant in this case
vanishes. (Art. 185.)

Therefore ¢ The Moments of two Forces about any point
in the line of action of their Resultant are equal and opposite.

190. The converse is also true, viz. :—*If the Moments of
two Forces about any pointin their plane be equal and opposite,
that point must be in the line of action of their Resultant!

Let AP and AQ represent the directions of the

forces Zand Q, and let O Q
be a goint in the plane such
that 2.0D=Q.0OE. €
Thep shall O be in the \\

line of action of the re-
sultant.

Through O draw OB
parallel to 4Q, and OC
parallel to AP. Then, by § 5 l:{)t’P
Data, P.OD=Q.0E.

ST T P_oE_o0C_4B
"*Q 0D 0BT AC
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Therefore 48 and AC represent the magnitude of 2 and
Q respectively, and 4O represents their resultant in magni-
tude and direction.

Therefore O is in the line of action of the resultant of
Pand Q. (QED.)

ExamMpLES—XXIX.

I. What is meant by the moment of a force with respect to a point ?

2. The line of action of a force of 10 lbs. weight passes at a distance
of 8 inches from a fixed point. What is the measure of the moment
about that point, a pound weight being the unit of force, and an inch
the unit of distance?

3. A force of 12 acts along a median of an equilateral triangle whose
side is 18 ; find the measure of its moment about each angle of the
triangle.

4. A force of 6 acts along one side of an equilateral triangle whose
side is 10; find the measure of its moment about the opposite angle.

5. A force of 20 acts along a diagonal of a square whose side is
8V2; find the measure of its moment about each of the four angles.

6. The lines of action of two like parallel forces of 10 and 8 respec-
tively are distant 4 and 12 from a fixed point ; compare their moments
about the point.

7. Where must the point in Ex. 6 be situated in order that the
moments may be equal and opposite ?

8. If two forces meet in a point, prove that their moments are
equal about any point in the line of action of the resultant.

9. Show that the moment of a force about a point is represented
geometrically by twice the area of the triangle whose base is the line
representing the force in magnitude and direction, and whose vertex
is at the point.

10. The algebraical sum of the moments of two forces meeting in a
point about any point in their plane is equal to the moment of their
resultant about the same point.

11. Prove the last example when the point is witAsn the lines of action
of the forces. N
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12. If three forces acting in the same plane at a point be in equi-
librium, the moment of any one of them about a point in their plane is
equal and opposite to the sum of the moments of the other two about
that point.

13. A man can exert a force equal to the weight of 224 lbs., and
pulls on a rope fastened to the top of a post, the rope being twice the
length of the post. 'What horizontal force applied at the middle of the
post will keep it from falling ?

14. At what point of a tree must one end of a rope of given length @
be fixed, so that a man pulling at the other end may exert the greatest
force to pull it over?

15. The connecting-rod of an engine is inclined to the crank-arm
at an angle of 30°. Compare the moment of the force to turn the shaft
when in this position with the greatest moment when in the most
favourable position.

19I. It is very important to extend the Theorem of
Article 186 to any number of forces acting in a plane.

Statement of Varignon’s Theorem of Moments.

If any number of jforces act in a plane on a body, the
Algebraical Sum of their Moments about any point in the plane
is equal to the Moment of their Resultant about that point.

In Articles 186 and 188, the Theorem was proved for
two forces. If we consider their resultant and & third force
in the system as constituting another pair, the Theorem
will hold for them, and therefore it holds for three of the
forces, and so on for any number of forces. (Q.E.D.)

192. Symbolical Statement of Varignon’s Theorem
of Moments.

Let the distances of the selected point from the lines of
action of the forces 2, Q, S, T . . . . . and their resultant
Rbep, g 8¢ .....andr respectively; then we shall
have—

Rr=Pp+Qq+Ss+Tt+ 5. . .. ..
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If any of the forces act in the negative direction, we
must write its moment with a zegative sign, and R will then
be the Algebraical Sum of the forces.

193. The student will notice that, if tke point be situated
in the line of action of the resultant, then the Algebraical Sum
of the Moments will vanisk; and, conversely, if the Algebraical
Sum of the Moments of any number of forces acting on a body
vanishes about a point, the line of action of the resultant
passes through that point. (See Articles 189 and 190.)

Example i.—Five vertical forces, 9, 12, 18, 6, 5, act at points
3 feet apart on a straight horizontal rod ; where does their resultant
act? '

Let x=distance from the line of action of the first force.
R=50.
Taking Moments about the point at which 9 acts (Art. 192)—

Then 50x=9x0+12x3+18x6+6x9+5x12;

. 5oxr=258; .*. x=5-16 feet.

Example ii.—Two parallel forces, 8 and 5, act in opposite direc-
tions at distances 3 and 11 to the right of a fixed point. Find at what
distance their resultant acts.

Let x=distance from the fixed point measured to the right.
R =3 in the direction of the 8 (Art. 178).
Taking Moments about the fixed point—
Then 3 xx=8x3-§xII.
From which x= — 10} to the right,
or =10} to the left of the fixed point.

Example iii.—Parallel forces 3, 5, 6, 4 act at equal distances of 8
inches along a rod ; where must a prop be placed in order that the rod
may rest in a horizontal position ?

It is evident that the prop must be placed at the point where the
resultant acts.

Let x=distance from 3.
R=18.
Taking Moments about the point at which 3 acts (Art. 192)—

Then 18x=3x0+5X8+6x16+4x24=232;

.*. x=12§ inches ‘rom the force 3.
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ExaMpLES—XXX.

1. Four parallel forces, 10, 14, 6, 25, act at distances 2, 4, 9, 3 from
the end of a horizontal rod ; where does their resultant act?

2. Four parallel forces, 3, 6, 9, 12, are placed at equal distances along
a straight horizontal rod ; show that the resultant will act at the same
point when the 9 is removed.

3. Five parallel forces, 1, 6, 3, 4, 8, act 1 foot apart on a straight
horizontal rod ; what force must be added to the 1, in order that if the
rod be supported where the 3 acts, it may remain horizontal ? .

4. A rod is 6 feet long; parallel forces, 6, 12, 18, act at the ends and
middle respectively, and at right angles to the rod ; find the magnitude
and point of application of the force which will produce equilibrium.

5. Prove that the algebraical sum of the moments of any number of
parallel forces, acting in the same plane on a body about a point in
the plane, is equal to the moment of their resultant about that point.

6. Three parallel forces, fo, —15, 40, act at points 3 feet, 4 feet,
5 feet respectively from one end of a rod and at right angles to the rod ;
where does their resultant act ?

7. Four parallel forces, 1, 6, —9, 8, act at points 3 inches apart along
a straight rod and at right angles to the rod ; where must the rod be
supported in order that it remain in equilibrium ?

8. A uniform straight rod, made up of two lengths & and 4, has
vertical forces }#a and W5 acting from the middle points of @ and &
respectively; where must the rod be supported to remain in a horizontal
position?

9. A uniform rod has a vertical force W acting at its middle point,
and when suspended at a certain point rests in a horizontal position
with vertical forces /¥, and W] at its extremities, or W, and W, at the
same ends. What vertical l’orcg at one end will keep it horizontal ?

10. A uniform rod 4BCD, 2 feet long, has a vertical force of 15
acting at its middle point. It rests on two props, B and C, 10 inches
apart, and the pressure on C is 4 times that on B; find the greatest
vertical force that can act at D without overturning the rod.

11. A uniform rod 20 inches long rests in a horizontal position on a
smooth peg, and has vertical forces of § and 3 at distances of 4 inches
and 5 inches from one end ; how far is the peg from that end, if an
additional vertical force of 2 act at the midgle of the rod ?
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12. Four parallel forces, 3, 2, §, 7, act at distances 6 inches apart
along a straight rod and at right angles to the rod ; where must a force
of 17 act in order to maintain equilibrium ?

13. Vertical forces of 6 and 3 at the ends of a horizontal rod (length
J), and W at a certain point in it, have their resultant acting at the
middle of the rod ; find the point at which # acts.

14. If, in Ex. 13, W act at a distance of one-fourth of the rod from
the smaller force, find W.

15, A uniform rod, 13 feet long, has a vertical force of 2§ acting
downwards at its middle point. The rod can turn about one end. If
the other end be kept up by a vertical force of 9, where must a vertical
force of 60 act if the rod is to remain horizontal ?



CHAPTER IX. '
CENTRE OF GRAVITY.

104. IN Article 177 it was proved that if two parallel
forces P and Q be supposed to act at the points 4 and B,
the line of action of their resultant will divide 4B at C
inversely %as the forces.

The position of C will evidently not be altered if the lines
of action of the forces be changed through any angle at
their points of application, provided only that they are
still parallel. (See Art. 187 at end.)

This point is known as the Cenfre of the two parallel forces.

The position of the point at which the resultant of any
number of parallel forces having fixed points of application
acts, is not affected by all the forces, while still remaining
parallel, being deflected at their points of application through
any angle. We therefore arrive at the following definition:—

DEF.—TZ%e Centre of any number of parallel forces having
Jixed points of application is the point through which the
divection of their resultanit pasm‘, whatever be the divections
of the parallel forces.

This is very important.

195. 70 find the Centre of any number of Parallel Forces.
Let parallel forces, 2, Q, S, T'actat 4, B, C, D
respectively.
Join 4B, and divide it at £,
so that 4E: EB=Q: P.
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Then P+ Q acts at £ (Art. 177), and Sacts at C.
Divide £C at F, so that EF: FC=S: P+ Q.

Then P+ Q+.S acts at 7, and T acts at 2.
Divide £D at G, so that
FG:GD=T:P+Q+S.

Then P4+ Q+S+ T actsat G.

Now the position of G is not affected by the direction of
the Parallel Forces.

.~ by Def. G is centre of the Parallel Forces.

In this way we have shown that these four Parallel Forces
have a centre, and we have also found its position ;
and similarly for any number.

NoTE.—In this may also be found the centre of gravity of a number
of heavy particles. (Art. 203.)

190. 70 find the distance of the Centre of a system of
Parallel Forces from any line in the plane containing the
points of application of the forces, having given the magnitude
of the forces and the distances of their points of application
Jrom the line.

Let OX be any straight line in the plane of the forces.

Let P, Q, S, ...act at 4, B, C, ... at distances p, ¢, 5, ...

. from OX.
Divide 4B 3} £ so that AZ: EB=Q:F.
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Through £ draw MV parallel to OX,
meeting 4a, B in M and V.

M-
AE H v o4
: 5
- %
Then £ EB_BN _B6—Nb _g—Ee,

Q EA AM Ma—Aa Ec-p’
o P Ec—Pp=Qg—Q.Ee;
’ (P QEe=Fp+ Q.

In the same manner, when we have P+ Q+S acting at

F (Art. 195), then
(P+Q+S)Ff=(P+Q)Ee+Ss,
or, (P4 Q+ S)Ff=Fp+ Qg+ Ss.

And similarly for any number of Parallel Forces.

If y be the distance from OX of the Centre of any
number of Parallel Forces,

Pp+Qy+ Ss+Te4 . ...

PYO+S+7+ .- ..

Similarly the distance (x) of the ‘Centre’ from a line Oy
at right angles to OX can be found, and thus the position
of the ¢Centre’ in the plane can be determined.

NoTe.—If some of these forces act in the opposite direction, we

must remember that we are dealing with 4lgebraical Sums in both the
numerator and denominator of this result.

Example i.—If four like parallel forces, 2, 3, 5, 7, act at points
distant 3, 4, 6, 12 inches from a straight line in the plane, find the
distance of their centre from that line.

Then y=
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We use the result of Article 196. Let » be the distance required.
Co (243454 ) r=2x3+3X4+5%x6+7x12;
o 177=6+12+30+84.
From which =71} inches.

Example ii.—If five parallel forces 7, — 3, —10, 2, 8 act at points
distant 5, 10, 3, 4, 6 inches from a straight line in the plane, find the
distance of their centre from that line.

See Note to Article 196.

(7—3—10+2+8) r=7x5—3x10—19x3+2%x4+8x6;
.*. 4r=35—30—30+8+48.
L gr=31

Therefore =7 inches.

197. The weight of a’ body is the force of the earth’s pull
on its mass, and is therefore the resultant of the weights of
its various particles.

These weights form a system of like parallel forces, and by
the method of Article 195 we ean determine théir Centre.
The centre in this case is called the Centre of Gravity.'

DEF.—The Centre of Gravily of a body s that point
through which the resultant of the weights of all its particles
acts in whatever position the body is placed.

From this it follows—(1) that the whole weight of a
body may be supposed to act at its C.G.; and (2) that if
the C. G. be supported the body will rest in any position.

198. If a body be suspended at any point, its C. G. will be
in the vertical line through the point of suspension when' the
body is at rest.

Let G be the C. G. of a body capable of turning round
a fixed point O.

Let GC=its weight acting vertically through G.

Resolve GC into GB in the direction OG, and G4 at
right angles to it.

1 Strictly \is point is the Centre of Mass.
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The component GB is kept in equilibrium by the
reaction of the fixed point O.

There remains the component G4, which
will cause the body to move towards the
vertical line OV; and it is evident that
such a movement will always take place
when G is not in the vertical line OV.

199. From this we can determine experi-
mentally the position of the C. G. of a plane
surface of irregular shape. Suspend the
lamina succe-sively from two points of its
edge; if, in each case, a vertical line be
drawn on its surface passing through the
point of suspension, the intersection of these lines will be
the C. G. required.

The points of suspension must of course be so chosen that the lines
drawn on the surface do not coincide.

STABLE, UNSTABLE, AND NEUTRAL EQUILIBRIUM.

PG

200. Let a body be capable of rotating about a fixed
point O, and suppose G to be its C. G.

In Fig. i., because G is in the vertical line through O
and delow O, the body is at rest.

In Fig. ii., where the body has been slightly displaced, it
will tend to return to the position in Pig.i. (See Art. 198.)
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In Fig. iii., where G is in the vertical line through O and
" above O, the body is at rest; but if the body be slightly
displaced it will tend to turn round O, and will take up the
position in Fig. i.
In Fig. iv.,, where O and G coincide, the C. G. is sup-
ported, and therefore the body will be at rest in any position
whatever. (See Art. 197.)

20I. Keeping these considerations in view when a body
in a position of equilibrium is slightly displaced—(1) If the
effect of the forces in this new position be to restore the
body to its old position, the equilibrium is said to be
"Stable; (z) If the effect be to make it move farther
from its old position, the equilibrium is said to be
Unstable; (3) If there be no effect one way or the other,
the equilibrium is said to be Neutral.

Examples of Stable Equilibrium.—A swing, a cradle, a rocking-
horse, a pendulum, a ship well ballasted, a cone standing on its base
on a horizontal plane.

Examples of Unstable Eguilibrium.—A narrow boat when the
occupants stand up, a high chair in which a child is seated, a cart
heavily loaded atop, deck-lgaded ships, a cone placed on its vertex, a
lead pencil stood on end, and in fact all bodies which we call ¢ top-
heavy.’

Examples of Neutral Equilibrium.—A cricket ball placed on a
table, a sphere floating in a fluid, a cone or cylinder resting on its side
on a horizontal plane.

.
202. When a body is placed on a horizontal plane it
will stand or fall according as the vertical line through its
C. G. falls within or without the base.
Let a body ABC ... D be placed on a horizontal
plane OX.
Since its weight acts vertically through its C. G., then—
(1) If GE be the Wrtical through G, the weight may be
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resolved into two components, one along GA and the other
at right angles to it. The tend- c

ency of the latter component

to produce rotation about 4 D
is met by the reaction of the
rigid plane, and therefore the
body will have no rotation i
about 4. Similarly it may be FXx
shown that it will have no rotation about B, and therefore
the body will stand.

(2.) If GF be the vertical through G, the component of
the weighs at right angles to G4 will as in (1) produce no
rotation about 4, but its component at right angles to G5,
meeling no reaction, will cause the body to topple over
round the point B. ,

(3.) It GB be the vertical through G, the body will just
stand, but it will be on the point of toppling over.

If the body be placed on an inclined plane, it follows
that if the zerfical through the C. G. fall—(1) within the
base, the body will slide before toppling over; (2) without
the base, the body will topple over before sliding; (3) on
the edge of the base, the body will slide and topple at the
same time.

203. We now proceed to find the C. G. of various bodies.

The process ot finding the C. G. of a number of heavy
particles is the same as finding the Centre of a system of
like parallel forces. (See Art. 195.) We shall deal only
with homogeneous bodies.

A homogeneous body is one in which matter is dis-
tributed uniformly, and therefore one in which equal
volumes have equal weights. And in the case of plane
figures, the weights are proportional tofthe areas.
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204. 7o find the C. G. of a Material Straight Line.

We may suppose the line to be made up of equal particles
equidistant from its middle point. The C. G. of each
pair of particles will be at the middle point of the line
joining them (compare Art. 177); therefore the C. G. of
the line will be at its middle point.

205. 7o find the C. G. of a Parallelogram.

The figure may be supposed to be made up of an

D F c indefinitely great number of
P material straight lines each par-
K[ allel to 45.
/ i By Article 204, the C. G. of
I each is at its middle point.

A E B The line EF, joining the
middle points of 4B and DC, will bisect every line

parallel to 45.
.. The C. G. of the figure is in EF.

Similarly it is in ZX, which joins the middle
points of BC and AD.
.~ G, the point where £F and AKX intersect,
is the C. G. of the parallelogram.
200. Tv find the C. G. of a Triangular Lamina.
We may suppose the triangle to be made up of an indefi-
nitely great number of material lines parallel to the side BC.
A Since the C. G. of each is at
its middle point, and since
any line from 4 to D, the
middle point of BC, bisects
every parallel to BC,
.. the C. G. of the figure
is in 4D,
B C the median! to the side BC.

* A median is the strafft line drawn from any angle of a triangle to
the middle point of the opposite side.
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Similarly, the C. G. of the figure is in BE,
the median to the side C4 ;
.". G, the point where the medians intersect,
is the C. G. of the figure.

T determine the position of G in the line AD.

Join DE. Then DE is parallel to B4, by Euc. vi. 2.
.". the triangles CDE, CBA may be shown to be
equiangular by applying Euc. i. 29.

. CD: DE=CB:B4 , (Euc.vi 4.)
Al CD: CB=DE : BA;
but CD=4}CB;
.. DE=}BA.
Again, the triangles DGE, AGPA are equiangular ;
.DG:DE=GA: AB;
o Alt. DG : GA=DE : AB;
but DE=1BA;
.. DG=1G4;

and therefore DG must be }4.D.

To find the C. G.of any Triangle, it is sufficient either
(1) to draw two medians, and their intersection will be the
C. G.; or, (2) to draw a line from any angle to the middle
point of the opposite side, and the C. G. will be in this
line at one-third of its length from the side.

207. 70 show that the C. G. of a triangle coincides with
the C. G. of three equal heavy hodies at its angular points.
Let three equal bodies be placed at A4, B, C, and let the
weight at each= W.
Then the C. G. of W at B and W at C will be at D, the
middle point of BC.
We have now 2 W at D and W at 4.

" Their C. G. is at a point O (suppose) in 4D, such that
AO:O0D=2W: W; ..A0=20D; ..D0=3}DA4;
and therefore O coincides &ith G.

L
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L

Conversely, if the weight of the triangle be ¥ acting at
G, we can replace this force by three vertical forces, each of

which is equal to %V, acting at 4, B, and C respectively.

Note.—This device of supposing ¥ of its weight to act at each angle
of a triangle often simplifies a Statical problem.

208. 70 find the C. G. of the Perimeter of a Triangle—
A uniform wire bent into the form
of a triangle will represent the
perimeter. The weight of each
side is proportional to its length,
Y =g and the C. G. of each side is at
: its middle point.

L/, We have therefore Weights =
) D C e, b, ¢ situated at D, E, £
respectively.

Join FE, and divide it at A, so that FH : HE=b:¢;
.. the C. G. of 4 and ¢ is at A (Art. 177);
..C.G.ofa, b cisin DH.

Now by Euc. vi. 2, 4, it may be shown that DF=4A4C=}J,
and DE=3}BA=1c;
. DF:DE=b:c;
but FH : HE=b :c;
. FH: HE=DF : DE;
.. DH bisects the angle ZDE (Euc. vi. 3)

... C. G. of a, b, ¢ lies in the line bisecting the angle FDE.
Similarly it may be shown that the C. G. lies in £X]
which bisects the angle DEF.

.. the C. G. is at the intersection of the lines which
bisect the angles of the triangle DEF.

... the C. G. of the Perimeter of the triangle ABC coincides
with the centre of th¥ircle inscribed in DEF. (See Euc. iv. 4.)
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209. 70 find the C. G. of a Pyramid on a triangular base.

Let BCD be the base, andc A the vertex.
Bisect CD in £; join AE, BE; in EB take EF=3EB.
Then F'is the C. G. of the base BCD. Join AF.

The Pyramid may be considered as made up of an
indefinitely great number of planes parallel to the base BCD.
Suppose &cd to be one of these planes.

Join AE, cutting <4 in e, and join Ze.

By similar triangles (Euc. vi. 4) it may be shown that ce=ed.

Also, by similar triangles, ﬁ;= §§¢= ?E
¥ BF

.. Alternately fe‘=FZ"

Now BF=2FE; .. lf=2fc;
and thercfore fis the C. G. of the triangle &cd.
Hence the C. G. of the pyramid must be in 4 the line
which joins the vertex with the C. G. of the face BCD.
Again, if A is the C. G. of the face 4CD,
the C. G. of the pyramid is in BH;
.*. G, the point of intersection of 47 and BH,
is the C. G. of the pyramid.
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To determine the position of G.
Join FH. Then, by Euc. vi. 2, FH is parallel to BA.
Then Lo=20 but EF=}EB;
.. FH=3}BA.
The triangles FGH, AGB are similar;
 FG_GA
F,H"TA’ but FH=}54; .
W FG=1GA; and .. FG=1FA.
Hence the C. G. of the pyramid'is in the line joining the
vertex with the C. G. of the base, at a distance of one-fourth
of its length from the base. .

210. 7o find the C. G. of a Cone.

If the base of a pyramid be a polygon, it may be shown,
by the method of the last Article, that the C. G. of sucha
pyramid is in the line joining the vertex with the C. G. of
the base, and at a distance from the base equal to one-
fourth of this line.

A cone may be considered as a pyramid having as base
a polygon with an infinite number of sides.

*. the C. G. of a Cone is in the line joining the vertex
with the centre of the base at a distance from the base equal
to one-fourtk of this line.

NoTe.—The C. G. of the Surface of a cone is in the line joining the
vertex with the centre of the base at a distance from the base equal
to one-third of this line. Consider the surface as made up of an infinite
number of plane triangles, the sum of whose bases forms the circumfer-

ence of the base of the cone and having their vertices at the vertex of
the cone. The student will apply the result of Art. 206.

211. In Article 207 it was shown that the C. G. of a tri-
angular lamina coincides with the C. G. of three equal weights
at its angular points. This is a particular case of a wider
Proposition; viz.: The C. G. of any regular figure, plane
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or solid, coincides (1) with the C. G. of its perimeter ; and
(2) with the C. G. of equal weights acting at its angular points.

Example i.—The C. G. of a body being given, and also the C. G.
of a portion of it, find the C. G. of the remainder.

Let G be the C. G. of the Body, and G, that of the part.

Suppose ¥ to be the weight of the body, and 1] the weight of the
part. Then weight of the remainder= W' — W7, *

Produce the line G,G, and in G,G produced take G, such that
GG :GCC=W—-W,: 1.

Then G, is the C. G. of the remainder.
The value of GGycan be found by Article 177.

Example ii. —Two uniform cylinders of the same material are joined
end to end, their axes being in the same line. Their lengths are 8 in.
and 6 in., and their radii 2 in. and 3 in. respectively. Find their
common C. G.

Wi=wn(3)2x6=547; = [
Wy=mn(2)*x8=32m. c[—_———.
G,0=8+3=11in.; L

Gy0=4in. ‘WB \,w'

Take moments about O—
e (IR+ ). GO=W,. GO+ W,. G,0;
oo (547 +327) . GO=547. 11+ 327.4;
. _59at128 722 g .
.. GO= 86 =g =8:4 inches.
Example iii. —45CD is a square whose side= E
10 feet. On CD as base an isosceles triangle

CED is described externally of height 16 feet.
Find the distance of their common C. G. from

AB. +C,
By the symmetry of the figure, the C. G. must be D c
in the line £0, drawn perpendicular to 48. Lc
& CED=80 sq. ft. ; the square=100 sq. ft.
The weights may be supposed to be at right angles +C,
to £0. , 2
Take moments about O—
«*« (80+100) GO=80 (10+3%)+ 100 5. b

From which equation, GO=96 ft.
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Example iv.—From the corner of a square the side of which is
D 6 inches, a square whose side is 2 inches is
- C cat out. Find the distance of the C. G. of the
remainder from the centre of the square.
Area of ABCD=36;
Area of AEFH=4;
*. Area of remainder= 32.
The weights are supposed to act at right angles
to 4C.
Take moments about the centre 0—

.32.G0=4.X0;
Go_{g_,gg —AX_3x6x2—}x24z _ Jz inches 3
8 § - 8
2. C.G.= ~/2 inches from the centre of the original syuare.

Example v.—Bodies weighing 10, 8, 6 are placed at the angles of a
triangle whose sides are 25, 20, 15, the greatest weight at the greatest
angle, and the least at the least. Find the distance of their C. G.
from the 10. ‘

B The A is plainly right-angled. (Euc. i. 48.)
Let BAC=090°; BA=15, AC=20, CB=25.
The 10is at 4, 8 at B, 6 at C.
E To find the distance of the C. G.from the line 4C.
By Art. 196,
D c 24 GD=8x15; .. GD=5

To find its distance from the line 45—
.24 GE=6x20; .'. GE=3.

Then, AG*=GD*+ DA*=25+25=50;

.. AG= A50=7-0].

Example vi.—If a and 4 denote the parallel sides of a trapezium,
and / the perpendicular distance between them, prove that if X and
Y denote the distance of the C. G. of the figure from @ and &
respectively,

thenX—hxzh'a, =_{;_xza+6.
3 a+é 3 a+b

o GR _bk
A Ak_c—?, AACD= 2"
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Then using the result of Art. 196 we get—

ah bk ak bk
.. CGKE+2 .G H=(1\x.
A G K+ S G, (2 + 2>X,

ah b 0 2h_(ak bRy

D) = —_ Y;
. 2 3 2 3 2 2
akt 26k
o -'6—+—6——-2—(d+5)X,
.y 2 _h z2bta,
XK= (akad). gt =k
Then, ¥=k- X, from which ¥=2 2245,
3 a+d

NoTE.—Another method is to bisect A8 in 7, and join DF, CF.
Then, knowing the areas of the triangles A.DF, DFC, and FCB, we
can apply the result of Art. 196.

ExaMpLES—XXXIT.

1. Show that the point of intersection of the medians is the C. G. of
a plane triangle,

2. Find the C. G. of a parallelogram.

3. The equal sides of an isosceles triangle are 16 feet, and the base
is g feet ; find the distance of its C. G. from the sides.

4. Show how to determine the C. G. of a quadrilateral.

5. Ifa parallelogram be divided into four triangles by its diagonals,
and the C. G.’s of these triangles be joined, show that these joining
lines will form a parallelogram.

6. Show how, when the C. G. of the whole and also of a part of a
body is known, the C. G. of the remainder rﬁy be foupd.
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7. If a body is placed on a horizontal plane surface, how may we
decide whether the body will stand or fall? Apply similar reasoning
to the case of a body placed on an inclined plane.

8. A cubical block of wood is placed on a plane whose inclination is
60°; if prevented from sliding, will it have a tendency to roll?

9 Given the base and height of a triangle, construct it so that it
will stand on a horizontal plane.

10. ABCD is a parallelogram having 45C 60°, and BC is 9 in.
long ; find the greatest possible length of 45 that the figure may
stand with BC placed on a horizontal plane.

11. If vertical triangles are placed on the same horizontal base AB
show that they will stand so long as their vertices are between two
vertical lines distant 345 from each other.

12. How many coins, in each of which the thickness is one-twentieth
of the diameter, can stand in a cylindrical pile on an inclined plane of
which the height is one-sixth of the base ?

13. Show that the C. G. of 2 number of particles P, Q, &, . . .
lying in a straight line OA7 at distances q, 4, ¢, . . . respectively from
0, is at a distance from 0=£;;:—g€—3?—:_+. -

14. By the last example, find the C. G. of four uniform straight rods,
one of which is the diameter of a circle, and the others chords parallel
to and on the same side of the diameter, subtending angles of 120°,
90°, 60° respectively at the centre.

Particles at the Angles of a Square.

15. Masses of 49, 73, 86 are placed at three angles 4, B, C of a
square whose side is 2 ; find the distance of their C. G. from B.

16. Find the distance from 30 of C. G. of 15, 30, 45, placed at the
angles of a square, if the side be 10 feet.

17. Masses of 17, 23, 28 are placed at 4, B, C, the angles of a square
ABCD; find the distance of their C. G. from D, if a side of the
square=38 ft.

18. Masses 3, 4, 5, 6 are placed at the corners of a square; find the
distance of their C. G. from the 3, if a side=2 feet.

19. Masses 3, §, 7, 9 are placed at the angles of a square, whose
side=§ feet; find the distance of their C. G. from the 3.

20. Masses 5, 7, 10 are placed at three apgles of a square whose
side=4 ft.; find the disnce of their C. G. from the 5.
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Parlticles at the Angles of a Triangle.

21. Three masses 3, 4, § are placed at the angles of an equilateral
triangle whose side is 12 in. ; find the distance of their C. G. from the
least weight.

22. If masses 3, 4, 6 beeplaced at the angles of an equilateral
triangle whose side is 10 in., find the distance of their C. G. from the
least weight.

23. Find the distance from the 17 of the C. G. of three masses 10,
14, 17, placed at the angles of an equilateral” triangle, each of whose
sides is 3 ft. long.

24. Prove that the C. G. of a triangle coincides with that of three
equal masses placed at its angular points.

25. Equal masses of 10 lbs. are placed at two of the angles of an
equilateraltriangle, the side of which is § ft., and a mass of 5 Ibs. at
the remaining angle ; find the distance of the C. G. from the 5.

26. Masses 2, 3, 5 are placed at the angles of an equilateral
triangle whose side is 6 ft. ; fipd the distance of their C. G. from the
greatest weight.

27. If the masses be 3, 4, 5, and the side=6 ft., find the distance
of their C. G. from the 4.

28. Three masses I, 2, 3 are placed at the angles of an equilateral
triangle whose side=a; determine the distance of their C. G. from
each of the angles in terms of a.

29. A triangle whose sides are 20, 16, 12 inches respectively has
particles of equal mass at its angular points. Show that their C. G.
is 6% in. from the greatest angle.

30. Three masses 33, 41, 56 are placed at the angles 4, B, Cof a
right-angled isosceles triangle. Prove that the distance of their C. G.
from the right angle 5 is equal to one-half of one of the equal sides.

When portions of a figure are removed.

31. ABCD is a square whose middle point is £ and whose side=a;
if the triangle £{°D be removed, find the C. G. of the remainder.

32. £ and F are the middle points of the sides 43, AC of an
equilateral triangle ABC; the portion 4EF is removed; find the
C. G. of the remainder.

33. The squares in Euclid ii. 4 about the diagonal are as 9: 4 ; find
the C. G. of the greater gnomon,
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34. A quarter of a triangle is cut off towards the vertex by a line
drawn parallel to one side ; find the C. G. of the remainder.

35. The ninth part of a triangle is cut off towards the vertex by a
line parallel to the base. Find the C. G. of the remainder.

36. A portion of a triangle equal to Lth of its area is cut off near
”

one angle by a line parallel to the opposite side. Find the C. G. of
the remainder.

37. From an isosceles triangle 45C, it is required to cut off a part
CBD such that D may be the C. G. of the remai der.

38. The equilateral triangle 48C has each side=4 inches. From the
corner A an equilateral triangle is cut off, havirg a side=1 inch; find
the distance from 4 of the C. G. of the remainder.

39. If three equal triangles are cut off from a given triangle Ly lines
drawn parallel to the sides. the C. G. of the remaining hexagon will
coincide with that of the original triangle.

40. The vertex of a triangle 18 eut off by a line drawn parallel to the
base, and the height of the figure is thus dimiuished by one-thiid ;
find the C. G. of the remainder.

41. Through the C. G. of a triangle 45C, a hne DZ is drawn
parallel to the base 5C; find the C. G. of the figure DSCE.

42. From a given square cut off a triangle having as base one side of
the square, so that the C. G. of the remainder may be at the veitex of
the triangle.

43- Out of an oblong figure is cut an isosceles triangle whose base
coincides with one of the shorter sides; find where the vertex must
be in order that the C. G. of the remaining figure may coincide with it.

44. The middle points of two adjacent sides of a square, cach 5 feet
in length, are joined, and the triangle so formed is cut off; find the
C. G. of the remainder.

Figures made up of two or more figures.

45. An equilateral triangle is described upon one side of a square
whose side=16 inches; find the distance of the C. G. of the figure
so formed from the vertex of the triangle.

46. ABCD is a square whose side=22. On CD, as base, an
isosceles triangle CED is described externally, whose altitude=3,
Find the distance of the & G. of the whole figure from 45.
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47. A quadrilateral is formed by two isosceles triangles, whose
heights ar 12 inches and 9 inches respectively; find the distance of
the C. G. of the figure from the common base of the triangles, the
vertices being on different sides of it.

48. An isosceles triangle stands on a side of a square. If the C. G.
of the figure be in the base ofs the triangle, compare the height of the
triangle with the cide of the square.

49. Squares are described externally on the sides and hypothenuse
of a right-angled iscs.eles triangle ; find the distance of the C. G. of
the whole figure from the hypothenuse.

Perimeters.

50. Fmd the C. G. c1 the perimeter of a triangle, the sides of which
are uniform matcrial lines.

51. Three wires of equal weight, but unequal length, form the sides
of a triangle ; find their,C. G.

52, Two circular rings, whese radii are » and 7, are formed out of
a rod of unifcrm thickness; find the distance of their C. G. from the
point of external corts .t.

53. Two rings are formed of the same material, and placed in
external contact, the’r dia.“eters being 14 inches and 20 inches
respectively; find the distance o. their C. G. from the point of contact.

54. A uniform bar 8 feet Zone is bent so as to form four of the sides
of a regular L_xagon; find the distance of the C. G. from the centre
of the circumscribing circle.

Solids.

55. Find the C. G. of a pyramid standing on a triangular base,

56. Show how the C. G. of a cone may be found.

57. How may the C. G. of a solid cylinder be found ?

58. If two spherical bodies, whose radii are 6 inches and 9 inches,
touch externally, find the distance of the common C. G. from the point

of contact.
When bodies are suspended.

89. If a body be suspended from any pomt, what condition must be
fulfilled for equilibrium ?
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60. If a heavy uniform lamina, in the shape of an equilateral tri-
angle, be suspended from any of its angles, show that the opposite
side is always horizontal,

61. A piece of wire is bent to form three sides of a rectangle, and is
then hung up by one of its angles. If the sides containing that angle
be equally inclined to the horizon, show that the ratio of the arms will
be o/3-1: 1.

62. If aright-angled triangle be suspended from either of the points of
trisection of the hypothenuse, show it will rest with one side horizontal.

63. A triangular lamina, when suspended from a point #’in the side
AB, rests with the side 5C vertical ; show that AP=2/,7.

Miscellaneous.

64. Give examples of bodies in stable, unstable, and neutral equili-
brium, and show how in each case the C. G. 1s afiected by a slight
displacement of the body.

65. If the C. G. of a triangle coincide with the C. G. of the
inscribed circle, show that the triangle is equilateral.

66. Show that a body has one, and only one, Centre of Gravity.

67. Show that the locus of the C. G.’s of all right-angled triangles
which can be described upon the same hypothenuse is a circle, and
find the radius of that circle.

68. If a point be kept in equilibrium by fokces represented in magni-
tude and direction by OP, 0Q, OR, show that Ois the C. G. of the
triangle POR.

69. Four 8-inch shells, each touching the other three, form a pyramid
on a horizontal floor; find distance of their common C. G. from the floor.

70. Each of the sides 4D, DG, GA, of an isosceles right-angled
triangle (4 =90°) is divided into three equal parts. At the successive
points of division 4,5, C,’. . . Z, are placed particles whose weights
are proportional to 1, 2, 3, . . . 9 respectively. Find the distance
of their C. G. from the sides 4/ and 4G.

’ 71. If G be the C. G. of a triangle 45C, and from G and 4 two
parallel lines be drawn to meet BC in £ and D respectively, then
DE=}(BD »DC).

72. Weights, 2, Q, R, are placed at the vertices 4, B, C respecs
tively of a triangle, and their C. G. is at the centre of the circle
described about the triang};:. Prove that

524" sin 2B sin 2C
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3. If G be the C. G. of a triangle 4BC (4=90°), and if 4D, GE
be drawn perpendicular to BC to meet it in 2 and £ respectively,
then shall 38C.DE=AB*»AC?

74. If G be the C. G. of a triangle 4BC, whose sides are 3, 4, 5,
prove that 3(GA%+ G5+ GC?)=50.

75. A uniform square table (side=c and weight= /) has masses
1, 3, 5, 7 1bs. suspended at its four corners in order, and is then found
to balance on a point of support on its under surface. Show that the
distances of this point from the sides connecting the masses (1, 7) and
(7, 5) respectively are- 5 and_; p’;l_:'é

76. From a square 4BCD a square Abcd is cut out, A5 forming
part of 4B. If the gnomon DcB can just stand on a horizontal table

VLZ‘_‘.AB.

77. ABCD is a trapezium, AB is parallel to CD, and 4B=3CD.
Show that the distance of the C. G. of the figure from 4B is 1} times
that from CD.

78. The sides of a §-sided board ABCDE are each=a, and the
angles 4 and X are right angles. Prove that the distance of its C. G.

from the side 4AE= !i'-" 3"{3.a.

with B5 a9 base, prove that 46=

79. A book is placcd on another similar book ; show that three-
fourths of the upper book will project beyond the table if, while the
ends of the books are parallel to the edges of the table upon which they
rest, they are so arranged that the upper projects as far as possible
beyond the table.

80. A piece of wire is bent into the form of a rectangle, 3 feet by 1 foot.
This rectangle can turn about the middle of one of its longer sides, and
is placed in a position of unstable equilibrium. Two straight pieces of
similar wire are then soldered to the ends of the vertical sides so as to
be in a line with them and to render the equilibrium stable. What is
the least length which these pieces must have?

81. If a and 4 denote the parallel sides of a trapezium, show that the
C. G. of the figure lies on the line joining the points of bisection of
a and &, and divides it in the ratio 2a+4: 26 +a.

82, In the fig. of Art. 208, if the triangle DEF be removed, show
that the C. G. of the remainder coincides with the C. G. of the original
triangle 4B8C. »



CHAPTER X.
CONDITIONS OF*EQUILIBRIUM.

212. WE shall treat only of forces whose lines of action
are in the same plane.

When three jforces which are not parallel act on a body
and kecp it in equilibrium, their lines of action must pass
through the same point.

This may be proved as follows. The student is advised
to draw figures to illustrate the reasoning,

Produce the lines of action of two of the forces to meet.
These may be compounded into a single force. (Art. 160.)
Becatise the forces are in equilibrium, therefore the third
force must be equal and opposite to this new force, and
must therefore act through the same point.

Note.—This fact alone is often sufficient to determine
the position of equilibrium of a body.

In Statics it is usual to adopt the weight of a pound as the Unit of
Force. (See Art. 118.)

Example i. —A body whose weight is 78 lbs. hangs vertically; what
horizontal force applied at a point in the string will draw the upper part
of the string aside through an angle of 30°?

The point A is at rest under the three forces,
7 along the string, £ horizontal,
and 78 lbs, hanging vertically.
By Lami’s Theorem (Art. 164)—
B F £ _sin 150°_sin 30°

— = =tan 30°;
78 sin 120° cos 30° 393

I .
. F=78x -1 = 2683 Ibs. weight.
78 A 78x~/3 N3 v

174



Conditions of Equilibrium. 175

Example ii.—A sphere 24 in. in diameter and weighing 30 1bs. has
a string 12 in. long fastened to a point in its surface, the other end being
fastened to a point in a smooth vertical wall ; find the pressure against
the wall, and the tension of the string.

The point O (the centre of the sphere) is at
rest under the three forces; 7, theffgnsion along
the string, the line of action of which passes
through O, because the lines of action of R,
the reaction of the wall, and of /¥, the weight
of the sphere, pass through O.

The angle 40C=cos=(})=60°
By Lami’s Theorcm—
‘R _cos 60°

:,B—sm6o cot Go®= ~/§'

>=10v/3 Ibs. weight,
T _sin 90 2

30 sin 60° ,,’3"

. Tz20W3 Ibs. weight. 30

Example iii.—Three smooth pegs, 4, 8, C, are driven into a vertical
wall at the angles of an equilateral triangle, of which the base BC is
horizontal. A string passing over the pegs supports two masses weigh-
ing 20 Ibs. each at its extremities ; find the pressures on the pegs.

The symmetry of the figure will show that A
the pressurcs on B and C must be equal.

The tension is the same throughout the string,

and =20 lbs. weight.
Let &;=the pressure on 4.

Then R, and the two tensions along 48, AC B

are in equilibrium ;

.. the direction of R, bisects the angle B4C,

R, 60°
By Lami’s Theorem, 2-; :: 150° ,=tan 60°= /3.

R;=20n3 1bs. weight.
Or, we might use the method of Article 160.
Let R, =the pressure on 5.
R;'=20%+207+2 X 20 x 2b cos 150 .

Froin which &Zy=20 J 2— /3 .bs. weight.
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The student may also find the values of &) and &, by resolving the
forces vertically and horizontally; and also their values By Lami’s
Theorem.

Example iv.—Two strings, 40 and B0, 3 It. and 4 ft. long respec-
tively, are tied together at O, and fastened to two points 4 and B
in the same horizontal line, 5 feet apatt. A body whose mass is 35 1bs.
is suspended from O; find the tensions in O4 and OB.

By Evc. i. 48,
AB'=A40*+ OB,
we know that the angle 408 =90°.
The point O is at rest under the action
of the two tensions 7}, 7, and the
weight acting vertically. .
Now B=90°- 048=0B4,
And a=90° - OBA=045.

35 smngo’ 5
.. 77=28 lbs. weight.
And Zﬂzii_ni,-_— .3_;
35 singo® §

.*. Ty=21 lbs. weight.

Example v.—Two strings are fastened at one end to the same peg,
and at their other ends to the extremities of a uniform rod. When the
rod is at rest, show that the tensions in the strings are proportional to
their lengths. The weight of the rod acts at its middle point,
and the direction of the weight passes

through C. (Art. 198.)

Let the length of the rod be 2x.

o, Ty_sina,
By Lami’s Theorem, 7, sn ,3
Now ____sma, x =_“s_inﬁ

BC sin6’ AC sin (180-0)
. sina_ AC,

unﬁ BC’

. Ty: T3=A4C: BC. (QE.D.)
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ExamMpLES—XXXII.

I. A sphere 24 in. diameter, and weighing 80 Ibs., has a cord a foot
long fastened to a point in its surface ; the other extremity being fastened
to a point in a smooth vertical wall, find the pressure against the wall,
and the tension of the cord. *

2. If the sphere in Ex. 1 be 12 in. diameter, and weigh 25 lbs,, and
the string be 4 in. long, find the pressure against the wall, and the
tension of the string.

3. A body weighing 100 Ibs. is suspended by a rope passing over a
fixed peg 4 ; the end of the rope is made fast to the ground at a point B.
If 4B make an angle of 30° with the horizon, find the strain on the peg.

4. Two bodies weighing 60 lbs. each are suspended by a string
passing freely over 3 pegs which form an isosceles triangle, the base of
which is horizontal and the vertical angle is go°; find the pressure on
each peg.

5. Three pegs in a vertical wall are placed at the angles of an equi-
lateral triangle, the two lower ones being in a horizontal line. A string
passing over the three pegs supports a body weighing 5 1bs. at each end.
Find the tension of the string, and the pressure on each peg.

6. If three forces be 1 equilibrium, show that their lines of action
must be in the same plane.

7. A string of length 7a is fastened to the ends of a uniform rod,
whose length is @, and passes over six smooth tacks placed so that the
rod hangs in a horizontal position, and the whole forms a regular
octagon ; find the pressure on each of the tacks, and the tension of the
string.

8. Two cords of equal length, each sustaining a body weighing
15 lbs., pass over two pulleys 4 and 7, 3 ft. apart and in the same
horizontal line, and the ends are fastened at C to a third weight ; find
this weight, if C be 4 ft. below the line 4.5.

9. A smooth ring, sustaining a body whose weight is 70 Ibs., slides
along a cord fastened at two points in the same horizontal line ; find
the tension of the cord, the parts of the string being inclined at right
angles to each other.

10. If, in the last Example, the body weigh go lbs., and the part of
the string include an angle of 60°, find the tensions.

11. A cord PAQ is fastened to a point 4, and is drawn in different
directions by forces 3 and 7 in such a mapper that the strain on
A=n79. Find the angle P4Q.
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12. A body weighing 15 lbs. is suspended by a string 4.8 from a fixed
point A4 ; find what horizontal force at B will cause 43 to make an
angle of 45° with the vertical.

13. If the body in the last Example weigh 10 Ibs., and the angle
through which the upper part of the string is drawn aside be 30°, find
the force. e

14. A4 and Bare two hooks, in the same horizontal line, to which the
ends of a cord 15 feet long ave attached. If a body weighing 130 Ibs.
hang from the middle of the cord, and the cord can bear the strain of
140 lbs. weight, find the greatest distance between 4 and B con-
sistent with the safety of the cord.

15. A man weighing IT st. lies in a hammock suspended by strings
inclined at 30° and 45° respectively to the horizon; find the tensions
in the ropes correctly to within 4 Ib. weight.

16. Two strings, at right angles, have their upper ends nxed at two
points in the same horizontal line, and their lower ends fastened to a
weight which hangs freely ; show that their tensions are inversely as
their rengths. )

17. A drawbridge 4B, whose length is 24 feet, and weighing a ton,
is kept in a horizontal position by a chain 40 feet long made fast to B
and to a point in a wall vertically over A ; find the tension of the chain.

18. A uniform horizontal beam 4.5, movable about 4 and weighing
200 lbs., has a body weighing 800 Ibs. suspended from 5, and is kept
from moving by a rope BC fastened to a point C. If ABC is 60° find
the tension of the rope.

19. A heavy uniform beam 4B is movable in a vertical plane
about 4, and is kept inclined to the horizon at an angle of 60° by a
rope fixed at B and C, C being a point on the ground such that
AC=AB. Find the tension of the rope.

20. A body weighing 150 Ibs. is supported by two strings, 6 and 8 feet
long respectively, fastened to it, and attached at the other ends to points
in the same horizontal line 10 feet apart ; find the tension in each string.

21. Two bodies, each weighing 15 lbs., are connected by a string
over a smooth peg ; determine the tension in the string, and the pressure
on the peg.

. A and B are two points in a horizontal line. A body whose
weight is W is attached to 4 and B by two weightless strings 4C, BC,
such that AC=AB, and the angle BAC=36". 1f 7; and 7; be the

w
tensions of BC and A ", show that 77— 7= Toos 18
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23. A uniform heavy beam 42 is movable about one end at 4,
and is suspended by a rope fixed to the end 5, and to a point C in the
horizontal line 4C; find the sine of the angle 4BC when BAC=60"
and the tension of the rope is equal to the weight of the beam.

24. A heavy uniform rod rests in a horizontal position with one end
on a smooth table, and is suspended by a string attached at one-third
of the length of the rod from the other end; find the direction and
tension of the string, .

25. A horizontal rod is suspended by two strings, each a yard long,
passing over a smooth peg placed 1 foot vertically above the middle
point of the rod. The ends of each string are attached respectively to
one end and to the middle point of the rod. Show that the tension of
each string is one-third of the weight of the rod.

26. A picture-frame is hung over a smooth peg ; compare the tension
of the string®with the weight of the body, and find how the tension is
aflected by increasing the length of the string.

27. If a cord whose length is 2/ be fastened at 4 and B, lying in
the same horizontal line at a distance 2z apart, and if a smooth ring
on the cord support a weight }#, show that the tension of the cord
= W2 NEZ G,

28. A string, of which the ends are fixed at 4 and B, supports twe
weights W) and W, attached at points C and D in it; if 4C and BD
be produced to meet the lines of action of #, and #;in £ and F
respectively, show that /¥, : Wy=DFE : CF.

29. In Ex. 28 show that the strains on the points 4 and 2 are in
the ratio C£ : DF.

30. A weight of 50 lbs. is supported by two strings fastened to two
points in the same level ; the strings being at right angles to one
another and of the same length, find the tensipn of each.

3I. A ring is attached to one end of a string of length @, and the
other end is fastened to a given point. Another string is fastened to a
point in the same horizontal line as the first point, at a distance  from
it, and this string, passing through the ring, supportsa weight. If 4
be the angle which the first string makes with the horizon, prove that
b cos 24=a cos 4.

32. Three forces 7y, F,, Fyare applied at the angles of a trianffle
ABC, and the line of action of F bisects the angle C, while those of
£, and 7, make equal angles with the base 4B8. If the forces be in
equilibrium, show that they are proportional toythe sides opposite to
the angles at which they act.
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33 Two strings, bearing equal weights /7, and W}, and passing
over two pulleys 4 and B, which lie in the same horizontal line at a
distance apart=2a, are fastened at a point C to a weight /. How
far is the point C below 4B when the system is in a position of
equilibrium ?

34 1f P4, PB, PC represent three forces in one plane acting on a
point P, show that their resultant passes through the intersection of
the medians of the triangle 48C.

213. Der.—A Couple is a system of two equal and
parallel forces acting in opposite dircctions. (See Art. 179.)
Der.—The Arm of a couple is
the perpendicular distance between
the lines of action of the two forces.

Pe Der.—The Moment of a couple
is the product of either force into the arm= 7.

It is evident that the tendency of a couple which acts on
a free body is to make the body rotate.

3

DEeF.—Couples which tend to turn a body round in the
same direction are said to be ZZe. Couples which tend to
turn a body round in opposite directions are said to be unlike.

214. The Algebraical Sum of the moments of two jforces
vf a Couple about any point in their plane is a constant.

10 Let P, P be the forces of the couple;
a=the arm;
€ B O any point in the plane of the couple.
a . The Algebraical Sum of the Moments
A P of the forces about O

=P.0A—P.OB=P(OA—OB)=P.a,aconstant. (Q.E.D.)
And this constant can never be zero.
Similarly if O be within the forces of the Couple.
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215. When any number of forces act in the same plane on
a body, and are not in cquilibrium, they are equivalent either
to a single force or to a Couple.

Let a number of forces #,,£,,F;, . . . . F,, acton a body.

Let R, = Résultant of £, and 7..
» 0 = » Ly, F
” Rl = ” /f. » E

Proceeding in this way, we eventually come to a point at
which we are to find the resultant of X,_, and Z,.
(1.) If these are equal and unlike parallel forces, we have
a couple. (Art. 213.)
(2.) 1f they are unequal and parallel forces, they have a
single resultant. (Arts. 177 and 178.)
(3.) If they are not parallel forces, they have a single
resultant.  (Art. 160.) (Q-E.D.)
Cor.—If the system ‘of forces be in equilibrium, then,
since a Couple cannot produce equilibrium (Art. z14), we
must have the last force £, equal and opposite to the force
R,_,, the resultant of all the forces of the system except #,.
Therefore, when a number of forces acting on a body
are in equilibrium, any one of them is equal and opposite
o the resultant of all the others. s

216. When any number of forces acting in the same plane
on a body are in equilibyium, the Algebraical Sum of their
moments about any point in the plane vanishes.

The Moment of the resultant is equal to the Algebraical

Sum of the Moments of the forces. (Art. 191.)

But the resultant being zero, its Moment vanishes.

.*. the Algebraical Sum of the Mome'nts of all the forces

vanishes. (Q.E.D.)
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To find the Conditions of Equilibrium if a
number of forces act on a body and in the saine

plane.
FIrRsT SET OF CONDITIONS.

2i7. The forces will be in equilibrium ¢f the A/gebraical
Sum of the moments of the jforces vanishes round any three
points Oy, Osy Oy, in the plane, provided that these three
points are not in the same straight line.

Suppose the system not to be in equilibrium ; then it
must reduce to a couple orto a single resultant. (Art. 215.)
Take three points O,, O,, Os.

By data, the sum of the Moments about 0, vanishes.
.*. the system cannot reduce to a couple. (Art. 214.)
.. 0, is a point in the line of action of their resultant.
(Art. 193.)
Similarly O, and O, are points in the line of action
of their resultant.
.. Oy, O,, O, are in the same straight line,
which is contrary to the hypothesis.
Therefore the system must be in equilibrium.
Example.—Three forces are fully represented by the three medians
of a triangle ; show that they are in equilibrium.
Take moments about 4.
The moment of 4D about 4=0
(Art. 185).
The moment of B£ about A
=2ABAE=nABC.
The moment of C4'about 4
= —-2ACAF= - p ABC (Art. 183).
.*. Sum of the moments about 4 vanishes.

Similarly, sum of the moments about B vanishes.
c
i3] ”

”» ”
«* the forces are in equilibrium, (Q-E.D.)

SEcowD SET OF CONDITIONS.
218. The forces will be in equilibrium (1) Jf he Algebraical
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Sums of the components of the forces in any two directions
vanish separately ; (2) If the Algebraical Sum of the moments
of all the forces about any point in the plane vanishes.

NoTte.—1It is generally more convenient, but not #ecessary, to choose
the directions at right angles %o each other. (Ex. xxvii. 39.)

By Article 215, if they are not in equilibrium, the system
reduces to a single force, or to a couple.

Now by Article 170, if the Algebraical Sum of the forces
resolved along two lines at right angles vanishes,
the resultant vanishes.

.*. the system cannot reduce to a single force.

Again,*by Article 214, if the system reduces to a couple,
then the moment of this couple about a point is a con-
stant which is not zero, and therefore the Algebraical
Sum of all the fofces about the point cannot vanish.

.*. the systerri cannot reduce to a couple.

.. the system must be in equilibrium.

The latter set of conditions is the more useful in the
practical solution of problems. The conditions are easily
remembered if stated as follows :—

(1.) The sum of the horizontal components=o.
(2.) The sum of the verlical components=o.
(3.) The sum of the moments about any point in the plane=o.

219. We now proceed to work some typical examples in
which forces, not acting on a particle, are in equilibrium.
But before doing so, the student ought to notice the follow-
ing points connected with Statical Problems.

(i.) The tension of a string stretched over a smooth peg
is the same on both sides of the peg. )

(iL) The direction of the resultant of two equal forces
acting on a particle bisects the angle between them.

(iii.) The reaction from a smooth Burface is always at
right angles to the surface.
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(iv.) If arod press against a smooth plane, the mutual
pressure is at right angles to the planme; if a smooth rod
rest on a peg, or in a ring, the mutual pressure is at right
angles to the rod.

Example i.—A uniform beam 4B, 2% feet long, rests with one end
on a smooth horizontal plane, and the other against a smooth vertical
wall. Ifa string 15 feet long connect the lower end with the foot of
the wall, find (1) the tension of the string ; (2) the pressure at the
top ; (3) the pressure at the bottom ; having given that the weight of
the beam is 150 Ibs.

Let R, R,=thereactions at 4 and 5 respectively.
7'=the tension in the string BC.

A Equating 4orizontal forces we haveo—
T=R . . . it i i e (1.)
Equating wertical forces, we have—
Ry=I50 . . ¢ v ev v e (2.)

Equating moments about 5, we have—
Ry x255in ABC=150x%x %" cos ASC . . . (3.)
. B Now, cos 4BC=1{=¢; .. sin ABC=4.
Solving the three equations, (1), (2), (3), we get—
T'=56] lbs. weight ; A;=56} lbs. weight ; A;=150 lbs. weight.

Example ii.—A uniform ladder, 36 feet long, rests with one end
against a smooth wall, and the lower end is prevented from slipping
by a peg. If the inclination of the ladder to the horizon be 30° find
the pressure on the wall, and at the peg, the ladder weighing 1001bs.
Let &, and R,=thec reactions at the

wall and peg.
£y will be at right angles to the wa/i.

Let the lines of action &y and
of the weight meet in O.

[ .. the line of action of X, must alsc

100 pass through O. (Art. 212.)
Equate horizontal components—
e Ry=Rycos OBC . . v v i i s (1)
Equate vertical components— . .

o Rysin OBC=100. . . .« v . .. e (2)
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Equate moments about B—
. R;x36sin 30°=100x18¢c0s30° . . . ... (3)
From (3), £,=504/3 Ibs. weight

From (1) and (2), tan OBC= ~/'—- 5 .e sin OBC=:/—.:

Hence R,=50+/7 Ibs. weight. (See Ex. xxxiv. 16.)

Example iii.—If the ladder in Ex. ii. rested with its upper end on
the wall, find the pressures on the wall and the ground.

In this case A is at right angles to the /adder,
Then, if the directions of £, and of the
weight pass through O, the direction of &,,
also passes through O.

Equate moments about 83—

" Ryx 36=100% 18 cos 30° . .. (1)
From which ®,=25 /3 1bs. weight.
Equate vertical components—

*. Ry cos 30°+ Ry sin OBC=100 (2.)
Equale horizontal components-—

R, sin 30°=2R, cos OBC . . (3)
From the equations (2) and (3)——

tan OB5C= ——/*i-;

NS
and R,=25+/7 1bs. weight.
(See Examples xxxiv. 15.) ¥ /00

Example iv.—Two equal rods 0.1, OF5, each 16} feet long and
weighing 10 Ibs., arc connected at O, and their other ends are placed
on a smooth horizontal plane, A,5,0 being in the sane vertical plane.
If a string 207 feet long conncct A and B, find (1) the pressure at O,
(2) the presswe at 4 and B, (3) the tension in the string.

The figure being symmetiical with
regard to the vertical line 00, we may
Jtreat the question as in Ex. I.

OD*= 0A2— A D*=(161)*~ (10})°

From which 0D =252.
Let 7'=thetension in the string 4 5.
Equale vertical components—
Ry=10 . . . . ()
Equate horizontal componentq—
ST=R . . . (2)
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Equate moments about 4—
.t Ry %16} sin OAD=10%x84cos OAD . . . .. (3.)
From (3), R, =4g#y lbs. weight,
. From (2), 7'=4y¥y Ibs. weight.
Thus &), R,, and 7 have heen determined.

Example v.—When a uniform rod 16 feet long and weighing 40 lbs.
rests in a hemispherical bowl, the axis of which is vertical, the rod
making an angle of 30° with the horizon, and extending 4 feet beyond
the bowl, find the pressures at the foot of the rod, and at the rim,

Ry, the reaction at B, is at right
angles to 45,

K, the reaction at A4, is normal to
the surface.

.*. C, the point where the lines of

. action of &; and A, meet, is on the
circumference of the circle which
represents the section of the completed
sphere.

- The line of action of the weight
must also passthrough C. (Art. 212.)

The point D, where the line of action

of the weight cuts the horizontal line must be also on the circle.
AG=8 feet ; GB=4 feet.

Equate moments about 4—
. Ryx12=40%x8c0s30° . . . . . . . . (L)

From this equation I\'._,:w-—;/ilbs. weight.

Equate vertical components—

. Rycos30°+Rysinf=40 . . . . . . . (2)
Equate horizontal components—
o' Rysin 30°=R;cos0 . . ¢ . e e . (3)

From (2) and (3) we shall find §=60°; R;= =4° "/3 T 2]bs. welght.

(See Examples xxxiii, 25 for the general case. ) .

Example vi.—A uniform rod whose length is 2/ rests with one
end against a smooth vertical wall and is placed across a horizontal rail
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distant @ from the wall; find the position of equilibrium, and the
pressures on the wall and rail,

R) and R, the reactions at the wall and
rail, are at right angles to the wall and rod
respectively.

The lines of action of &, &,, and # must
pass through the same point 2. (Art. 212.)

Equate vertical components—

e Rgecos =W . . . . . (L) V ‘

Equate horizontal components-— AA

. Rysin0=R, . . . . . (2)A

Equate moments about 4—

. Ryasec0=Wlcos#. . (3)
From (1) and (3) we may find cos?0=e//, and then &, and &, may be

y Wi
shown to he equal to——f{ {__1’ and W( )&
a
Example vii.—A uniform rod, 1o feet long, 1s placed on two smooth
planes whose inclinations to the horizon are 30° and 60° respectively :
find the pressure on each plane, and the inclination of the rod to the
horizon when in equilibrium, the weight of the rod being 40 lbs.

X, and R, the reactions at 4 and B, are at right angles to the planes.
Since there is equilibrium, the direction of the weight passes through
O, their point of i xntersectxon (Art. 212,)
The figure OACB is arectangle ;
.. AOC=0CB=60"; BOC=0CA4=30".

By Lami’s Theorem &, _sin 30°, ; from which &;=20 lbs. weight.
40~ sin go°’
K, __sin 60°
Also ;02-=§%2-9—°° ; from which Ry=20V31bs. weight.
To find0; . GBC=, GCB=60".
Then 6 =60"—30°=30°.
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The general case of this problem is given as an exercise for the
student in Examples xxxiv. 17.

NoOTE.—The same method of solution may be used when a heavy
sphere rests between two inclined planes. (Examples xxxiii. 24.)

Example viij.—From a given rectangle 45CD cut off a triangle
CDO (O being in AD), so that when the figure 4 5CO is suspended
[o] from O the sides 40, BC may be horizontal.
Let a=side 4D, and let A0=na;

Then OD=(1-n)a.
AACO _AO _na
The dcD~ A" %"
Let weight of A ABC=3V.
Then weight of A 4CO=3n1V.
By Art. 207 we may consider the weight of a
B triangle divided into three equal weights acting
$ at the angles. Adopting this method we have
3(m+)W acting—
at A, a weight=W+n2W=(n+1)IV; at A, a weight= IV
at C, ,, =W+nW=n+1)W; at O,
Taking moments about O we have—
(Weight at C) x DO=(Weight at 4+ Wecight at B)yxA40;
()X (1—n)a=(n+1W+ W)xna; .. 1-n?=n+2n

o

3 =nll.

212 +2n—1=0; .. fiom this equation n=—_g__—l.

A0 _
But 7p=7; .~ AO:AD=N3-1: 2.

NoTk.—This method of distributing the weight of a triangle equally
at the angular points deserves particular attention,

ExaMpLES—XXXIII.

1. A uniform rod AB is suspended with its end in contact witha
smooth vertical wall 4C by a string CE ; if AE=}A4B, show that
CB will be horizontal.

2. A uniform beam (length=/ and weight= W) rests at a given
inclination @ to the horizon, with its ends in contact with a smooth
vertical wall and a smooth horizontal plane, and is prevented from
slipping by a string attached to its lower end and the foot of the wall;
find the tension of the string and the pressure on each plane,
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3. In Ex. 2, find the least value of 6 when the string can just support
a weight equal to 4 times that of the ladder.

4. A number of forces act in one plane on a particle. In order that
there may be equilibrium the sums of the resolved forces in any two
directions in the planes of the forces at right angles to one another
must be severally zero ; prové this.

5. Ifin Ex. 4 the forces act in one plane but their lines of action do
not pass through the same point, what further condition is necessary in
order that they may be in equilibrium ?

6. A rod without weight, 5 inches long, has a string 7 inches long
attached at both ends. The string is hung over .a smooth peg, and
weights 3 and 4 hang at the ends of the rod ; show that there will be
equilibrium when the rod and the parts of the string form a right-
angled triahgle.

7. An equilateral triangular lamina is suspended by a string fastened
at two of its angles and passing over a smooth peg; show that if one
side be vertical the length of Ehe string used must be double the height
of the triangle.

8. A uniform rod is supported by two strings inclined at given angles
to the horizon ; find their tensions and the inclination of the rod.

9. A spherical shot weighing 60 1bs. rests between two planes which
are inclined at angles of 30° and 60° to the horizon ; find the pressure
on each plane.

10. A uniform rod, 13 inches long and weighing 26 oz., is suspended
from a point by two strings 5 inches and 12 inches long respectively
attached to its ends ; find the position of equilibrium, and the tensions
of the strings.

I1. A body weighing I lb. slides on an endless string 32 inches
long, which is put over two smooth pegs in the same horizontal line
one foot apart ; find the position of equilibrium, and the tension in the
string. ,
12. A rectangular board 4BCD, whose weight is 7, and whose
sides 4B, BC are 15 inches and 5 inches respectively, is suspended
by two vertical strings at 4 and C from two points 15 inches apart
in a horizontal line ; if the second string be 5 inches longer than the
first, and a weight /¥ be suspended from the p.oint B, find the tensions
of the strings.
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13. If three forces acting on a body be in equilibrium, show that they
must lie in the same plane, and that their lines of action must either be
parallel or pass through one point.

I4. A uniform beam, 32 feet long and weighing 200 lbs., rests with
one end on a smooth horizontal plane, and the other against a smooth
vertical wall, If a string 16 fect long cennect the lower end with the
foot of the wall, find (1) the tension of the string, (2) the pressure
against the wall, (3) the pressurc on the plane.

15. A uniform ladder, 40 feet long and weighing 180 1bs., rests with
one end against a smooth wall, and is prevented from slipping by a peg
in the ground ; find the pressures against the wall and at the ground,
if the inclination of the ladder to the horizon be 60°.

16. A lever 4C, whose weight may be neglected, free to turn about
the end C, has weights W and ¥, suspended from 4 and its middle
point B respectively, and is kept at rest by a weight 2 acting at 4 by
means of a string which passes over a peg /. If CD be horizontal and
equal to 4 C, determine the position of equilibrium below horizon.

17. Two uniform beams, each 24 feet long and weighing 110 Ibs.,
joined at one end, rest with their other ends fixed to the top of two
vertical walls of the same height and 36 feet apart ; find the horizontal
thrust tending to overturn each wall.

18. A uniform beam, 12 feet long and weighing 50 Ibs., rests with one
end A at the bottom of a vertical wall, and a point C in the beam 10 feet
from A is connected by a horizontal string C2 with a point D in the
wall 8 feet above A4 ; find (1) the tension of the string, and (2) the
pressure against the wall.

19. A spherical shot weighing /¥ lbs. rests between a smooth vertical
wall and a smooth plane, the inclination of the latter to the horizon
being 45° ; find the pressures on the wall and the plane.

20. A horizontal rod is supported by two strings, each I yard long,
passing over a small smooth peg placed 1 foot vertically ahove the
middle point of the rod. The ends of each string are attached respec-
tively to one end and to the middle point of the rod. Show that the
tension of each string is one-third weight of the rod.

2I. A uniform beam, weight W] rests with one end on a smooth
plane inclined at 15° to the horizon, and the other against a smoath
vertical wall, Find the pressures on the wall and the plane, and the
inclination of the beam %o the horizon.
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22. A uniform heavy beam 42 rests against a smooth horizontal
plane C4 and a smooth vertical wall CB, the lower extremity 4 being
attached to a string which passes over a smooth pulley at C and
sustains a given weight 2. Find the position of equilibrium and the
pressures on the plane and the wall.

23. Prove that if a uniform yod be suspended by a string fastened to
its ends and passing over a smooth peg, it will be in equilibrium only
if the rod be vertical or horizontal.

24. A sphere, whose weight is /¥, rests on two inclined planes,
the angles of inclination being 7 and #;; find the pressure on each
plane.

25. Find the position of equilibrium of a uniform beam in a hemi-
spherical bowl, when part of the beam projects beyond the bowl;
m and # being the segments of the part inside made by the C. G., w
the weight ‘of the beam, and @ the inclination of the rod to the honzon.
Find also the pressures at the lower end, and at the rim.

26. A trap door, weight /%, turning on a hinge, is supported bya
weight 2 hanging at the end of a string which passes over a pulley in
the same horizontal plane as the hinge and at a distance equal to the
length of the trap door. If # be the angle below the horizontal at
which the door is inclined when in equilibrium, show that

2P cos §0= W cos 6.

MISCELLANEOUS EXAMPLES—XXXIV.

1. Two forges, each= /7, neutralise each other when connected by a
string over a fixed smooth peg. If the angle between the two parts of
the cord =8, show that the strain on the peg=22 cos 36.

2. If three forces proportional to the sides of a triangle act along
the sides, to what is the system equivalent?

3. Two masses M, and M, are placed on Ox at known distances
from O; A/, is then moved a known distance a along Ox; how far
has the C. G. of the two masses been moved ?

4 If the C. G. of a quadrilateral coincide with one of its angular
points, show that the distances of this point and of the opposite
angular point from the straight line joining the other two are in the
ratioof 1 : 2,
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5. A small ring of given weight rests on the arc of a smooth circular
hoop which is fixed in a vertical plane, being attached to the highest
point by a string whose length is equal to the radius of the hoop and
resting on the hoop ; find the tension of the string, and the pressure on
the hoop.

6. Two uniform rods of the same material, 5 in. and 3 in. long,
are connected at one end 4 so as to be at right angles, and are sus-
pended by a string so that the other ends are in the same horizontal
plane. Show that the string is fastened to a point in the longer rod at
1-225 in. from A.

7. If through a fixed point there be drawn three straight lines repre-
senting three foices in equilibrium, any one of them will, if produced,
bisect the line joining the extremities of the other two.

8. Prove that if three points can be found (not in the same’straight
line) in the plane of a system of forces, such that the sum of the
moments of the forces about each of them is zero, then the system is in
equilibrium.

9- Two particles, of weight #; and }#, respectively, are connected
by a string which lies on a smooth vertical circle ; show that if the
part of the string in contact with the circle subtend an angle of go°® at
the centre, the inclination to the horizon of the chord of that arc in the

wy- W,)
w i)

10. Divide a body W into three parts so that when placed at
A, B, C, the three angles of a triangle, their C. G. shall coincide with
the C. G. of the wire forming its sides, the lengths of the sides being
4, 5, 6 inches respectively.

11. Find the position and magnitude of the resultant of two unhke
parallel forces acting on a body ; and prove that the algebraical sum of
their moments about any point in their plane is equal to the moment
of their resultant about that point.

12. Forces in equilibrium act in the lines joining the centre of the
inscribed circle with the angles of a triangle; express their ratios in
terms of the sides of the triangle.

13. A heavy rectangular lamina AB5CD, weight /¥, and movable
about a horizontal axis at 4, is kept in equilibrium with 4.D vertical by
the tension of a string acting along DB ; find the pressure on 4, and
the angle between its direction and that of the string, having given
that 48=28C.

position of equilibrium =tan -l(
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14. Two uniform beams CA4, CB, joined at C above 4 and B, rest
with their ends on the tops of two walls, 4D, BE, of the same height.
If W be the weight, and a the inclination of each rod to the horizon,
find the horizontal thrust on each wall.

15. A ladder, whose C. G. divides it into two segments, z and s,
and whose weight is /¥, rests With one end on the #p of a wall, and is
prevented from slipping by a peg driven into the ground at the lower
end. If a be the inclination of the ladder to the horizon, find the
pressures at the base and on the wall.

16. If the ladder in Ex. 15 rested against the wall, find the pressures.

17. If a beam, whose C. G. divides it into two segments, 7 and 7,
rest on two planes whose inclinations are ¢ and #;, find the angle @
which it makes with the horizon in its position of equilibrium.

18. If thesbeam in Ex. 17 be suspended at each extremity by cords
passing over two pulleys placed in the same horizontal plane and
carrying weights # and Q at their other ends, find the angle which
the beam makes with the hornizon in its position of equilibrium.

19. Two uniform beams, connected at a given angle 6, turn about a
horizontal axis at their point of conncction; find the position of
equilibrium which they take up by their own weight.

20. From a cone whose height is 18 in. a similar cone 6-in. high
is cut off by a plane parallel to the base; what is the height of the
C. G. of the frustum from the base?

21. Two equal masses (each= ##]) are connected by a string, which
passes over two smooth pegs 4, B, in the same horizontal plane, and
supports a mass H,, which hangs from a smooth weightless ring
through which the string passes; find the depth of the ring below 45.

22. If two forces mOA and n»OB act on a particle, show that
their“resultant is (724 #)0G, where G is a point in 4B such that
AG:BG=n:m.

23. If two spheres whose radii are @ and & respectively touch inter-
nally, find the distance from the point of contact of the C. G. of the
%¥olid figure contained between the surfaces.

24. Two spheres whose radii are a and & rest between two smooth
planes whose inclinations are 7 and #; ; at what angle is the line joining
their centres inclined to the horizon ?

25. Two cones have the same base, and their vertices lie towards the
same parts ; find the distance from their commdh base of the C. G.
of the solid figure contained between their two surfaces. *

N
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26. Find the distance of the C. G. of the frustum of a cone from the
base, @ and 4 being the radii of the two ends, and % the height of the
frustum.

27. Forces % cos %4, % cos 4B act along OF and 04, O being the
centre of the circle inscribed in the triangle 4#C. If the line of
action of the resultant of these two forces and a force 2> along OC
passes through the middle point of 4.5, find 2.

28. Two forces 4 cos 4, % cos B act along the sides of the plane
triangle 4BC. Find their resultant, and show that its line of
action divides the angle C into the two angles #(C+25~-4) and
HC+4-B)

29. A heavy triangle 4 BC is suspended successively from the angles
A and B, and the two positions of any side are found to be at right
angles to each other. Prove that 5c*=a?+ 42, ~

30. Three forces act at the middle points of the sides of a plane
triangle, and at right angles to them; if they are proportional to the
sides at which they act, show that they are in equlibrium, when
all are directed either outwards or inwards.

31. If three forces in equilibrium act along the medians of a triangle,
show that they must be proportional to those medians.

32. Astring 9 feet long has one end attached to the extremity of a
smooth uniform rod 2 feet long, and the other end carnies a ring with-
out weight which slides upon the rod. The rod is suspended by the
string from a smooth peg. Show that 6, the angle which the rod
makes with the horizon, is given by the equation

9 tan®+9 tan 6=2.

33. A sphere, of weight W, rests on two similar smooth wedges
which are placed on a smooth table, and are prevented from slidjng by
a horizontal string connecting them. Find the tension of the string.

34. To one end A4 of a uniform heavy rod C4, which can turn freely
about a hinge at C, is attached a string which passes over a smooth
pulley 2 (the distance CP being horizontal and equal to CdA), and,
supports a heavy particle whose weight is half that of the rod. Show
that the rod can rest at an angle of 30° to the vertical, and determine
the magnitude and direction of the action at the hinge.

35. Two posts, one of which is a(J3_—x) feet higher than the
other, stand at a horizontal distance a(+/3+1) feet apart. A body
whose weight is # hangs by two strings, of length 22 /2 feet, attached
each to the top of one of the posts. Find the tensions of the strings.
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36. A sphere of radius ¢ and weight F¥ is supported on a smooth
plane inclined at an angle 0 to the horizon by a string of length 4 whose
ends are fastened respectively to a point on the surface of the sphere
and a fixed point in the plane. Find the tension of the string,

37- A smooth sphere, of radjus 1 foot and weight 4 1bs., is kept at
rest on a smooth plane inclined at an angle 6 to the horizon by a smooth
uniform beam hinged to the inclined plane, and inclined to it at an
angle B, and resting on the sphere. The length of the beam being 8
feet, and its weight 10 Ibs., and 6+ 8 being equal to 45°, show that

sin 6 =10 /2 sin? 3.

38. 4BCis a triangle, X, ¥, Z are points in the sides BC, C4, 4B
respectively, and 8X: XC=C¥Y:¥YA=A4Z:ZB. Show that three
forces represented in magnitude and direction by 4X, BY, CZ acting
at a point arg in equilibrium.

39. A heavy rod (length=2e), whose paiticles are disposed after the
manner of a cone or pyramid of very small base, is put into a smooth
sphere (of radius 7). Show what position it will rest in, and that it
47°— 4a®
472 —3a%

40. A sphere of radius 7 rests on a horizontal plane in contact with
a smooth vertical rod ; a heavy rod of length 2z attached to the vertical
10d by a smooth ring rests on the sphere. Find an equation to deter-
mine 6 the inclination of the rod to the vertical, and show that 6=45°
fria:: Az-1:2

41. A heavy umform beam 4B, of length 22 and weight ¥, is mov-
able in a vertical plane round a smooth horizontal axis fixed at 4. At
a distance & vertically above 4 there is a fixed pulley C. To the end
B of the beam is attached a cord, which, passing over the pulley C,
sustaing a body whose weight is . If @ be the inclination of 45 to
AC when the system is in equilibrium, find the value of cos 6.

42. A uniform rod ACB rests against a smooth peg C, the end 4
being connected by a string 40 with a point D, such that DC is
horizontal and equal to 40. Show that if 6 be the inclination of the
rod to the horizon in the position of equilibrium

_a+~Nait 328
cos = T
where 2a=1ength of the rod, and /=1length of the string.

43- In Ex. 42, show that in order that the yod may rest in the

manner described a+/3 must not be less than & #/2.

will be inclined to the vertical at an angle sin—!




CHAPTER XL

MACHINES.

220. A MACHINE is an instrument by mecans of which
pressure or motion may be transmitted from one point to
another, and changed both in magnitude and dircction.

All machines are either certain machines of simple
construction known as the Mechanical Powers, or else
combinations of one or more of these Mechanical Powers.
We shall treat only of machines in equilibrium, and we
shall suppose (in this Chapter) that the parts move without
Friction.

221. In all machines there are two forces to be con-
sidered—(1) the Power applied to the machine, which we
shall denote by P; and (2) the Resistance to be overcome,
usually called the Weight, denoted by W.

In all machines the ratio P: I will depend on the
nature of the machine. When motion is on the point of
taking place, this ratio is known as the Modulus of the
Machine.

The ratio #: 2 is called the Mechanical Advantage
of the Machine. '

222, The Mechanical Powers are classified as follows :—
i. The Lever, which includes—
(@) The Lever properly so called.
() The thlaal and Axle.
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The point to be noticed about a Lever is that the body

of the machine can move round a fixed point.
ii. The Inclined Plane, which includes—

(2) The Inclined Plane,

(6) The Sgrew.

(¢) The Wedge.
In each of these we have a plane rigid surface.

iii. The Pulley.

Here we have to deal with a flexible string.

THE LEVER.

223 Der.—A Lever is a rigid bar capable of motion
about a fixed point.

This point is called the Fulcrum, and is denoted by Z.
The distances from the fulcrum at which the Power and
the Weight act are known as the arms of the Lever.

The Leveris said to be a Straight Lever if the arms are
In a straight line ; if not, it is called a Bent Lever.

224. Levers are divided into Three Orders or Classes.
In the First Order ke Fulcrum is between the Power
and the Weight.

Examples.—A pair of scales; a poker when resting on a bar and used .
to stir the fire ; 2 pump handle ; a claw hammer when used to extract
nails,

Double Levers.—A pair of scissors ; a pair of pincers.

In the Second Order the Weight is between the Power
and the Fulcrum.

Examples.—A crowhar when the end rests on the ground ; a cork-
squeezer ; a wheelbarrow ; an oar. (In the case of an oar we may con-
ceive the end of the blade placed against a stone under water; the
weight moved is the boat.)

Double Lever.—A pair of nut-crackers.
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In the Third Order ke Power is between the Weight
and the Fulcrum.

Examples.—The treadle of a lathe ; the human fore-arm.
Double Levers.—A pair of sugar-tongs ; a pair of spring shears.

THE CONDITION OF EQUILIBRIUM IN THE LEVER.

225. Levers of the First Order.
Let AB denote a straight Lever of the First Order
A F B without weight, /7 the position
of the Fulcrum.
Then P and ¥ are two like
parallel forces, and *hese are
P w balanced by £, the reaction of
the fulcrum acting upwards. .. R=P+ W. (Art. 177.)
Again, since there is equilibrium, the Algebraical Sum
of Moments about # must vanish. (Art. 189.)
.~ if AB be at right angles to the lines of action of 2
and W, PxAF—Wx BF=o; .. Px AF=Wx BF.

226. Levers of the Second and Third Orders.
P In these cases, Z and W
are two unlike parallel
forces.
F In the Second Order—
A A P+R=W,
P s R=W-P.
In the Third Order—
W+ R=P;
B - g R=P—W.
l A F Ineach case, taking Moments
w

€

about %, we have, as in Art. 225,
FPxAF—-Wx BF=o;
o Px AF=Wx BF.

i
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Therefore in all three cases—
The Moment of P about the Fulcrum=The Moment
of W about the Fulcrum.
And this is known as the ¢ Principle of the Lever.’

227, If the Weight of Yhe Lever has to be considered.

Suppose its weight to be w, and let it act at a point G.

Note.—If the Lever be uniform it will act at its middée
point. (See Art. 204.)

In the first Figure of Article 225, let G be situated in
the arm AF.

Then R=P+ W+w.

Taking Moments about £, we have in the First Order—

Px AFt+wx GF— Wx BF=o0;
S PxAF+wx GF=Wx BF.
In the Second and Third Orders, we have—
Px AF=Wx BF4+wx GF.

If several forces acting on a lever be in equilibrium, #/e
Algebraical Sum of their Moments about the Fulcrum
vanishes. (Art. 193.) o

228. The Bent Lever.

If P and W be parallel,
the ¢Principle of the Lever’
holds good as before. A

If Pand W be not parallel,
let their lines of action meet
in O.

Then, since there is equi-
librium, the resultant of 2 and P
W must be balanced by &, the
reaction of the fixed point Z.

The value of & must be found by the Parallelogram of Eorces.

Draw FA and 3B perpendicular to tpe lines of action of
P and W respectively.*

W
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Taking Moments about %, a point in the resultant, we
have (Art. 189)—
PxAF—Wx BF=o0; ..PxAF=WxBPF.
Thus in all cases the ¢ Principle of the Lever ’ holds good.

229. In all cases the Mechanica! Advantage (Art. 221),
W_Fd4
PTFB
*. in First Order, we gain advantage by making #4 > FB.
*. ,» Second Order we must always gain advantage.
.. ,, Third Order we must always lose advantage.

Example i.—Two forces of 10 and 15 lbs. weight act at the ends of
a lever 45 inches long, and at right angles to it; find the position of
the fulcrum when there is equilibrium.

Let x=distance of # from the 10 1bs.
Then 45 — x=distance of # from the 15 Ibs. 3
Take moments about F—
L 10x=15 (45—x); .°. 10x=675—1I5x; .°. 25x=675;
. x=27 inches from 10.

Example ii.—Two forces act at the ends of a weightless lever, and
are inclined to it at angles of 45° and 30° respectively ; the arm of the
first=18 in., and of the second=12 in. Compare the forces.

Let 2 and W be the forces.
Take Moments about #—

.. Px 18 sin 45°= W' x 125in 30°;
. rz x 1} ~/2

18 X = D
E
Example iii. —A mass W, suspended from one end of a weightless
lever 18 ft. long, is balanced by a mass of 2 lbs. at the other end ;
when the fulcrum is moved g feet it requires a mass of 20 lbs. to balance

W ; find the value of W.
Let x—dlsta.nce of F from I in the first position ;
. Wx=2(18-x) . . . (r)
Then (x+9)=distance in the second posmon
W(x+9)=20(9-x) . (2.)
Solvmg the equanons (1) and (2) we obtain—
W=10 or 4 lbs.
Norte.—If W=10, the original position of the fulcrum was 3 feet

from W ; if W=4, the fulcrum was 6 feet from .
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Example iv.—In a weightless lever of the second order, the pressure
on F=6, and a vertical force of 18 acts at a point 8 inches from F;
find the length of the lever.

P=W-R=i2.
Let x=length of the lever;
Take, Moments about #—
. 1z2xx=18x8; .°. x=12 inches.

Example v.—A uniform straight lever weighing 2 1bs. per foot, and
having bodies of 4 lbs. and 36 1bs. at its ends, balances about a point
3 feet from the greater mass ; find the length of the lever.

Let x=length of the lever.

Then a weight=2x lbs. acts at its middle point. (Art. 204.) Taking
moments about the fulcrum, we have—

4(x—3)+zx(§—s)=36x3.

From which we obtain x=12, or—10.
Therefore, the length is 12 feet.

ExaMPLEs—XXXYV.

1. Enumerate the three kinds of levers, and give examples of each.

2. State the relation of Pto /¥ in each kind of lever. In which
order is there mechanical advantage ?

3. To what order of lever does a handspike belong ?

4. To what order does a pair of sugar-tongs belong?

5. If two forces, which are not parallel, acting on a lever produce
equilibrium, prove that they are inversely as the perpendiculars drawn
from the fulcrum to the lines of action of the forces.

6. Investigate the relation of 2 to / in a uniform straight lever,

" taking into account the weight of the lever. What difference would it
make if the lever were not uniform ?

7. In a lever of the first order, 10 feet long, if P=7 and W=13, find
the arms.

8. In a lever of the second order, 5 feet long, if P=2 and W=1o0,
find the arms.

9. In a lever of the third order, 12 feet long, if /#'=102and P=16,
find the arms.

10. If a uniform lever of the first order be g ft. long and weigh 15 1bs.
and if bodies weighing 45 1bs. and 20 Ibs. hang at the ends, find the
position of the fulcrum.

11. If the pressure on 7in a weightless lever of the first order be
35 1bs. weight, and the arms are as 5 : 3, find 2 and .
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12, If a uniform lever of the first order, 6 feet long, weigh 12 lbs.,
what weight at the end of the shorter arm will balance 24 lbs. weight
at the end of the other, # being 13} ft. from the end of the lever ?

13. If the pressure on #be 126 1bs. weight, and the arms of the lever
(first order) are 3% and 54 feet respectively, find 2.

14. In a weightless lever of the second order, P=3, W=s, the
distance between their points of application=4 in., find the length of
the lever.

15. A heavy uniform bar, 4 ft. long, and weighing 2 1bs., is used as
a lever of the first order. Where must the fulcrum be placed in order
that a weight of 11b. at the end of the longer arm may balance a weight
of 2 Ibs. at the end of the shorter?

16. Two weights, 2 and 5, balance on a lever of the first order, one of
whose arms is 5 in. longer than the other; find the lengths of the arms.

17. A weight of 25 Ibs. is suspended on a lever of the second order,
without weight, at a point 3 ft. from /. Where must P be applied if
the pressure on & be 10 lbs. weight?

18. A uniform lever of the first kind, weighing 5 Ibs. per foot, rests
upon F, distant 4 ft. from the end at which W acts. If P be 151bs.
weight, W be 60 lbs. weight, find the length of the lever.

19. In a weightless lever of the second kind, 15 in. long, if the
pressure on F be 6 lbs. weight, and the distance between the points of
application of P and # be 10in., find Pand W.

20. A uniform straight lever weighing 2 lbs. per foot, and having
5 Ibs. and 16 Ibs. weight at its extremities, balances about a fulcrum
2 feet from the 16 1bs. weight ; find the length of the lever.,

21. The two arms of a straight lever are 36 in. and 50 in. respectively,
and its weight is 10 1bs.  If a weight of 58 1bs. be applied at the end of -
the longer arm, what weight must be applied at the end of the other to
preserve the equilibrium ?

22. A uniform lever weighs 50 Ibs. ; from its longer arm (=10 ft.) a
body weighing 14 lbs. is suspended; what weight at the end of the
shorter arm (=6 ft.) will keep it at rest?

23. A man carries a bundle at the end of a stick across his shoulder.
At what point must the stick touch his shoulder if the pressure on it be
twire the weight of the bundle?

24. Weights of 3, 6, 9, 2 lbs. respectively are placed at equal dis-
tances alorg a uniform rod whose weight is 6 lbs. Where must the
fulcrum be placed for equilibrium?
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25. The pressure on F in a lever of the first order is 30 1bs. weight ;
Pis 5 lbs, weight, and acts at a point 5 ft. from #'; find the length of
the lever.

26. The pressure on in a uniform lever of the second class, 6 feet
long, and weighing 15 lbs., is 76 lbs. weight ; I acts at 2 ft. from F;
find the value of 2. .

27. A uniform heavy rod has a body weighing 5 Ibs, at one end, and
balances upon a fulcrum 5 ft. from that end. This weight is replaced
by a weight of 10 lbs., and now the rod balances when the fulcrum is 4
ft. fiom that end. Find the lerng¢/ and weight of the rod.

28. A bar weighing 10 lbs., and 6 feet long, has its C. G. 2 ft. from
one end, at which end a weight of 5 lbs. is suspended. If a weight of
9 Ibs. be suspended from the other end, where must # be placed for
equilibrium ?

29. A bar of uniform thickness and density, whose weight is 7 lbs,
and length is 5} feet, is used as a lever of the second kind ; how far from
the fulerum must a weight of 84 1bs. be made to act, that it may be kept
in equilibrium by a force equal to the weight of 14 Ibs. acting upwards?

30. Weights of 10 and 15 balance on a weightless lever of the first
kind ; but if the fulcrum be moved 1 inch from the greater weight the
equilibrium will be maintained by a weight of 12 instead of 10. Find
the length of the lever.

31. A force of 100 lbs. weight acts at the end of a lever at right
angles to it ; at what angle must a force of 200 lbs. weight ac: at the
same point that it may be equally effective ?

32. Two forces, 6 and 8, act at the ends of a rod 12 ft. long, and are
inclined to the rod at angles of 30° and 45° respectively; find position
of /" when theie is equilibrium.

33. A weight of 20 Ibs. is hung at the end 4 of a horizontal lever
ACB, and a force of 10 lbs. weight acting at B at an angle of 30° pre-
serves equilibrium about C. If C be distant 10 ft. from 4, find the
length of the lever.

34. A uniform lever 4B is6ft. long, and weighs 151bs.  The fulcrum
is at 4, and Pacts at B at an angle of 45° with the lever. W is 501bs.
weight, and acts at 4 ft. from 4. Find the magnitude of P.

35. If Pand Qact at the ends of a straight weightless lever (the arms
of which are § and 7 feet long respectively), and at angles of 45° and 30°
with the lever, find the ratio of Pto Q.

36. Two forces, 25 and 37, act at the end of 3 rigid rod 12 ft. long,
at angles 45° and 30° respectively ; find the magnitude and position of
the force which will keep the rod in equilibrium.
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" Bent Lever.

37. The arms of a bent lever (without weight) are at right angles,
and one is three times as long as the other : a weight of 15 1bs. is
applled at the end of the shorter arm, apd a weight of 21 Ibs. at the
end of the other. Find the angle made by the latter arm with the
horizon when in equilibrium.

38. The arms AC and BC of a weightless bent lever 4C#, movable
about a fulcrum at C, are at right angles to each other, and are 5 ft.
and 7 ft. long respectively. A weight of 7 lbs. is suspended from 4,
and one of 10 lbs. from 5 ; find the inclination of 4 C to the horizon in
the position of equilibrium.

39- A uniform bent lever 4C5, the arms of which are 5 ft. and 2 ft.
long respectively, is suspended from C. What weight at the end of the
shorter arm will cause the longer to take up a horizontal position, the
weight of the lever being 70 lbs., and the angle 4CB being 120°?

40. ABC is a weightless bent lever, B being the fulcrum. Weights
Pand Q, suspended at 4 and C respectively, are in equilibrium when
BC is horizontal ; weights Pand 40, similarly placed, are in equilibrium
when 4B is horizontal ; find the angle 4BC.

41. The arms of a bent lever inclined to each other at 120° are 3 ft.
and § ft., and the weight of the lever is 24 lbs. What weight at the
end of the shorter arm will cause the longer to assume a horizontal
position ?

42. A uniform bent lever suspended at the angle rests with the shorter
arm horizontal. If the shorter arm were three times as long it would
rest with the other horizontal ; find the angle between the arms.

43 A uniform bent lever, when hung up at the hend, rests with the
shorter arm horizontal ; if the shorter arm were twice as long, it would
rest with the other horizontal. Find the angle between the arms.

44. The arms of a lever are at right angles, and £ is at the angle.
A weight of 1 1b. is placed at the end of the longer arm, and a weight
of 2 Ibs. at the end of the other. If in the position of equilibrium the
shorter make an angle of 30° with the vertical, find the ratio of the
lengths of the arms.

45. A straight uniform rod is bent at B, so that the angle 48C=0,
and AB: BC= A3—1g¢ 1. It is then suspended by a string from 4.
If BC be horizontal, show that 8§ =60°.
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Miscellaneous.

46. A weightless straight lever (/) is suspended at its middle point
F, and is kept at rest by two weights which are in the ratio z: 1.
Where must these be placed that the distance of one from # may be
equal to the distance of the other from the end of the lever?

47. There are n weights Wy, W,, W, ... W, in Geometrical
Progression, and W] at 4, one end of a lever, balances W, at 5, the
other end. Prove that a weight equal to the first (2 — 1) weights at 4
will balance a weight equal to the last (72— 1) weights at B.

48. A man raises a cube of stone each edge of which is 3 feet long
and whose weight is 2 tons, by a crowbar 4 feet long, having placed
one end of the bar under the stone to a distance of 6 inches. Prove
he must exert a force equal to the weight of 24 cwt. to move the stone. *

49. A man seated in a boat pulls the handle of each of a pair of sculls
with force #; another man on shore holds the boat back by pulling on
a horizontal rope fastened to the stern. If the distance of the rowlocks
from the end of the blade of each scull be 7 times that of the rowlock
from the hand, find the force;by which the rope must be pulled.

50. Each of a pair of sculls is divided at the rowlock in the ratio
I:4, and a man pulls cach with a force . Another punting thrusts
an oar against the bottom with a force 27 at an angle of 60° with
the horizon. Compare their effects in propelling the boat.

51. Two weights, £ and Q, balance at the extremities of a lever 45
without weight ; if they be interchanged, and weights x and y be
added at 4 and B respectively, prove that, if still in equilibrium,

Py- Qx+P2— Q*=0.

BALANCES.

230. We shall notice only the Common Balance, the
Roman or Common Steelyard, and the Danish Steelyard.

The Common Balance.

231. The Common Balance is a lever of the First kind.
It consists of a beam with scale-pans suspended from its
extremities. The arms of the balance gre supposed to rest
in a horizontal position when the pans are empty.
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The following three requisites must be satisfied in a good
balance :—

(i) It must be Zrue.

This condition is satisfied if the Arms are equal. 1In
order that the arms should remain the same length during
the oscillations of the beam, a triangular prism is fixed to
the lower side, and its £zife edge rests on a plain surface,
the axis of suspension being thus reduced to a Jize. In
balances constructed for very delicate weighing, the prism
is of hardened steel resting on an agate surface.

It is evicent that by the ‘ Principle of the Lever’ the
moments of the weights in the pans about the fylcrum are
equal and opposite. Hence if correct standard ¢ weights’
are used on a true balance, the purchaser always obtains
correct measure. (See Art. 126.)

The simplest way to detect a false balance is to inter-
change the weights in the pans.

(ii.) It must be Sensible.

This condition 1s satisfied when very small differences in
the weight can be detected.

It is evident that to secure sensibility, the following
points must be attended to in the construction :—

1. The friction of the parts must be very small.

2. The arms must be as long as possible.

3. The beam must be as light as possible.

4. The C. G. of the instrument must be ncar the axis

of suspension.

(iii.) It must Joe Stable.

This means taat when the beam is disturbed it returns to
its horizontal peosition.

Hence the €. G. of the instrument must be situated
below the axis &‘\f s@spension.  (See Art. 200.)

It follows that sezsibility and stability in the same balance are to
3
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some extent incompatible. Their relative importance must therefore
depend on the purpose for which the instrument is intended. In com-
merce stability is the chief requisite, and in physical research sensiéility
is by far the more important.

232. When the Arms are unequal the true Weight qf a
body is the Geometrical Mean between the Jalse weights.

Suppose the Arms to be 2 and 4; let W be the #rue Weight.
Let I at the end of @ appear to weigh 7.
Let W ’ b ” W,.
Then Wa= Wb
and Wi=W,a;
o Wlab= W, Wab;
W=,/ W, W, (QED.)
NoTE.—By Algebra we know that the Arith. Mean between two
quantities is greater than the Geom. Mean.
. ”"l_"z'_”Ka > N,

Therefore the sum of the false weights is greater than twice the true
weight, and hence if a trader sell from the two scales alternately he
must lose,

The Common Steelyard.!
233. This consists of a beam 4.8 turning round a fixed

B Q CrJ
P
w

point 7 It has a scale-pan suspended at B, in which the

1 This is known also as the Roman Steelyard, so called from an
Eastern word Romman, signifying a pomeg e, the form sometimes
given to the mass 2.
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body to be weighed is placed; and a constant weight P
can be shifted at pleasure along the arm #4.

Let X be the weight of the beam and scale-pan ; then X
acts through G the C. G. supposed to be in the arm F2B.

Let 2 hanging at O balance Xacting at G.

Then X. GF=P. OF. (Art. 225.)

Now let a body whose weight is W be placed in the
scale-pan, and let 2 suspended at C cause the beam to take
up a horizontal position when at rest.

Then W.BF+X.GF=P.CF. (Art. 227.)
But X.GF=2/.0F;
.. W.BF+P.OF=P.CF;
o W.BF=P(CF—-O0F);
. _oC
% =25 P
Now BFis a known distance.
If OC=2FBF, then V=2
. OC=2BF, , W=2P.
. OC=3BF, , W=3P,

sy OC=n.BF, then W=unPF.

Hence, if we measure off from O towards A distances
equal to BF, and mark the divisions of this scale
1,2,3 . . . n,weshall have graduated the Common
Steelyard.

Example.—If P hanging at the 1oth division balances W‘ then
W=10P, and if P be a known weight, # is also known.

The Danish Steelyard.

234. This consists of a straight bar terminating in a
heavy knob at one end, and having a scale-pan hooked on
at the other end. [The peculiarity of this instrument con-
sists in its having a movable fulcrum, and the Steelyard is so
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graduated that the weight of a body is determined by the
position of Z.
Let A8 be the bar, and let 2, the weight of the beam

"

w

and scale-pan, act at G, the C. G. When a body whose
weight is 77 1s placed in the pan the bar is pushed along
until 2 acting at G is in equilibrium with ¥ at B.
Zo graduate the Danish Steelyard. »
Take moments about /.
Then W.BF=P.GF=P(BG—BF)
. (WHP).BF=P.BG
P
o BF:?V“-T-_P‘ BG.
If W=/, then B =—; B G, and BG is a known distance.

If W=2P, then BF= —;—BG.

If W=3P, then B =iBG.

The numbers— —I- —I— . . . I—are in H. P.
3’ 4 7

Therefore, if the successive values of W be in A. P., the
distances of # from B will be in H. P,

Example i.—The apparent weights of a body in a false balance are
4% 1bs. and 2 Ibs. respectively ; find the, true weight.
Let W be the true weight.
Then W= N33 x2=A0=3 ¥s.
Therefore the t7ue weight=3 lbs.
o]
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Example ii.—If a body appear to weigh p and ¢ respectively when
placed at the ends of the arms of a false balance, compare the lengths
of the arms.

Let the true weight= }7; let the length of the arms be & and &
respectively,

Then Wa=pb
and Wi=gqa
. a _pb
.. T:'q;
. a@_p
. Tu=_q—

. a:b:J;:Jq-.

ExAMPLES—XXXVI,

1. Give a description of the Common Steelyard, and show how to
graduate it, *

2. A substance appears in a common balance to have weights of
9 oz. and 4 oz.; find its true weight, and compare the lengths of
the arms.

3. Explain why in a well-constructed balance the C. G. must not
coincide with the point of suspension.

4. A body whose true weight is 10 appears to weigh 12 in one scale
of a false balance ; find its apparent weight in the other scale.

5. If the arms of a false balance be in the ratio 7 : 8, what will a
trader gain or lose in 112 lbs., if he sells as much from one scale as
from the other?

6. If the apparent weights of a body be 4 Ib. 12 oz. and 5 lbs., find
the true weight.

7. State the requisites of a good balance, and how they are secured.

8. Why is it not possible to secure extreme sensibility and stability
in the same balance?

9. If the real weight of a body be 12 oz., and it appears to weigh
16 oz. in one scale, find the ratio of the arms.

10. A dealer has cortect *weights,” but one arm of his balance is
longer than the other. He sells an apparent weight W twice, using
first one pan and then the other ; what does he gain or lose?

11. Show how to graduate the Danish Steelyard.

12. In the Common Steelyard, if the graduations for 2 1bs. and 1 Ib.
be 3 in. apart, findithe distance between the graduations for 1 lb,
and 3 Ib.
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13. If the beam of a Common Steelyard be 143 in. long, its C. G.
18§ in. from the heavier end, its weight 3 lbs., where must the
fulcrum be, and what must be the distance between the graduations
indicating Zs., if a movable weight of 2 lbs. will just weigh up to
12 lbs. ?

14. A Danish Steelyard has at one end a ball of metal 3 in. diameter
and weighing 8 Ibs. The bar weighs 2 1bs. and is 12 inches long; it
is notched at regular intervals of 4 in. from end 10 end. What are
the greatest and least weights which can be measured by it?

15. The arms of a balance are 6 in. and 61 in. respectively, the
weight of the beam and scales 2 lbs. ; find the real weight of the
body which, when placed in the scale-pan at the end of the shorter
arm, appears to weigh 3 oz., and find its apparent weight in the other
scale-pan,

16. If theheam of a Common Steelyard be uniform and its weight
be one-half that of the movable weight, the fulcrum being 4 length of
the beam from one end, compare the greatest weight which can be
measured by the nstrument with the movable weight.

17. A weight of 6 lbs. is balanced on a Common Steelyard by a
movable weight of 1 1b. Both weights are then doubled. Will the
equihbrium be disturbed ? If so, in what direction must the movable
weight be shifted to restore the equilibrium?

18. Show how the zero point is obtained on the Common Steelyard.

19. In 2 Common Steelyard the pounds are read off by graduations
from O to 14, and the stones by weights hung from the extremity of
the arm ; if the weight corresponding to 1 stone be 7 oz., the mov-
able weight 4 1b., and the length of the arm 1 ft., show that the
distance between the graduations is £ inch.

20. Prove that in the Common Steelyard the distances of the lines
of the scale measured from a certain point are in Arithmetical Pro-
gression, and that in the Danish Steelyard they are in Harmonical
Progression.

21. In these two instruments what are the zero points respectively ?

22. Determine the position in which a Common Balance will rest
when loaded with unequal weights.

23. How will the stability and sensibility of the balance be affected
by raising the point of suspension above the axis of the beam without
lengthening the arms?
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THE WHEEL AND AXLE.

235. This machine is one of the simplest and most
useful modifications of the Lever. It consists of two
cylinders rigidly connected, and having a common axis:
the larger is called the I¥/%¢e/ and the smaller the Ax/le. At
the extremities of the common axis are two pivots, which
rest in fixed sockets. The Power is applicd at the circum-
ference of the Wheel, usually by means of a rope wound
round its rim; and the Weight is supported by a rope
coiled round the Axle in the opposite direction. Thus the
Tensions exerted through the ropes tend tc turn the
machine in contrary directions.

The windlass for raising weights from the hold of a ship,
a capstan for raising the anchor, a windmill, and the common
water-wheel are examples where this machine is practically
used.

We may suppose that the Figure represents a section of
the machine made by a vertical plane
at the point where the wheel and the
axle are joined.

The line of action of the Weight,
being vertical, will leave the axle at 5.
Let the line of action of 2 be also
vertical. Then the lines of action 2

P and ¥ will be tangents to the circles,
and therefore the line 4 OB will be horizontal.

We may consider 4OB to be a Lever of the First Order;
and, by the ¢ Principle of the Lever,” we have—

P.AO=W.BO; (Art. 225)
. P _BO_ radius of the axle
"* W A0 radius of the wheel
And this is the condition for Equilibrium.

L
v
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Example i.— If =100 Ibs., the radius of the wheel =25 inches, and
the radius of the aale=2% inches, find the weight supported.
Let W=weight;
W _ radius of wheel _
' 2 radwus of axle
. Wazs

100 2}
From which equation, #=1000 lbs. weight.

Nore 1.—If the thickness of the ropes is to be considered,
then we must measure the radii from the common axis to
the middle of the ropes.

Example ii.—If /#=1050 lbs., the radius of the wheel =3} fect, the
radius of the axle=6% in. ; find 7/, the ropes being each # in. thick,
and the power and weight Dbeing each supposed to act along the axes
of the ropes.

The radius of the wheel= (39 + §) inches.
”» 3 axle=(6§+3)
L P TS
1050 393 315
From which equation, />= 190 lbs. weight.

Notk 2.—The Pressure on the axle=/F4 I, when P
and W act on opposite sides of O; and= }V'— P, when P
and W act on the same side of 0. (See Art. 226.)

W _radius of the wheel
# " “radius of the axle ’

Theoretically there is no limit to the mechanical advantage to be
obtained by this machine ; we have only to increase the radius of the
wheel, or diminish the radius of the axle. But there are very practical
limits. Thus, if the wheel be made too large, the machine becomes
unwieldy ; and if the axle be made too small, the machine is not strong
enough to sustain the weight.

By Article 235,

ExaMPLES.—XXXVII.

1. The radius of the axle is 6 in. and that of the wheel is 4 ft. ; what
weight will be sustained by a power of 24 lbs. eveight, and find the
pressure on the axis?
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2. Find the mechanical advantage when the diameter of the wheel
is 3 ft. and that of the axle is 2 in.

3. A man, pushing at the end of a pole 8 feet long, measured from
centre of capstan, works a capstan whose diameter is 2 ft. ; with what
force must he push to overcome a resistance of 400 Ibs. weight?

4 If the difference of the diameters of the wheel and the axle be
16 in., and P: W=1:2}, find the radii.

5. A capstan is worked by a man pusliing at the end of a pole. He
exerts a force of 6o lbs. weight and walks 3 yards round for every 2 (t.
of rope pulled in. What is the resistance overcome?

6. A man with a handle 2} ft. long winds a rope on an axle 16 in.
diameter ; the rope passes round a single movable pulley attached to
the weight ; find the mechanical advantage.

7. Calculate the radius of the wheel so that a power of 56 lbs.
weight applied at the circumference just supports a gun weighing
12 cwt. by means of a rope, one end of which is coiled round the axle,
whose diameter is 6 in., while the other end, passing round a single
movable pulley, to which the gun is attached by a sling, is fixed to a
hook above, the ropes on either side of the pulley being parallel.

8. The radius of the wheel is 15 in,, and while it makes 7 revolutions
the weight of 30 lbs. is raised 53 ft. ; find what force is required to turn
the wheel. (Take w=13%7.)

9. If the radius of the wheel be 36in., and radius of the axle be 3 in.,
the ropes being 1 inch thick, find what weight will be supported by a
power of 120 lbs. weight.

236. The difficulty of obtaining a considerable mechani-
cal advantage by the common wheel and axle is overcome
by a modification of it known as the Differential Wheel
and Axle.

The axle consists of two cylinders of different radii, these
and the wheel having a common axis. The rope is coiled
round the smaller cylinder, then passes under a movable
pulley sustaining the weight, and finally is coiled round the
larger cylinder in the contrary direction.
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A section, made as before, will explain the arrangement
of the ropes.
Let R=Radius of the wheel ;
y = 4 larger cylinder ;
w 1= smaller ,,

We may suppose the weight of the
pulley to be neglected.

Let 7=the Tension in rope round
the pulley.

Since there is equilibrium, 2 7’= . P i
(See Art. 239.)

An inspection of the figure will
show that 2 and the Tension round
the smaller cylinder are in equilibrium w
with the Tension round the larger cylinder.

Equating Moments about Q, the common axis, we have—

PRA+Trn=Tr; ... PR=T(r—7);

but 7=";

. P.R=LV(r—r,);
w_ 2£.
TP A

Therefore by decreasing the difference of the radii of
the two cylinders, we can gain any Mechanical Advantage
required.

THE PULLEY.

237. The Pulley consists of a small wheel called the
Sheave, which can turn round an axis, the axis being
supported in a framework called the block. The wheel
has a groove cut in its rim to retain in posmon the string
by which the power is exerted.
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When the block can have no motion the pulley is said to
be Fixed, otherwise it is said to be Movable.

Unless the contrary be stated the weights of the pulley
and the strings are not taken into account, and the pulleys
are assumed to move without friction.

The principle on which the equilibrium in a system of
pulleys is determined may be thus stated : ¢ Zke Zension of
eack string employed in the system is the same throughout,
and equal to the power acling at its extremity.” (See Art. 174.)

The Fixed Pulley.

238. The tension throughout being the same, the power
at one end must be equal to the weight at
the other, if the system be in equilibrium.

W P=W.
The pressure on the beam supporting the
pulley=2P+ IV:
The fixed pulley can thercfore only change
w p  the direction of a force. It thus serves the
same purpose as a peg. *

Practically, however, it is better to use a pulley than a fixed peg,

because the rotation of the wheel diminishes the friction.

The Single Movable Pulley.

239. Let a string have one end fastened to a beam C; then
—_— passing under a movable pulley 5,
¢ and over a fixed pulley 4, let it be

pulled at the other end by a force
P, which keeps in equilibrium the
weight W attached to the movable
B ~ pulley 5.
The tension in the part of the
string BC=the tension in B4, and
W ' therefore=2~.
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Case i.— When the Strings round B are parallel.
Let the Weight of the Block=u.
Then ( W+w), acting down, is balanced by two parallel
forces, each of which=_/2, acting up;
.. WH4w=2P.

The pressure on the beam in this case, and in all others,
must be equal to the sum of the pressures at the points
where the strings are made fast to the beam.

Case ii.— Whken the Strings round B are inclined
at an angle.

Let the angle between ey M
B4 and BC=za.
Then the tension in each
part of the string=/F.

W is kept in equilibrium by
these two equal forces ; there-
fore the line of action of W
bisects the angle za (Art. 219). w

Resolving the Tensions horizontally and vertically, we,
have the Horizontal Components each=Psin «, and these
acting in opposite directions must balance ; and since there
is no vertical motion, we must have—

W4w=P cos a+P cos a;
o WHw=2Pcos a;
If the weight of the pulley be neglected,
then, IW=2P cos a.

Example i.—Find the ratio of the power to the weight in the single
movable pulley when the parts of the string are inclined to each other
at an angle of go°

W=2Pcos 45°;
P 1 . Nz

W zces4s 2
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«
Example ii. —Find what power will sustain a weight of 150 Ibs. on
a single movable pulley, when the parts of the string are inclined at
an angle of 120° to each other.
W=2Pcosa;
. 150=2P cos 60°;
. 150=2F;
Therefore the power— 150 lbs. wexght
Example iii. —If a man whose weight is 140 Ibs. be suspended from
a single movable pulley and support himself by holding the free end of
the rope which passes over a fixed peg, with what force does he pull?
Let P=force required. His weight is supported by the tension in
three strings, and the tension in each= 27"
. 3P=140;
P=46% lbs. weight.
NoTe.—When a man thus pulls on a vertical rope, the downward
pressure of his weight is evidently diminished by the force with which
the rope pulls him up, Z.e. by the force which he is exerting.

ExamMpLES—XXXVIIL

1. Find the ratio of Pto I in the single movable pulley when the
parts of the string are inclined to each other at an angle of 60°.

2. What power will sustain a weight of 800 Ibs. on a single mov
able pulley when the strings are parallel ?

3. In a single movable pulley, if 7= /7, find the angle between the
strings ?

4 In a single movable pulley, if P: W=1: :V/3, find the angle
between the strings.

5. Inasingle movable pulley, if the weight of the pulley be 4 1bs., find
what power will sustain a weight of 36 Ibs., the strings being (1)
parallel, (2) iaclined at an angle of 30°, (3) inclined at an angle of 9o°.

6. What power will sustain a weight of 200 1bs. on a single movable
pulley when the parts of the string are at right angles to each other?

7. ¥ P=75 lbs. weight, #W'=119 lbs. weight, find the angle between
the parts of the string.

8. A body weighing go lbs. hangs at one end of a string passing over
a fixed pulley, and is supported by a man weighing 11 st. pulling at
the other end ; find the pressure on the ground.

.
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9. A man weighing 149 lbs. sits on a small stage weighing 10 Ibs.
fastened to a single movable pulley. The man has hold of the free
end of the rope which passes over a peg; what force must he exert to
keep equilibrium, the ropes being parallel ?

240. The First System, in whick eack Pulley in the
system hangs by a separate string.

The annexed figure explains the
arrangement in this system. A string,
at one end of which the power acts,
passes over a fixed pulley 4, under
a movable pulley B, and is fastened
to the beam at 7 ‘A string fastened
fo B, passes under the next movable
pulley C, and is then made fast to
the beam at G; and soon. The weight
to be sustained is htng from the
lowest movable pulley.

241. 70 find the Condition of Equilibrium, when the
Weights of the Pulleys are considered.
Let 7, w,, ,, be the weights of D, C, B, respectively.
The Tension in DC=4( W+w,), by Art. 239, Case i.
The Tension in CB=4(Tension in DC+w,)
W w
_4+4+2
The Tension in B4=%(Tension in CB+1u,)
W
=3 +-—8—+ " + 2
But Tension in B4A=2P;
L p= T s W
..}’—-——-+8+4+2

8
Next, let w,=w;=w,=w ;

w w 1
o P=R b u i+ = ww(1— )
If there be three movable pulleys.
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And, generally, if there be # pulleys of equal weight (),

P=zz”+w (3+1+3+ ... to n terms);
. P= H:+w(l —i")
2 2
Thus P has to keep in equilibrium both W and the
Weights of the movable pulleys ; in other words, the heavier
the pulleys are, the Zess is the Mechanical Advantage.
If weights of pulleys be neglected, the formula becomes
Qe
.P ="
2
The Student is advised not to work the Examples by the
Formula, but directly from Figures as in the following
cases.

Example i.—If the number of light movable pulleys be 4, and
W=448 lbs. weight, find P.

Denoting the tensions DC, CB, . . . by #, 2, . . . we have (by
Art, 239, Case i.)—

2£,=448, .°. H,=224;
28,=4, L ly=112;
2y=1,, Lo lg=56;
22,=1, L 2,=28;
But P=¢;; .°. P=28 lbs. weight.

Example ii.—If a weight of 1 ton be supported by a power of 70 1bs.
weight, find the number of movable pulleys.

Then, 2f{,=2240, .. #=1120;
2t,=1¢,, . 5 =560;
213=1,, . t3=280;
24=1,, ot £4=140;
2,=1,, e I5=170;

But ’=70; .. 4=PF;
«*« Number of strings=5; .*. Number of pulleys=35.
Example iii.—A weight of 96 lbs. is kept in equilibrium by a power
of 9§ Ibs. weight when there are 4 movable pulleys of equal weight ;
{nd the weight of each pulley.
Let x= Weight of each pullcy;



Machines. 221

Then, 254,=096+x, .. 4 =48+%x;

=t +x, .. :,=z4+3f;
2fy=ly+2x, .’ fH=12+%x;
28 =t+x, .'.14,=6+1}x;

But 7,:¢ P=9%}; .". 6+}fx=0%;
From which equation, x=4 lbs. weight.

ExamMpPLES—XXXIX,
Weights of the Movable Pulleys neglected.

1. If there arc 4 movable pulleys, find 2, when #'=112 lbs. weight.

2. If there are 6 movable pulleys, find 2, when /#"=600 Ibs. weight.

°3. If thefe are 3 movable pulleys, find #, when P=10 Ibs. weight.

4. If W=640 lbs. weight, and P=20 lbs. welght, find the number
of movable pulleys.

5. If =12 lbs. weight, and #'=7%68 lbs. weight, find the number
of movable pulleys.

6. Find the Mechanical Advantage when there are seven movable
pulleys.

Weights of the Movable Pulleys taken into account.

7. There are 4 movable pulleys of equal weight ; find the weight
of each when 7#=64 Ibs. weight, and P=4 lbs. 15 oz. weight.

8. There are 4 movable pulleys, each weighing 3 lbs. ; find W7, if
P=20 lbs. weight.

9. In a system of 4 movable pulleys, show that there will be equi-
librium if £, W, and the weight of each pulley be equal.

10. Whll there be equilibrium on the same supposition for any number
of movable pulleys?

11. There are 4 movable pulleys of equal weight ; find the weight
of each when 7’=7} lbs. weight, and #=88 Ibs. weight.

12. Therc are 4 movable pulleys, each weighing 2 lbs. ; if W=15
Ibs. weight, find 2.

13. If, in Example 11, P=10 lbs. weight, and #=100 Ibs. weight,
find the weight of each pulley.

14. There are 6 movable pulleys, each weighgng 8 oz. ; find 7, when
W=30 lbs. weight.
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15. If there are 3 movable pulleys, each weighing 1 Ib., what weight
can be supported by a power of 2 lbs. weight ?

16. A power of 17-5 Ibs. weight supports a weight of 1 cwt. ; if there
are three equal movable pulleys, find the weight of each.

17. There are 5 movable pulleys of equal weight ; find the weight of
each if a power of 6 lbs. weight supports a weight of 68 Ibs.

18. There are three movable pulleys, the lowest weighing 1 1b., the
next 4 Ib., the highest } Ib. If =21 lbs. weight, find 2.

19. If the weights 1n the last Example be 4, 2, 1 lbs. respectively,
find 2, when =28 Ibs. weight

20. There are four movable pulleys ; 1if the weights of the pulleys are
in G. P., beginning at the lowest (the weight of which 1s w), and the
common ratio is 2, find the relation between Pand IV.

21. There are four movable pulleys of equal weight.  Find the ratio
of this weight to the power, 1n order that the latter may $ust suppert
the weights of the pulleys alone.

22. If there be four movable pulleys whose weights, begmning at the
highest, are 1, 2, 4, 8 0z. respectively, find what weight will be sup-
ported by a power of 1 Ib. weight.

242. The Second System, iz which the same string
passes round all the pulleys.

In this system there are two blocks, one fastened to a
— —=2 beam, the other movable. In
the lower there are several
sheaves.

If there are the same nums
( P ber of sheaves in each block, t

P string must be made fast to t
fixed block, and then the numb
of strings (strictly parts of the
one string at the lower block) is
even,; if not, it must be attached
to the movable block, and then
the number of strings at the
lower one will be odd. Let
there be » strings at the lower
block.
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. To find the Condition of Equilibrium.

Since the whole weight supported is kept in equilibrium
by the sum of the Tensions in these strings, and each
Tension=_2, .

If the Weight of the lower Block =1,
then, W+w=nP.

Example i.—There are four sheaves at the lower block. What
power will sustain a weight of 4 ton, the string being made fast to the
upper block ?

There will be 8 strings at the lower block ;
W=_8P;
.. 1120=8P;
- . P=140 lbs. weight.

Example ii.—If P=3 lbs. weight, =20 1bs. weight, and there are
four pulleys at the lower block, to which the string is attached, find the
weight of the movable block.

There are evidently g strings at the lower block.
Let 2= Weight of the block ;
.*. 204+w=9X3
Therefore, w=17 lbs. weight.

ExamMpLES—XL.

1. If there are ten strings at the lower block, what power will
sustain 2 tons weight ? ’
2. If there are eight strings at the lower block, find P when W=
+ 3 tons weight.
o+ 3 The string is made fast to the lower block, which weighs 20 lbs.,
¥ and has four sheaves; if W=115 lbs. weight, find £.
4. The number of strings at the lower block is four ; find the weight
of the block when a power of 3 Ibs. weight sustains a weight of 10 Ibs.
5 There are four sheaves at the lower block ; if the weight of this
block be double the power, and the string is made fast to it, find the
mechanical advantage.
6. When =30, P=10; and if W=98, P=18; find the weight
of the lower block and the number of strings.
. Find the number of strings at the lower biock if a power of § 1b,
weight sustain a weight of 4 Ibs.
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8. A man weighing 12 st. supports a weight of 6 st.; if there are
seven strings at the lower biock, find his pressure on the ground.

9. If there are six strings at the lower block, and the weight of the
block =37, find what weight 2 will keep in equilibrium.

243. The Third System, in wiick eack string is attached
to the weight.

In this system the string passing over
any pulley has one end made fast to a
bar to which the weight is attached,
and the other to the pulley next below
it, and so on to the lowest movable
pulley, one end of the strirg passing
over which is fastened to the bar, and
at the other the power is applied.

The young student will notice (i.) that the
weight of the highest pulley in this system is
never considered, because it is balanced by the
reaction of the beam £ ; (ii.) that the weight

P of a pulley cannot affect the tension of a string
passing over it.

dle
w -
244. 70 find Condition of Equilibrium when the Weights

of the Pulleys are considered.
Let w,, w,, w, be the weights of 4, B, C, respectively.
Tension in Aa= P2,
Tension in Bb=2 x Tension in Aa+w,=2P+w,,
s Cc=2 x Tension in Bb4-w,= 4P+ 210, +w,,
»» Dd=2 x Tension in Ce+1wy,=8P+ 41,4+ 2w, +w,;
But J#7=Sum of the Tensions.
S W=15P+qw,+ 3w+,
=(2*—1)P+ (2 — 1), + (2" — 1)z, +(2' — 1),
Let wy,=w,=w,=w.
Then, Wa=(2'—1)P+(2*+2"+2'—3)w,
if there are four pulleys.
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Similarly, W=(2"—1)P+(2'+2"+2*+2—4)w,
if there are five pulleys.
And, generally, if there be # pulleys of equal weight (w),

W=(2"—1)P+ (2" 142"+ ... n—1 terms—n—1)w,

or, W=(2"~1)P+(2"—n—1)w.

In the Third System the weights of the movable pulleys
assist the Power, and thus the heavier these are, the greater
is the Mechanical Advantage.

If the weights of the pulleys be neglected, the formula
becomes W=(2"—1)P.

Example i.—What power will sustain a weight of 84 Ibs. by three
pulleys, each®cord being attached to the weight, the weights of the
pulleys being neglected ?

Tension in 4a=2,

» eBb:zP,
» Ce=4P;
.*. Sum of Tensions=7P ;
But » =843 .. 7P=84;

.*. P=12 lbs. weight.

Example ii.—If W=313 lbs. weight, and there are three movable
pulleys, each weighing 8 1bs., find the magnitude of 2.
Tension in Aa= 2, (Fig. Art 243.)
T Bb=2P+8,
» Cc=4P+16+8=4P +24,
” Dd=8P+48+8=8P+56;
.*. 313=15P+88; .. P=15 lbs. weight.

Example iii.—What weight can be supported by a power =25 Ibs.
weight, if there be four movable pulleys, each weighing 5 lbs.?
Tension in Aa=25 lbs. weight.
’ Bb=50+5=755 lbs. weight.
» Ce=110+§=11§ ,,
” Dd=23°+5=235 ”
» Ee=470+5=475 .,
o W=25+55+115+235+475; .°. W=qgos lbs. weight.
If we use the formula of Article w44,
W=(2%—1) x 25 + (25— §- 1) x § =775 + 130=90§ Ibs. weight, as before.
r
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Example iv.—There are three pulleys, two of them movable, each
weighing 1 lb., and 2 inches in diameter. The last string is made
fast at both ends to the bar, which supports a weight of 12 lbs. At
what distance from the first string must the weight be made fast to the
bar?

In the figure of Article 243, consider.$ and a to be the ends of the
last string.

It is evident that the bar ad is 4 inches long.

Let the Tension in Ba=T";

Then ' Bi=T,
» . Ce=2T+1,
» ’ Dd=4T+2+13;
o 12=8T+4;
o T=1.

Then 12 is sustained by the parallel forces 7, 3, I, I acting up-~and
in order that the bar may remain in a horizontal position, the 12 lbs,
must be fastened to the point where the line of action of the resultant
cuts the bar.

To find this point take moments about &, and let x=distance from &
at which the resuitant acts.

S 12X=7X0+3XI+IX2+1X4;
. J2x=0Q.

Therefore =4 inch from the first string, and at this point therefore

the 12 1bs. must be suspended.

ExampLEs—XLI.

Weights of the Movable Pulleys neglected.

1. If there are five pulleys, find 7, when #W'=093.

2. If W=315, and P= 5, find the number of pulleys employed in
the system.

3. When =140, and the number of pulleys is three, find the
magnitude of the power.

4. When W=300 and the number of pulleys is four, find 2.

5. A weight of 12 cwt. is supported by four ropes ; find the power
applied at the free end of the last rope.

6. If there are three pulleys, and, in the position of equilibrium, the
string round the miZdle one is nailed to it, show that the tension of the
string going from this to the weight is 3( #-37).
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Weights of the Movable Pulleys taken into account.

7. If W=86 lbs., find the magnitude of 7, when there are three
movable pulleys, each weighing 1 1b,

8. If there are three movable pulleys, the lowest weighing 4 lbs.,
the next 2 lbs., the third 1 Ib., find 2 when #W=80 lbs. weight.

9. There are five pulleys of equal weight, and #'=442P; compare
the power with the weight of a pulley.

10. If there are four movable pulleys, each weighing 2 lbs., find
P when W=7 cwt. 2 qrs. 22 Ibs.

11. If ”=weight of each movable pulley, find /#, when there are
five pulleys in the system, each weighing 1 oz.

12. There are four movable pulleys, each weighing 1 1b.; find /¥,
if P=26 lbs. weight.

& Thress movable pulleys, each weighing 12 lbs., are used in this
system to sustain a ton weight; find the power.

14. If the power be equal to the weight of the lowest pulley, and if
each pulley weighs three times as much as the one immediately below
it, prove that the weight of each pulley is equal to the tension of the
string passing over it.

15. If there be five light pulleys, each 6-2 inches in diameter, the
highest being fixed, and the weight supported be a uniform bar, show
that the string which passes round the highest movable pulley must be
attached to the bar at a distance of 3 inch from its middle point.

MISCELLANEOUS EXAMPLES.—XLIIL
Pulleys.

1. A rope fixed at one end passes under a movable and over a fixed
pulley, and the free end hangs down. A man whose weight is 12 st. sits
in a sling made fast to the movable pulley, and supports himself by
holding on to the free end. What force does he exert if the strings are
all vertical ?

2. To the lower block in the second system, at which 8 strings act,
a platform is fastened, and a man whose weight is /¥ stands upon it.
If the weight of the block and platform be 377, find what fraction of
that weight he must exert upon the free end of e string in order to
support himself.
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3. In the Second System there are four sheaves in each block., Find
(1) the greatest weight which a man weighing 12 st. can raise; (2) his
pressure on the ground when he supports a weight of 6 st.

4. A movable block of 2 sheaves supports a basket in which a man
sits whose weight is /. Find (1) the weight which must be fastened
to the end of the rope to support him ; (2) the strength with which he
must pull to support himself, the weight of the basket being neglected.

- 5. In the Second System a platform, which together with the block
weighs 300 Ibs., is suspended from the lower block, and a man whose
weight is 140 lbs. standing on the platform, exerts sufficient force to
maintain the equilibrium ; find that force, if there be 10 strings at the
lower block. .

6. A man weighing 9 st. stands on a platform attached to the lower
block of the Second System, and supports himself by pulling the-free
end of the string which hangs down, the strings being parallel ; what
force must he exert?

7. A power P supports a weight /¥ by a single movable pulley,
the strings being inclined at an angle 2a ; if the strings were inclined
at an angle a, 2 would support 6 lbs. weight. Find a.

8. In that system of pulleys where each hangs by a separate string,
show that if 2 be the power, /" the weight, w the weight of each

pulley, and # the number of movable pulleys, P—w= —;;‘ (IV-w).

9. A string fastened at 4 passes under a movable pulley bearing a
weight 2; it then passes over-a fixed pulley at 53, and under a second
movable pulley bearing a weight Q, and is fastened to a peg at C.
Find the tension of the string, when the angle at one of the movable
pulleys is double that at the other. (P>Q.)

10. Draw the figures of the First and Third Systems.

11. If there are three pulleys (each hanging by a separate string), and
all the strings are parallel except that passing round the highest pulley,
the parts of which include an angle of 120°, show that 4= .

12. A weight is suspended by three movable pulleys arranged accord-
ing to the First System, and another weight by three pulleys arranged
according to the Third System. The two weights are joined, and the
free ends of the strings are tied, all the strings being vertical. The
sum of the two weigkis= W, Find the tension of the middle string,
the weights of the pulleys being neglected.
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13. W is the weight of the lower block in that system where the
same string passes round all the sheaves, » is the number of strings
at this block. Show that there is no mechanical advantage when the

weight is equal to, or less than, ;‘%I- w.

14. In that system where tht same string passes round all the pulleys,
show that for the different parts of the string to be parallel the radii
of the pulleys must be in A. P.

15. A ton of iron is kept in equilibrium by a weight made fast toa
string passing over a fixed and under a movable pulley. If the weight
of each be 1 lb., find the whole weight sustained by the beam to
which the strings and fixed pulley are attached.

16. Three pulleys, each 33 inches in diameter, are arranged according
toe Third System, the highest being fixed, Strings passing round
them are made fast to, and kept in equilibrium by, a horizontal bar
of metal. At what distances from its middle points are the strings
severally fastened ?

17. If w,, wy be the two lowgr pulleys in the Third System, in which
2, is the fixed pulley, and these are of such weights that, supposing
them to be interchanged, £ would be diminished by one-half, prove
that '

w;.:‘ﬂ’/l%}-,, and -w,=4Wl_63 P,

W being the weight supported.

18. A weight of 360 lbs. has to be supported by 4 movable pulleys
arranged according to the First System. The weights of the pulleys
are 2, 3, 4, 6 lbs. respectively. In what order must they be placed
that 2 may be the Jeast possible >—and find that value of 2.

THE INCLINED PLANE.

245. AnInclined Plane, as a Mechanical Power, means
a rigid plane which makes an angle less than a right angle
with the horizon, and this angle is knowm as the énc/ination
of the plane.
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Let 4C be any horizontal line, 4B any line inclined to
g 4C; if from any point B in 48
a perpendicular BC be drawn
to AC, then if these lines lie in
planes at tight angles to the page of
the book, and the page be so held
A C that the plane containing AC be
horizontal, the plane containing 48 will be the Inclined
Plane intended. Taking the right-angled triangle 4BC, a
vertical section through these planes, 425, is called the
length, AC the base, and BC the height of the Inclined
Plane. . s

We assume that the plane is perfectly »4g/d, and there-
fore capable of supporting any pressure exerted at right
angles to its surface, that the plane is perfectly smootk, and
that the lines of action of all the forces lie in the same
vertical plane.

When a body, whose weight=I¥, rests in equilibrium
on a smooth inclined plane, there are three forces in
action—

(1) The Weight (= W) acting vertically down-
wards. )

(2) The Reaction (=R) of the plane acting at right
angles to its surface.

(3) The Power (=2) acting in some assigned direc-
tion.

246. 1t is usual to discuss #ree cases.

Casé i—When the direction of P is parallel to the
plane.

CasE ii.—When the direction of 2 is horizontal.

Cask iii.—Whef the direction of P makes any angle
with the plane.
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247. Case i.— 70 find the Condition of Equilibrium on the
Inclined Plane when the Power acls along the Plane.

Let the inclination BAC=q. R B
Let a body, whose Weight= I, be
supported by a Power=,/7, acting
parallel to the plane.

I.et R=the Pressure of the y__ y ~
body on the plane, and therefore A v
=the Pressure of the Planc on the body, by Third Law of
Motion. Resolve the forces along the plane—

Then, P= Wcos (go°—i);

. W P=Wsini .. ... (1.)
Resolve the for:es at right angles to the plane—
Then, R=Wcos7 . ... . (2.)

Equation (1) gives the Power necessary to maintain the
Equilibrium.
Equation (2) gives the Pressure on the Plane, ~
These relations can also be obtained by Lami’s Theorem.
Example i.—A plane rises 3 in 7 ; * what force along the plane will
sustain a weight of 2 tons?
We have /’= IV sin 2.

. P=2x2240% :; H
*. P=1920 lbs. weight.

Examople ii.—If the power act along the plane, and the Mechanical
Advantage=2, find /¥, when R=%3.
From Equation (1), -?:: cosec 7 3
*. cosec7=2; .. =30°
From Equation (2), XK= cos 30°;

. Af3= W.—\i—;; o W=a2,

* A gradient is sometimes mecasured m tern® of the Zangent of the
inclination. In this book, it is measured in terms of the sine.
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ExampPLEs—XLIII.

I. A weight of 4o ibs. is supported on an inclined plane, the angle
of inclination being 30°; find (1) the power acting along the plane,
and (2) the pressure on the plane.

2. A body weighing 50 lbs. is supported by a power of 25 lbs.
weight acting along the plane ; find (1) the angle of inclination, (2) the
pressure on the plane.

3 A weight resting on a smooth inclined plane, the angle of inclina-
tion being 30° is kept at rest by a weight hanging freely ; compare
the two weights.

4. Find the angle of inclination, when a force of 15 Ibs. weight, along
the plane, supports a weight of 30 Ihs.

5 If W=40, and tan ¢=.75, find the force along the plane whlch
will keep A in equilibrium.

6. If, when P acts along the plane, =R, find (1) the angle of
inclination ; (2) the Mechanical Advantage.

7. A body whose weight is 400 Ibs. is kept at rest by means of a rope
on a plane which rises 1 in 40; find the tension of the rope.

248. Case ii.——7v find the Condition of Equilibrium on
the Inclined Plane when the Power acts horizontally.
R Resolve the forces along the plane—
Then Pcosi= IV cos(90°—i) ;
W P=Wtani. .. (1.)
Resolye the forces at right angles
to the planc—-
Then =1}V cos/+Psini
Substitute for £ its value IV tan7;
oo R=Wcosi+ Wtani.sins
__ (cos?i4sin?s)
=W esi
cSoR=Wseci . . . . . . . . (2)
Equation (1) gives the Power which will keep the body in
equilibrium ; Equation (2) gives the Pressure on the plane.

These equations can'also be obtained by Lami’s Theorem.

3 w i
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Example i.—If a force of 15 lbs.. weight, acting horizontally, keep
a body at rest on a plane whose inclination is 60° find the weight of
the body.
By Equation (1), P=Wtan¢;
5= W. N3
Therefore, 9/=5%3 Ibs. weight.

Example ii.—If =2 lbs. weight, # acting horizontally=7v 1h.
weight, find both the value of 7 and of W,

P . .
From (1) and (2) 7‘;=sm i;

. sin 2=4%;
. i=30°
Then, by Equation (1), P= ¥ tan 30°;
I
e I=We—,
I V3
Therefore, W="/3 Ibs. weight.

ExampLES—XLIV.

1. If 11’ be 12, and 2 act horizontally, find the magnitude of P when
K is 24 1bs. weight.

2. What force acting horizontally is necessary to support a weight of
100 lbs. on a plane inclined at an angle of 30° to the horizon?

3. What force acting horizontally will keep in equilibrium a weight
of 15 Ibs. on an inclined plane, and produce a pressure of 17 Ibs. weight
on the plane?

4 1f W be 50 Ibs. weight, and the base and length of the plane be
respectively 8 ft. and 10 ft., find the value of 2 acting horizontally.

5. If W be 60 Ibs. weight, and the height and base of the plane be
respectively 3} ft. and 12 ft., find the magnitude of both & and 7, the
latter acting horizontally.

6. A weight of 286 is supported on an inclined plane by a horizontal
force of 48 ; find the inclination of the plane.

%. If R be 50, and 2, acting horizontally,de 20, find #” and the
inclination of the plane.
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249. Case iii.— 70 find the Condition of Equilibrium on
the Inclined Plane when the Power s inclined at any angle to
the Plane.

Resolve the forces along the plane—
Then, Pcos 0= IV cos (90°—¢);
W sin7
cos 0
Resolve the forces at right angles
1o the plane—
Then, R+ Psin 6= Wcos:.
For 2 substitute in this equation its value from (1);

R—l——”%i sin@= W cos7;

W (cos 6 cos i—sin @sin )
cos#

P W . cos (6+i)

cos 6

o R=

’

(2)

Equation (1) gives the Power which, acting at an anglc
with the plane, will keep the body at rest.

Equation (2) gives the Pressure on the plane.

These Equations, particularly (2), can be very easily obtained by
Lami’s Theorem.

Example.—What force acting at any angle of 30° with a plane
whose inclination is 45°, will keep a body weighing 150 Ibs. at rest on
the plane?

Let P=the force required.
By Equation (1), 2 cos 3o°= 150 sin 45°;
150x2

“V3x~z ‘\/-

Note.—The followtng Examples requirc the aid of Logarithmic
Tables for their solution.

=150 V6 lbs. weight.
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ExampLEs—XLV.

1. What power acting at an angle of 22°, with a plane whose inclina-
tion is 38°, will keep a weight of 150 1bs. at rest on the plane?

2. A weight of 45 1bs. is supported on an inclined plane by a power
of 18 Ibs, weight ; if the line of action of the power make an angle of
12° with the plane, find the inclination of the plane.

3. The inclination of an inclined plane=2%° 15/, and 7, inclined to
the plane at an angle=14" 16’, keeps a weight of 67 Ibs. at rest upon
it; find 2.

4. If W=286, P=136, §=23° 28, find the inclination of the plane.

5. Find the greatest weight which can be supported on a plane whose
inclination is 42°, if the power of 74 lbs. weight act at an angle of 60°
with the horizon.

%A body weighing 3 cwt. is supported on a plane, inclined at an
angle of 30° to the horizon, by a force of 230 lbs. weight whose line
of action makes an angle ¢ with the plane ; find 6.

THE DOUBLE INCLINED PLANE.

250. Let two bodies whose weight are J# and WV rest
on two planes whose
angles of inclination are
¢ and 7, respectively, and
be connected by a string
passing over the common
vertex.

Let 7=the Tension in cach part of the string. (Art. 174.)

Consider the equilibrium of

Then, 7= Wsin7 (Case i.)
Consider the equilibrium of I ;

Then, 7= W, sini, ; o
Therefore Wsini= W, sini, ; or, I/ll/’l_,/ =§;%-;.-

That is, the Weights are inversely as the sines of the angles
of inclinations, and thercfore directly as the lengths of the
planes.

/o 'w w,
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Example.—Two weights 7 and 25 rest on planes whose inclinations
are 45° and 60° respectively, and are connected by a string passing over
the common vertex ; find W,

W sin 45°=25 sin 60° ;
- p=35V3, V2 _25V6
2 I
Therefore W= 30.5 Ibs. nearly.

ExamprLeEs XL VI.

1. If the weights W and !/; be moved along the planes, the string
keeping taut, prove that the vertical distances through which they
move will be inversely as the weights.

2. P=75restson a plane whose inclination = §3° 20',and is balanced
by Q resting on a plane whose inclination=29° 50'; find Q. —

3- Weights of 20 1bs. and 40 lbs. are in equilibrium on a double
inclined plane; the angle of less inclination is 25°; find the other
inclination, and also the tension in the string.

4. Two inclined planes meet at a right angle; if 7/=30° and
#;=60° and two weights, connected by a string over the common
vertex, are in equilibrium, show that the pressure on one plane=3
times the pressure on the other plane.

5. Two inclined planes are of the same height, and are 8 feet and §
feet long respectively. A weight of 20 oz. rests on the shorter plane;
find the weight which, when placed on the longer plane and connected
with the other weight by a stiing over the common vertex, will keep it
at resl.

6. 1f two weights support each other on a double inclined plane by
means of a string passing over the common vertex of the planes, show
that if; the string being taut, the bodies are moved on the plane, the
C. G. of the weights moves in a horizontal line,

MISCELLANEOUS EXAMPLES—XLVIIL,
Inclined Plane.

1. A body is kept in equilibrium on a smooth inclined plane, (1) by
a force acting horizontally; (2) by a force acting in a direction parallel
to the plane. Compare these two forces.

2. Find the Mechafical Advantage when P makes an angle 6 with
the plane.
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3. Ifa force or 30 lbs. weight acting horizontally will keep a body
at rest on a plane inclined at an angle of 30° to the horizon, find what
force acting along the plane will keep the body at rest.

4. If R, be the pressure on the plane when a body whose weight is
W is supported by a force acting along the plane, and R, be the
pressure when the force acts horizontally, show that W=~/ £, R,

5. A weight is supported on a plane inclined to the horizon at an
angle a, by a force 2, which makes an angle 8 with the plane. If
R=P, show that 8=90—2a.

6. Ifa weight I resting on a plane, whose inclination is 7, be acted
on by a horizontal force, /#sinz, what additional force along the plane
is necessary to keep the body from moving?

7. It takes three times the power to support a given weight on an
inclined plane 45C when placed on the side AC that it does when on
tieewtle B (% find the least power by which a weight of 100 lbs. may
be supported on the plane.

8. A weight is supported on a smooth inclined plane by a horizontal
force equal to the weight. Compare the pressure with that which would
be exerted if the weight were supported by the least possible force.

9. A bhody whose weight is W is supported by P acting horizontally.
If the inclination were doubled, $ # would be supported by 2 along
the plane ; find the inclination.

10. If P be the force which acting along the plane can support a
given weight, and 2, be the force which when supporting it is equal
to the pressure on the plane, show that 2 could support a weight 7,
on a plane of twice the inclination.

11. A weight can be supported by 2 acting along a plane, or by 22
acting horizontally. What force, acting at an angle of 45° with the
plane, would support it? If R, and X, be the pressures in the first two
cases, prove that R, Ry=4/F2

12. On a smooth inclined plane ¥ is supported by P and the
pressure is & If R:P: W as 4:5:7, find (1) the angle of inclina-
tion, and (2) the angle which 2 makes with the plane.

13. Apply the proposition known as the Triangle of Forces to obtain
the condition of equilibrium on a smooth inclined plane.

14. Pand Q, acting respectively along the plane and horizontally,
will each singly support a weight /# on a smooth plane; show that
PO=WNQ@-P,

15. A force P, acting along the plane, can support a weight /¥, and
acting horizontally can support a weight #; ; show that P2= W?— W43,
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THE SCREW.

251. If a right-angled triangle 4B8C, whose base 4B is
equal to the circumference
of a cylinder, be wrapped
round the cylinder, with

the base 4B horizontal,
then the points 4 and
B will coincide at a, &,

A B and the hypothenuse will
take the form of a curve; ¢4 will then be the height CB of
the triangle.

If we take a rectangle ABfo, and divide its sides <L,
B¢ into equal parts, and if lines be drawn as in the figure,

a.

Hy e
H -L#_—G H
D 5_ c DF
Ai—g Aé
X

we divide the surface into triangles similar in all respects to
the right-angled triangle 45C. If this rectangle be now
wrapped round a cylinder X ¥, whose circumference is equal
to 45, then it is evident that the hypothenuses 4C, DE.. ...
will form a continvous line, C coinciding with D, £ with Z
and so on. The broken parts of 4C, DL..... will be at the
back of the cylinder as represented in the figure. The
spiral so traced on the cylinder is the form of the screw
when the #&read of the latter is reduced to a line.

This thread makes a constant angle with the horizon, or
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the base of the cylinder: we shall denote it by # The
height of the triangle, or inclined plane ABC, thus wrapped
round the cylinder, is equal to the distance between the
threads measured parallel to the Axis of the Cylinder.
It is evideat that %=tan Z;
distance between the threads _

ie. =: - =tand
circumference of the cylinder

252. If we suppose the body of the cylinder cut away to a certain
depth, leaving a protuberance of equal thickness along the spiral, we
have a screw.  The under surface of a circular spiral staircase will give
the student a clear idea of the appearance that would be presented by
a eGafre-throaded screw.  The cylinder fits into a fixed block in which
a groove is cut, and m which the thread of the screw works. This
groove 1 known as the companion screw. The only motion which the
cylinder ean have in the direction of its axis must be the result of
causing the cylinder to rotate round its axis. This is usually effected
by a force acting at the end wof a lever (called the Power-arm) at
right angles to the axis.

253. Condition of Eq.ilibrium on the Screw.
We assume that the axis is vertical.
The forces in ecquilibrium are—

(1) The Power acting horizontally at the
end of a lever=2;

(2) The Sum of the Reactions along the
companion screw at right angles to
the thread= 2,4+ 2.+ . . . .

(3) The Reaction caused by the cylinder
pressing against some object, in the
direction of its axis= W/

We have thus Case ii. of the Inclined Plane—

Resolve the forces Vertically and Horizontally.

The wvertical/ Components are R, cos#, R,coss . .

and these are balanced by . *
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The horizontal Components are R, sin¢, Rysins, . . . .
and the sum of the moments of these about the axis
in one direction is balanced by the moment of Pin the
opposite direction.

Equating these moments, we have (if length of Power-

arm=a and the radius of the cylmder-r)——
Pa=(R,+R,;+ ... )rsini . . . . (1)
and W=(R+R,+ . ... )coss . . . . . (2)
Dividing (1) by (2) we have—
Pa ., P _rtan7/_2wrtan:
W:rtan z; .. —I—I—/=—a——=~—;1;_;1—
Now, 2w7=circumference of cylinder,
2ma=circumference of circle described by P
. distance between the threads
tant=— — — —————— H
circumference of cylinder |
P _ circumference of cylinder _ dist. between threads,
* W™ dir. of circle described by PXdir. of cylinder ’
. P distance between the threads
" W circumference of circle described by 2’
And this is the condition of Equilibrium.
Theoretically, there is no limit to the Mechanical Advantage which
may be obtained by this machine ; We have only to diminish the interval
between the threads, or increase the length of the power-arm. Prac-
tically, however, if we make the threads too thin they cannot endure a
great pressure, and if we make the arm too long the machine becomes
unwieldy.
Example i.—Find the Mechanical Advantage on a screw, the threads
of which are  in. apart, the length of the power-arm being 12 inches.
W _circumference of circle described by 2,

ya distance between the threads .«
22
22x
) -W-z x y lz'
tPTT 2

- 3 W
From which equation, 5 =113 nearly. ¥
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Example ii.—If the thread make 33 turns in 4 inches, what power
at the end of a lever 21 inches long will sustain a weight of 1000 Ibs. ?

P _ distance between threads

W circumference of circle by 2’

4
% —]i—=——33—. .
1ooo 2X-2727( 21

From which #=-91 lb. weight.

ExampLES—XLVIII.

1. The diameter of a screw is 7 in., and the distance between the
threads is 3 in. ; find the Mechanical Advantage.

The force is applied at the rim of the bolt.

2. The diameter of a screw is 4 in., and the distance between the
threads is § in. ; find the Mechanical Advantage.

3. Find the weight which cas be sustained by a power of 1 1b. weight
acling at a distance of 4 ft. 8 in. from the axis of the screw, the dis-
tance between the threads being 1 inch.

4. If, in the last example, the distance between the threads be 2}
inches, find the weight supported.

5. If 5 turns of a screw cause it to advance £ inch in the direction of
its length, what power at the end of,a lever 2 feet long will cause the
machine to exert a pressure of § ton weight ?

6. Find the length of the lever at the extremity of which a force of
I 1b. weight will support a weight of 8o lbs. on a screw, the distance
between the threads being § in. .

7. Find the inclination to the horizon of the thread of a screw, which,
with a force of § lbs. weight acting at the end of a lever 2 ft. long, can
support a weight of 60 lbs., the radius of the screw being 2 inches.

8. The distance between the threads being 4 inch, find W if Pbea
force of 3 1bs. weight acting at 1} yards from the axis of the screw.

9. Find length of the power-arm, if P=2, W=1000, and the dis-
tance between the threads=§ in.

10. The angle of a screw is 15° the radius of the cylinder is 3 in., the
length of the power-arm is 2} ft. ; find 2, when Fg=150 Ibs. weight.

11. If W be 112 Ibs. weight, the length of the power-arm 1 ft., and
the screw advance 12 inches in g6 turns, find 2.

Q
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12. The angle of a screw is 30°, the length of the lever is five times
the radius of the cylinder ; find the Mechanical Advantage.

13. If P=8 oz. weight, find W, when P acts at g inches from the
axis, and the screw makes 120 turns in 8 inches.

14. If a force of 112 Ibs. weight at the end of a lever 100 inches long
will sustain § tons weight by means of a screw whose axis is vertical,
and whose cylinder is 2 in. in diameter, find the inclination of the
thread to the horizon.

15. Ifthe angle of the screw be 30°, the radius of the cylinder g inches,
the lever 4 ft. long, find P, when /¥ is a force of § ton weight.

16. The circumference of the circle swept out by Pis 12 ft. ; how
many turns must the screw make if the cylinder be 3 feet long, in order
that the Mechanical Advantage may be 300?

17. If a screw make x turns in I8 inches, and the length of the
power-arm is a feet, find the Mechanical Advantage of th. macht.e.

18. The angle of a screw is 30°; if the radius of the cylinder=7, and
the length of the power-arm=a, find what pressure will be caused by
a force of 50 Ibs. weight acting at end of the power-arm.

THE WEDGE.

254. The Wedge is a solid triangular prism made of
some hard material, and is used for cleaving
asunder bodies whose power of cohesion
is very great.

Let ABC be a section of an isosceles
Wedge, introduced into an opening 2FE.

We assume that the Wedge is urged
forwards by a steady pressure £, applied
perpendicularly to its back 4B, and that
the reactions from the points of contact
D, E are equal, and at right angles to the
sides.

Because there is equilibrium, we may suppose the lines of
action of £, and »f the two resistances at D and E, to pass
through a point O. (Art. 212.)
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If we denote the angle of the Wedge AC2B by 2za, then,
resolving along OC, and at right angles to it, the Com-
ponents at right angles to OC must be equal and opposite.

.. Rcos(90°—EO0C)=R cos(90°—DOC),
or, Rgosa=Rcosa.
And the Sum of the two Components along OC
must be equal to 2.
.. P=Rsina+LARsina,
or, P=2Rsina.

Chisels, planes, hatchets, razors, knives are examples of this
Machine.

'.l‘he :_Wedge is driven forwards in all practical work not by steady
pressure, but %y a series of blows. This consideration shows that the
action of the Wedge is most usefully treated as a &snetéc subject.

ExamrLEs—XLIX.

1. What is the vertical angle of an isosceles wedge, when the force
applied is equal to either of the two resistances?

2. A wedge is in the form of an equilateral triangle, and the two
forces acting on the sides are each equal to 100 lbs. weight ; find the
remaining force.

3. A wedge is in the form of an isosceles triangle, and the angle of
the wedge is 30°; a force of 120 lbs. weight acts opposite to this angle;
find thg other two forces.

255. The Principle of Work applied to Machines.

We shall anticipate some of the results proved in Chapter XV. on
Work. It is there shown (Art. 300) that Work is measured by the
product of the Force into the Distance it moves through in its own
direction.

If P denote the Power, % the Weight to be overcome, and # the
Friction of the parts of the machine, and if 2, w, f; denote the distances
through which these three forces move in the same time, then the work
done by P is equal the sum of the works done by # and Z, or

Pp=Ww+ Ff.
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If we suppose the parts of the machine to move without friction,
then =0, and we have—

Pp=Wuw.

Now if P< W, then p>w ; .. a small force can do as much work
as a larger one only by moving through a proportionally greater space,
and hence ® what is gained in power must be lost in time.

Now no machine can be made perfectly smooth, and therefore part
of the work applied must be used in overcoming the resistance caused
by friction ; from which it follows that the ¢ffzctive work obtained
from any machine is always less than the work applied to 1t—in other
words, a machine can never crealc ezergy.

The ratio 351l WOrk i called the Efficiency of the Machine.

Example i.—Find the ratio of 2 : /¥ ina smooth Screw when Pacts

at the end of a lever. . -
We have Pp= Iw.

During one complete circuit of the power-arm, the screw advances

through a distance=interval between the threads.
.*. Pxcircumference of circle described by 2P
= W x distance between the threads ;
P _ distance between the threads
W ~ circumference of the circle described by 7
(Compare Article 253.)

Example ii.—Find the vatio of £ : }¥n a straight Lever,

In the figure of Art. 225, suppose the lever 45 to turn round the fixed
point %, then 2 and /¥ will in a certain time describe arcs of circles.

We have FPp=llw.
.*. Pxarc of P’s circle= W x arc of W’s circle.

Now the angles at # being equal and opposite, the arcs are pro-
portional to the radii of the circles; .*. P x AF=Wx BF.

(Compare Article 225.)
Example iii.—Find the ratio of £: /¥ in the Wheel and Axle.
We have p= Ww.

In a single revolution the Power describes a space equal to the
circumference of the Wheel, and the Weight describes a space equal
to the circumference of the Axle;

.*. Px circumference of wheel= I¥ x circumference of axle.

. P _ circumference of axle _ 2w _ » _ radius of axle

** W= Circumterence of wheel 27X /& radius of wheel
(Compare Article 235.)
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Example iv.—In the First System of Pulleys (Art. 240), what
power will sustain 448 lbs., if there be 4 movable pulleys?
Suppose a pulley £ to rise a small distance x, then D rises 2x,
C rises 4x, and B rises 8x, and .". P descends twice 8x, or 16x.
We have Pp= Ww.
o Px16x=448x x 3
.*. Px28 Ibs. weight.

MISCELLANEOUS EXAMPLES—L.

1. Explain the meaning of the expression ¢ What is gained in power
is lost in time,” and illustrate it in the case of levers of the Second and
Third Orders.

«2. & beamy balanced about a point 7 feet from one end; when the
point of support was moved 2 feet nearer that end, it was necessary to
place a mass weighing 189 Ibs. at that end to restore equilibrium ; what
was the weight of the becam?

3. A uniform rod 425, 8 inches long, is laid horizontally over two
props C and D, 5 inches aparty C being 2 inches from 4. Find the
pressure on each prop. If a body suspended at B removes all pressure
from C, show that the pressure on D 1s increased tenfold.

4. A uniform beam, 18 feet long, is in equilibrium on a fulcrum 2
feet from onc end, when a body weighing 5 Ibs. hangs at the end of
the longer arm, and another weighing 110 Ibs. at the other; find the
weight of the beam.

5. A uniform rod, weighing 2 lbs. per foot, balances about a point
1 foot from the middle when bodies weighing 16 lbs. and 5 lbs. hang
at the ends. Find the length of the 10d.

6. Two men carry a weight of 112 Ibs. on a light rod 7 fect long;
where is it slung when one man sustains a pressure of 32 lbs. weight?

7. A uniform straight rod, § feet long and weighing 168 lbs., rests
on a prop at each end ; where must a body weighing 280 lbs. be slung
that the pressures on the props may be in the ratio 3 to 2.

8. A bar 6 fect long, and weighing 50 lbs., rests on two props
distant 1 foot and 2 feet from the ends; what weight acting at one end
will make the pressures equal on the two props?

9. A uniform bar, weighing 6 oz. per foot, balances about a point
16 inches from one end when a body weighingg12 lbs. hangs at that
end ; find the length of the bar.
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10. If a balance have equal arms, but unequal scale-pans, show that
the true weight of a body is half the sum of its apparent weights in
the two scale-pans.

I1. A steelyard is 48 inches long and weighs 2 lbs. ; its C. G. is 6
inches from the end at which scale-pan hangs, and the shorter arm is
4 inches. Find (1) the distance between the graduations, (2) the
greatest weight which the instrument can determine.

12. A pair of nut-crackers is § inches long, and a pressure of 3} lbs.
weight at the end will crack a nut placed § inch from the hinge ; what
mass placed on the nut will crack it?

13. Two masses, 7 and »;, balance on a wheel and axle. If they be
interchanged, find the acceleration of the body suspended from the
wheel, the mass of the machine being neglected.

14. If in a wheel and axle K=37, and P+ W=48 lbs. weight,
find Pand W. A

15. In a false balance a body whose true weight is 4 has an appa-
rent weight B, and one whose true weight is C appears to weigh
D; prove that the true weight of a body which appears to weigh
Eis E(A-C)+CB—-4D,

T

16 A wheel whose weight is /7 and radius » meets an obstacle the
height of which is x ; what horizontal force acting at the centre will
cause the wheel to surmount the obstacle ?

17. A cone whose vertical angle is a, and whose weight is 7, fits
into an opening in a table cut out in the form of an equilateral triangle ;
find the pressure at each point of contact.

18. Two spheres whose radii are 3 inches and 5 inches rest against
each other, being suspended from the same point by strings 3 inches
and 5 inches respectively ; if the shorter string makes an angle of 45°
with the vertical, compare the weights of the spheres. '

'19. In a steelyard the graduated arm is a foot long, and pounds are
measured by a movable weight of x oz., and stones by an addition
weight of y oz. at the end of the arm ; find the distance between the
graduations. (Nofe.—When complete stones are in the pan the mov-
able weight is at the zero.)

20. In the Third System there are » pulleys each of weight x. The
free end is passed under a movable pulley, then over a fixed pulley, and
then made fast to tha light bar carrying the weight #. Find #in
terms of x and .
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2I. A string made fast at one end passes under a movable pulley
whose mass is m;, and over a fixed pulley, and to the free end a mass
m is attached ; find the tension of the string,

22. In the Second System there are # strings at the lower block,
and the mass at the free end of the strings is 7 times that which would
produce equilibrium ; find the acceleration of the ascending body.

23. In the First System there are two movable pulleys, and a weight
of 128 lbs, is supported by a body weighing 32 Ibs. hanging at the free
end of the string ; what mass must be added to the 32 lbs. so that it
may descend with an acceleration of } g?

24. In the same system the two pulleys are of equal mass. A mass
of 100 lbs. is at rest when a mass of 28 lbs. i fastened to the free end.
How much must be taken from the 100 lbs. to cause the 28 lbs. to
descéhd with an acceleration of § g? ‘

25. To one end of a string passing over a smooth peg is attached a
mass of 30 1bs., to the other a light pulley ; over the pulley is passed
a string carrying at its ends masses of 9 lbs. and 7 lbs. respectively ;

find the acceleration of each hody and the tensions. .

26. If the pulley in Ex. 25 had a mass of 2 Ibs., find the accelerations
and the tensions.

27. If in Ex. 25 the 7 lbs. were replaced by a body whose mass is
m lbs., find the value of m, so that the body should have no motion
in fixed space.

28. Two equal spheres of I inch radius are in equilibrium.in a spheri-
cal cup whose radius is 3 inches; show that the pressure between the
cup and either sphere is double the pressure between the two spheres.

29. A heavy sphere rests on two parallel rods in the same horizontal
plane and at a distance from each other equal to the radius of the
sphere ; find the pressure on either rod.

30. A smooth sphere whose weight is I rests upon two planes of
equal inclination () which are placed on a smooth horizontal table,
and are prevented from sliding by a horizontal string which ties them
together ; find the tension of the string.

31. Three equal smooth spheres (each of weight ) are placed in
contact on a smooth table, and another sphere (equal in all respects to
the others) is then placed on them. What horikontal force applied te
each of the lower spheres will prevent their separating ?
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32. Two spheres whose radii are 3 feet and 5} feet and weights
are W, and W, respectively, are placed between two vertical rods 163
feet apart, the larger sphere resting on the ground, the centres being
in the vertical plane of the rods; find all the reactions.

33. A smooth hemispherical bowl whose base is closed is placed
with the base vertical. Inside are two equal spheres, each of weight
20%/3 lbs., their radii being one-third the radius of the bowl; find the
pressures at all points of contact.

34. A light string having a mass  at one end passes over a movable
pulley 4 whose mass is »/;, under another movable pulley B whose
mass is mz,, then over a fixed pulley, and the other end 1s made fast to
A. All the strings being vertical, find the acccleration of each body,
and the tension of the string.

35. If in Ex. 34 m=8lbs., m;=2 lbs., my=6 lbs., how far docs
m move in 5 seconds.

36. If in Ex. 34 m,=10 lbs., m, =1 lb., what must be the value of
m that it may remain stationary?



CHAPTER XIIL
FRICTION.

256. SURFACES are said to be smootk when no resistance
is caused by them to the motion of one body over another
in contact with it. When there is such resistance they are
said to be rough. The resistance so caused is termed
Friation,

Our knowledge of the Laws of Friction is derived principally from
the experiments made in 1781 by Coulomb, a French officer of IEngineers.
Further experiments carried out by General Morin in 1831-34 confirmed
Coulomb’s results. Recent investigations have shown, however, that
some of these Laws are not rigorously correct, and that in some cir-
cumstances Law §5 in the next Article is seriously in error.

257. The Laws of Friction are as follows :—

1. The amount of Friction depends on the material of
which the bodies are composed.

2. For the same pair of substances the Friction varies
directly as the normal pressure.

3. For the same pressure the Friction is independent
of the extent of the surfaces in contact. ’

(There must be a definite area of contact—7.e. a physical line and
point of contact are excluded.)

4. The Friction increases with the time of contact up
to a certain period, after which it becomes constant.

5. The Friction is independent of the velocity when
one body is sliding on the other.

6. Rolling Friction is always less than Sliding Friction.

258, Unless there is some tendency of®one body to slide

over the surface of another, the force of Friction is non-
249
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existent. More than a certain amount of friction can never
be called into play. The greatest amount is exerted when
one body is just on the point of motion over the other.
This amount is called the Limiting Friction; it is also
known as Statical Friction.

When one body has motion over another, the friction
called into action is called Kinetic Friction, Itis always
somewhat less than the Limiting Friction.

259. The value of the Limiting Friction bears to the
normal pressure a constant ratio, the value of which depends
on the nature of the surfaces in contact. This ratio is
called the Coefficient of Fnctxon, it is generally de-
noted by a.

Thus, if a body be on the point of moving under the

action of the tangential force Z,

R and R be the normal pressure
between the surfaces, then

E .g:p, and .. F=pkR.

In new wood, even when planed, u is about § ; in metals it isabout } ;
in wood and metal about ¢; in leather on wood (wetted with water)
nearly &%. When the surfaces of wood are worn by long rubbing, u is
reduced to about §.

260. Der.— 7% Angle of Friction is tke greatest
inclination of the rough plane on whick a body is ]ust on the
point of sliding when under the action of its weight and
riction only. ,

261: THEOREM.— The Tangent of the Angle of Friction s
equal to the Coefficient of Friction.

Let a body, 4, be placed on a plane inclined at such an
angle that the body is just on
the point of slipping down.
Then the forces acting on 4
are (1) its Weight, (2) the Pres-
sure of the plane, (3) the Fric:
tion up the plane.
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Resolving along the plane, puR= Wsini . ... .. ()
" at right angles, R=Wecos7i...... (2)
Divide (1) by (2), ... p=tans (Q.E.D.)

262, We may therefore determine the value of p for any
pair of substances as follows :—Place one body on the
other, and cant the latter’ until the former is on the point of
slipping. The tangent of the angle of inclination at this in-
stant will be the Coefficient of Friction for those substances.

263. The student will observe that Friction always ogposes
motion. Hence if a body is sliding down a plane, the
Friction acts up the plane; if the body is moving up the
plang the Fncnon acts down.

264. T Jind the Acceleration on a rough inclined plane.

Suppose the body to be moving dows, then the Friction
is acting up the plane.

The Force causing the motion=mg sini—pR. (See last
diagram.) Let o be the acceleration produced.

Now, ma=Force causing motion ;
ma=mgsini—p.mgcosit;
. a=g (sinf—p.cos?).

If the body were projected up the plane, the retardation
to the motion, in like manner, may be shown to be

a=g (sini4p.cosi).

265. 70 find the Magnitude and Direction of the Least Force
which will draw a body along a rough horizontal plane.

R Resolve along the plane;
.. PcosO=pR ... (1)
Resolve at right angles to
the plane;
. Psin0+R=W . (2.)

Eliminate & from these
equations, zz.nd we obtain—

p.o W
cos 04 psin g

g
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Let e be the ‘Angle of Friction,’ then tan e=p. (Art. 261.)
_ Wtane
“cosO+Ftane.sin b

From which equation, P= s me
cos (0 —¢)
To make P least, we must have cns (§—e) greatest, 7.e.=1;
o 0—€=O;

o= . o 0 0L L L0 (1)

Then ’=Isine. . . . . . (2.)

Equation (1) gives the Direction, and (z2) gives the Mag-

nitude of the Least Force of Traction. Therefore when the

direction of the Force of Traction makes an angle with the

plane equal to the ‘Angle of Friction, the body wi#l be
moved by the least force of Traction.

2606. A body is kept in equilibrium on a rough inclined plane
by a force acting in a given dire-‘ion ; to find the Limils between
whick the magnitude of the force must lic.

First, let P, be the magnitude of the force -vhich is on
p the point of causing the body
‘ to move #p the plane,
Then the friction acts down.
Resolving along the plane and
at right angles to it—
- Picos=pR+ Wsin7 . . . (1.)
— Py sin0+4+R=Wecos7. ... (2.)
Eliminate £ from these equations, and we obtain
_ sinf4-p cos 7
H=W. cos O+ psin 6
Next, let 7 be the magnitude of the force which is
on the point of being overcome by the body moving down
the plane. Then the friction acts .
Resolving as before, we have—
Pycos 0+ pR=Wsini . . . . . . . (1)
Pasin 04+ R=IWcos7. e (=)
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Eliminate £ from these equations, and we obtain
_ gy SIni—p cosé
A=W s O—psin 6
From these two results we conclude that if 2has any value
between P, and /A, that is, between
sin 74p cos : a sin7—p cosz
"cos 0+ psin 6 " cos0—psin 6’
the body will be in equilibrium on the plane.
If the force act along the plane, then §=o,
and P,= W (sini+4pcos?); Py= W (sini—p cosi).
NoTe.—#; can be deduced from P, by changing sign
o By Slmllarly in othcr cases, when two limits must be
found.

The Screw with Friction.

267. Let a force P, applied horizontally at the circum-
ference of the cylinder be on the point of overcoming the
Resis.ance (= ) and the Friction (=pR).

Resolving along the plane and at right angles to it—

P cosi=pR+Wsine . . . . . . . (1)
P, sini4+ Wceosi=R . . . . (2)
Eliminate A from these equations, and we obtam
B $in z+ pu Cos z
W T cosi—psinz

Let the power 2 act at the end of an arm whose length

is &, and let the radius of the cylinder be ».

Then, -§;=§ or 1,=P.rze’_

P r sm 7+ cos: z
"WT R cosi—psini
If W is on the point of overcoming the combined effect
of 7, and the Friction, it may be shown tPat
P _r sini—pcost
W™ R cosithausin i
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From these results we conclude that there will be equilibrium

if £ lies between 7 . SDFFBCOSE g 7 sini—pcosi

w R cosi—psing R cositpsing
If we write tan e for w, these limits may be written

é. . tan (i+¢) and ;‘., tan (7 —¢).

Example i.—A mass of 40 lbs. rests in a state bordering on motion
on a plane inclined to the horizon at an angle of 30°; find the co-
efficient of friction. )

‘We may use the theorem of Art. 261, and say at once that u=tan 30°;

I
[d J 3;
Or we may proceed, as in that investigation, as follows :—
Let I be the weight of the body.
Resolving along the plane, and at right angles to it—
pR=Wsin30° .. .. (L)
R=Wcos30° . ... (2)

o 1
. m=tan 300= ,-.
3 ‘\/3

Example ii. —What force, acting along the plane, will draw a body
whose weight is 100 Ibs. along a rough horizontal plane. (x=4.)
F=pR=%x100=50.
Hence a force of 50 lbs. weight will cause a state bordering on motion.
Example iii.—A force of 30 Ibs. weight acting parallel to the plane
just supports a body whpse weight is 50 Ibs. on a smooth inclined
plane. If the plane were rough, and u=yy, find the force which,
acting along the plane, would draw the body up.
The friction acts down. Let £ be the force.
Resolving along the plane, and at right angles to it—
P=sosini+pk . ... (L)
R=50cos 4.
From which equation we obtain—
P=50sin £+ 50 cos 7.
Now, from the first part of the question it may be shown that—
siné=§; .% cosi=$, and u=ygy
Substituting these values, we find that P=34.
Therefore, any forte exceeding 34 Ibs. weight will draw the body up

the plane.



. Friction. 255

Example iv.—A ladder, whose C, G. is at its middle point, rests
with one end on a horizontal plane, and the other against & vertical
wall, to which it is inclined at an angle of 45°. The coefficient of
friction for the lower end =4, and for the upper end =3. A man
whose weight is half that of the ladder mounts it. How far will he
ascend before the ladder slips?

Let a=length of ladder;

x=distance ascended by the man.,

We use the conditions of equilibrium obtained
in Article 218.

Equating the vertical components, we have—

R+;R,=W+?:’. (1)

Equating the horizontal components, we have—

. . IR=R, . ... (2)

Equating moments round the lower end, we
have—

W. } acos 45°+34W. x cos 45°=R, a sin 45°+3R; @ cos 45°. . . (3-)
Solving these equations we shall obtain x=$a.

ExampLEs—LI.

1. Find the coefficient of friction if a body whose weight is I just
rests on a rough plane inclined at an angle of 45° to the horizon.

2. A body whose weight is 24 lbs. just rests on a rough plane in-
clined at an angle of 30° to the horizon ; find u, and the value of the
friction called into play.

3. If the tangent of inclination of a rough inclined plane be $, and
a body whose weight is 24 Ibs. be just supported by the friction alone,
find the least force which, acting along the plane, will draw the body
up the plane.

4. A plane rises § in 13 ; find the weight of the greatest mass which
can just be retained at rest by a force equal to the weight of 20 Ibs.
acting along the plane. (x=}.)

5. A horizontal force of 11 lbs. weight is just on the point of moving
a body whose weight is 13 lbs. up a plane, the tangent of the inclina-
tion being § ; find p.

6. At what inchination myst a wooden slip be laid so that blocks of
iron may slide down by the action of gravity? (2=625.)
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7. A body, whose weight is 100 Ibs., is just kept at rest by friction
on a rough inclined plane. The height of the plane is 5 feet, and its
length is 25 feet. What is the force and coefficient of the friction ?

8. State the laws of statical friction, and explain what is meant by
the Angle of Friction.

9. Define the terms: Friction, Coefficient of Friction, Limuting
Friction. '

10. How may the Coefficient of Friction be determined by experi-
ment ?

II. Find the least force which will drag a body, whose weight is
50 lbs., along a rough horizontal plane, the coefficient of friction being

1

3

?2. At what angle of inclination (6) should the traces be attached

to a sledge that it may be drawn up a hill, whose giadient is known,
with the least possible exertion ?

13. Prove that the Resultant of the Normal Pressure and the Limiting
Friction is always inclined to the normal at an angle equal to the Angle
of Friction. MNote.—This is very important.

14. A body, whose weight is 50 Ibs., rests by friction only on a plane
whose inclination is 30° ; find the force of friction in action, and also
the pressure exerted on the plane,

15. A heavy body just rests on a rough inclined plane. Show that
the fotal resistance due to the plane is R sec e acting at an angle ¢ with
the normal, when & is the normal pressure, and € is the angle of
friction.

16. Determine the magnitude of the limiting angle of frictiof, having
given the coefficient of friction.

17. If the roughness of a plane, which is inclined to the horizon at
a known angle 7, be such that a body whose weight is / will just rest
upon it, find the Jeas? force required to draw the body up.

18. A force of 30 lbs. weight just supports a body whose weight is
50 Ibs. on a smooth inclined plane. If the planc were rough, and the
coefficient of friction yy, what force acting parallel to the plane will
just keep the body from moving down the plane?

19. A force acting at an angle of 60° with the horizon can just
support a body of certain weight on a rough plane inclined to the

. horizon at an angle of 30°. Were the plane smooth, the same force
acting parallel to the plane would preserva equilibrium. Find the co-
efficient of friction.
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20. The least force that will draw a body whose weight is 112 Ibs.
along a rough horizontal plane is a force of 16 lbs. weight ; find the
least force that will draw it up an equally rough plane inclined to the
horizon at an angle of 60°.

21. If a body be kept at rest on an inclined plane by a force making
a given angle with the plane, show that the reaction of the plane when
it is smooth is the Harmonic Mean between the greatest and least
reactions when it is rough.

22, If a body whose weight is ¥ lbs. rest on a plane, the tangent
of the inclination of which is 1/x, and if the force of the fiiction be the
weight of 1 1b. in 7z Ibs. weight of the body, find the least force which,
acting parallel to the plane, will be on the pomnt of causing the body
to move up.

23 A body whose mass is a/z Ibs. is placed on a rough plane
inclined to the horizon at an angle of 45‘. Ifu= «/L find in what

direction a force equal to the weight of (a/3—1) Ibs. must act on the
body in order to support it.

24. Ifa force in a given direction keep a body at rest on a rough
plane, find the limits between which the foice must lie.

25. If a force equal to the weight of /3 lbs., acting along a plane,
would just drag a body whose weight is 2 Ibs. up the plane, while a
force equal to the weight of 1 Ib. would just prevent it slipping down,
find the amount of friction exerted when a forge equal to the weight
of /2 bs. acting up the plane keeps the body in equilibrium.

26. Find the magnitude and direction of the /least force (1) which
will just draw a weight of 50 Ibs. up a rough plane inclined at 60° to
the horizon, and (2) which will just prevent its slipping down; the

coefficient of friction being 7‘:

27. A vv;eight W is just supported by friction on a plane inclined at
an angle a to the horizon. Show that it cannot be moved up the
plane by any horizontal force less than /¥ tan 2a.

Explain this result when a=7,

28. A body whose weight 1‘:; 100 Ibs. is kept in equilibrium on a
rough plane, whose inclination is Z, by a force 2 inclined at an angle 6
to the plane; if the greatest angle at which the %ody would rest by
friction alone is 45°, find the limits between which 2 must lie.

R
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29. Investigate the condition of equilibrium, when a body of weight
W is supported on a rough plane inclined to the horizon at an angle a,
by a force 2, inclined to the plane at an angle 8; the coefficient
of friction being u, and the body being on the point of moving down
the plane. :

30. If the ratio of the greatest to the least force which, acting
parallel to a rough inclined plane, can support a weight on it, be equal
to the ratio of the weight to the pressure on the plane, show that the

coefficient of friction will be tan a.tan® =, when a is the inclination of
the plane to the horizon. 2

31. What is the least coefficient of friction which will allow of a
heavy body being just kept from sliding down an inclined plane of a
given inclination, the body (whose weight is /) being just sustained
by a given horizontal force P? )

32. An isosceles triangle whose base is to a side as 1 : 4’7 is placed
with its base on an inclined plane; and it is found that when it begins
to slide it at once topples over. Find the coefficient of friction.

33. A cone is placed on a rough plane, the coefficient of friction
being tan ¢; find its vertical angle if the cone begins to slip and topple
over simultaneously.

34. A parallelopiped rests on an inclined plane. TIts base is 2 feet
square. What 1s its height if it begin to slide and topple over at the
same moment? (p=4%.) .

35. Two bodies, whose weight are #A and W,, rest on a rough
narrow inclined plane and are connected by a string ; if the coefficients
of friction are u,, my respectively, find the greatest inclination (7) of
the plane which is consistent with equilibrium.

36. Investigate the conditions of equilibrium when a power P
supports a body, whose weight is #, on a rough screw, p being the
coefficient of friction.

37. The distance between the threads of a screw is such that a body
is just sustained without the action of any power ; find the least power
which will overcome a given weight ¥, the coefficient of friction
being .

38. If p=4%, and the length of the screw be 2 feet, its circumference
being 6 inches, find the least number of turns which may be given to
its thread in order taat a body of given weight may be supported upon
it without the action of any power.
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39. Show that with a given angle of friction, the power necessary
to raise a body of given weight increases indefinitely as the angle of
the screw approaches a certain value. What happens if the angle
exceed this value?

40. A screw is worked by a lever, the end of which describes a circle
of 12 feet. The circumferencg of the screw is 6 inches, and the interval
between the threads is 1 inch. If u=}, find the pressure exerted by a
force of 20 lbs. weight at the end of the lever.

41. The diameter of a screw press is 10 feet, the interval between
the threads is I inch, the diameter of the screw is 9 inches, and
p=4. What pressure is exerted by a power of 10 Ibs. weight?

42. The limiting position of equilibrium of a ladder resting against
a wall equally rough with the ground is at an angle of 45°; find the
value of p.

43 A uniférm ladder 10 feet long rests with one end against a smooth
vertical wall and the other end on the ground (u=4); find how high a
man whose weight is four times that of the ladder may ascend before the
ladder begins to slip, the foot of the ladder being 6 feet from the wall.

44. A ladder rests against a vertical wall, to which it is inclined at
an angle of 45°; the C. G. of the ladder being one-third of the length
from the foot. The coefficients of friction at the top and bottom are
} and § respectively. How high on the ladder may a man, whose
weight is half the weight of the ladder, ascend before the ladder slips?

45. A ladder whose length is x and weight # has one foot on the
ground and the other against a vertical wall, the coefficients of friction
being p and u, respccuively. If the distance of the C. G. from the
foot be y feet, determine the inclination (6) of the ladder when on the
point of slipping.

46. A uniform beam whose weight is /¥ leans against a vertical
wall, and has its lower end resting on a horizontal plane. If pand u,
be the coeflicients at the top and bottom respectively, find the inclina-
tion (6) of the beam to the horizon when the beam is on the point of
motion ; find also the pressures on the wall and the plane.

47. If the beam in the last question be not uniform, find the value
of 6, when the distances of the C. G. from the top and bottom are y and
x respectively.

48. Find the limiting positions of equilibrium of a beam resting on
two equally rough inclined planes, having given thg inclinations of the
planes=z and z,, the segments of the beam made by the C. G.=x
and y ; the angle of friction=¢; and the inclination of the beam to
the horizon=4¢.
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49. One end of a uniform heavy rod rests on a smooth inclined
plane whose angle is 30°, and the other rests against a rough vertical
wall which passes through the foot of the inclined plane. If the co-
efficient of friction=p, find the angle made by the rod with the vgrti-
cal in the limiting position of equilibrium.

50. If the ladder in Ex. 45 be placed in a known position g, at what
distance (#) from the foot must a body whose weight is /#; be placed
so that the ladder may be on the point of shpping? (k=p,.)

5I. AB is a string of length &, of which one end is fixed at 4, while
the other is attached to an end B of a uniform rod BC also of length a ;
and of this rod the other extremity rests on a rough horizontal plane
at a distance a@ below 4. Supposing that the end of the rod is about
toslip when C is vertically below 4, find the coefficient of friction.

52. A uniform rod rests with one extremity against a rough®vertical
wall (u=§), the other extiemity being supported by a string three times
the length of the rod attached to a point in the wall; show that the
angle the string makes with the wall in the limiting positions of equili-
brium is tan~? (3%) or tan~1! (}).

53. If two bodies whose weights are ##; and I, be placed on two
equally rough planes having a common vertex, and be connected by a
string over this common vertex, show that if the inclinations be # and
¢ gespectively, W, sin (f—e€)= Wy sin (e+7,), wheretan e=pu.

54. A body, whose weight is /#, can be just sustained on a rough
inclined plane by a force P, acting horizontally, or by a force £,
acting along the plane ; find the value of the angle of friction.

55. A heavy particle, weight 7, just rests in equilibrium on a rough
inclined plane ; if now it be further acted on by a force = I#, within
what limits must the direction of this force lie in order that the
equilibrium may not be disturbed ?

§6. A uniform rod rests with its upper end against a smooth vertical
plane, and its lower end upon a rough inclined plane. When the rod
is on the point of slipping, show that its inclination to the horizon is

tan—1 {tﬁ(—;——u) }, where « is the inclination of the plane. *

§7. Two particles, connected by a string, lie one on each slope of a
double inclined plane of inclination a; one plane is rough, the other
smooth. If there e motion, the ratio of the weight of the body on the
smooth plane to the weight of that on the rough plane must not lie
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between 1—-pu cot a and I+u cot a, when u (less than tan a) is the
coefficient of friction.

58. What force will pull a body whose mass is 12 cwt. along a
rough horizontal plane (u=}), (1) with uniform velocity of = f.-s. ; (2)
with a uniform acceleration of y f.-s.-s? (Force acts horizontally.)

59. A hemisphere rests with its curved surface touching a vertical
wall (¢, =1%) and a horizontal plane (u,=3). Show that when the
body is on the point of slipping, the inclination of the plane of its base
to the horizon is sin~?! (g&). MNote.—If the radius of the sphere is
7, the C. G. of its hemisphere is at a distance §» from the centre of the
sphere.

60. The difference between two like forces, acting parallel to the
plane, which will keep a body whose weight is 10 Ibs. in limiting equili-
briumgn a plane inclined at an angle of 45° to the horizon is 8-16 Ibs. ;
show that tlie angle of friction is nearly 30°

61. A uniform beam of length 2/is placed on a rough peg, and rests
with its lower extremity against a rough vertical wall. If the co-
cflicient of friction between the beam and the peg, and also between
the beam and the wall, be %, and the beam be on the point of sliding
down between the peg and the wall when its inclination is 45° find the
distance of the peg from the wall.

62. A uniform rod is freely movable round its middle point
fixed at the summit of an inclined plane. A body whose wélght
is 22 hangs from onc end of the rod, and to the other end a string is
fastened, of length equal to half that of the rod. To this a body, whose
weight is W, is attached, which rests on an inclined plane whose
inclination is a. If the plane be smooth, and there be equilibrium when
the rod is horizontal, prove that P=2W sin?a.

If the plane be rough, and the friction such that /” would just rest
on it, without support, prove that }¥sin® 2a is the greatest value £ can
have without disturbing the equilibrium.

63. A body of mass 7, is placed on a rough horizontal table, and is
connected by a string over its edge with a mass » which descends;
find the acceleration, and the tension of the string.

64. In the second System of Fulleys #'=4 lbs. and P=1 Ib., the
Mechanical Advantage being 4. Prove that if a rope loses one-tenth
of its tension in passing round a pulley in motion, then about 029 lb,
wt. must be added to the 1 1b. wt. in order to raiSe the 4 lbs.



CHAPTER XIIL
. IMPACT.

268. Impact is the term used to dcnote the action
which lasts for an extremely short time when bodies come
into collision,

LY

269. When one body strikes another moving in the same
direction, it is a matter of common experience that one loses
velocity and the other gains velocity. If we suppose that
the bodies separate after collision, then although the bodies
are in contact for only a very short time, yet that time is
sufficiently long for the pressure between them to increase
from zero at the instant of collision to its maximum, and
then to decrease to zero at the instant of separation.

By the Third Law of Motion this pressure must act equally
on the two bodies. By the Second Law it will produce an
equal change of momentum in each body. Therefore the
momentum generated in one must be equal and opposite to
that generated in the other; and hence we infer that the
momentum (reckoned in the positive direction) lost by one
body has been gained by the other ; in other words, that the
whole momentum of the system after impact is equal o the
whole momentum before impact.

Notice must be taken of the words in brackets ; they
point out that the whole momentum means the algebraical
sum of the momepta, and thus the case is included where

the bodies are moving in opposite directions.
262
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270. When one body overtakes another moving in the same
direction, to find the velocity after impact if the bodies keep
together,

Let a body whose mass=m, moving with velocity=uz,
impinge on another whgse mass=,, moving with velocity
=u.

Let o=velocity after impact

Now, Momentum before impact=Momentum after;
oo s+ mysy = (m~-m,)o.
- v=mu+m,u,
m-m,.
If the bodies meef, then we must change the sign of
either # or u,

The Student is recommended to pay no direct attention
to this result when a question is proposed, but to apply the
Third Law of Motion directly, as in the following examples.

Example i.—A ball whose mass is 10 1bs., moving with a velocity
of 12 f,.s., overtakes another ball whose mass is 6 lbs. moving witha
velocity of 4 f.-s. ; find the common velocity after impact.

Let z=velocity afier impact.
Momentum before = Momentum after.

o I0xI124+46x4=(104+6) 7}

o 120+24=167;

oo v=9 f.-s.

Example ii.—If the balls meet, find the common velocity aftes
impact.
Suppose the velocity 41.-s. to be in the negative direction,
Let v=velocity required ;
Momentum before =Momentum after ;
. 10X 12-6%x4=(10+6) 7;
0. 120-24=167;
.*. 9=6 {..s, in the direction of the Targcr mass.
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ExampLEs—LIL
The bodies keep together after impact.

1. A mass of 20 lbs., moving with a velocity of 40 f.-s., overtakes a
mass of 60 lbs. moving with a velocity of 30 f.-s.; find the velocity
after striking.

2. If the masses in Ex. 1 mer?, find the‘velocity after striking.

3- A mass of 3 Ibs., with velocity of 20 f.-s., overtakes a mass of 10
Ibs. moving with a velocity of 12 f.-s. ; find the velocity after impact.

4. If the bodies in Ex. 3 meet, find the velocity after striking.

5. Two equal masses are moving in the same direction with velocities
of 15 and 10; find the velocity after impact.

6. If the same bodies were moving in opposite directions with veloci-
ties of 40 and 32 respectively, find the velocity after impact. '

%7. Two masses in the ratio 2 : 3 are moving (1) in the same directions
with velocities 25 and 20; (2) in the epposite directions with those
velocities. Compare the velocities after impact in the two cases.

8. A massof 101bs., moving with a velocity of 20 f.-s., strikes a mass
of 50 1bs. at rest ; find the velocity after striking.

9. A mass moving with a velocity of 100 f.-s. strikes a body of
three times the mass at rest ; find the velocity after impact.

10. A mass of 15 lbs., moving with a velocity of 25, overtakes a mass
of 35 lbs.; the common velocity after the collision is 20; find the
velocity with which the larger mass was moving lLcfore impact.

11. Two masses, 7 and §», mouving with velucities 2 and 4o respec-
tively in the same direction, came into collision ; find the velocity Yost
by one and gained by the other.

12. There are five bodics whose masses are 1, 3, 5, 7, 9 Ibs. respectively,
arranged in a smooth groove. The first impinges on the second with
a velocity of 400 f.-s. ; these two impinge on the third, and so on ; find
the final velocity when all are in motion.

271. We have, up to the present, considered that when
one body impinges on another it does not separate from it,
so that after the collision thé two must be regarded as
forming a single body.

Now, all bodies when compressed have a greater or less
tendency to return to their original forms on the removal
of the compressing force. The internal force which a body
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thus exerts to recover its original form is called the Force
of Restitution.

This force, like all others, is measured by the amount of
momentum which it is capable of producing,

272. It is matter of experiment that for each pair of sub-
stances, whatever be their masses, and whatever be their
velocities before impact, their relative velocity after impact
bears a constant ratio to their relative velocity before the
collision. This constant ratio is known by the various
names, ‘Coefficient of Elasticity,” ‘Index of Elasticity,’

" ¢Modulus of Elasticity,” ¢ Coefficient of Restitution.’ It is
always depoted by the letter e.
If # and #, be the velocities before impact,
and 2 and o, » ” after impact ;

Then # —u, is the relative velocity before impact,
and 9, —v is the magnitude of the relative velocity after.
Hence %‘:: =e; .. v—v=—c(u—u),
—
where ¢ has to be determined for each pair of substances.*

If e=1, the bodies are said to be perfectly elastic.
Ife<s, ” » »  tmperfectly elastic.

« If e=o, ” » y»  perfectly inelastic.

We shall suppose that the bodies are spheres.

273. The line joining the centres of two spheres at the
instant of impact is called the Zine of impact. When the
centres of the spheres are moving in the line of impact the
impact is said to be dizect; if not, the impact is said to be
obligue.

* When two balls of cast-iron impinge, e=166.
”" ” g]a-ss " e=1:94.
we  dvory " e==81,

‘When a cork ball impinges on an ivory bajl, e=-60.
When a cast-iron ball ,, ,, lead ball, e=-13.
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DIRECT IMPACT OF TWO SPHERES.

274. Letabody, whose mass is » moving with a velocity
%, impinge on a body whose mass is 7, moving with a
velocity #, in the same direction; to find the velocities
after impact.

Let the velocities after impact be » and », respectively ;
Then, v—y=—e (u—2) . . . . . . . . (1)
and, mu+tmu,=mv+my, . . . . . . . (2)

On solving these equations (1) and (2), we obtain—

Ut mu —em, (u—u,) |
b

t
m-m,
and vl=mu+m,u1+em (u—u), .
m-m,

Note.—If the bodies are moving in opposite directions, we must
consider one of the velocities as negative.

CoR. L—If m=m,, and e=1, then these results become
lov=u,; v=u
And we infer that if two equal and perfectly elastic balls
impinge directly, they will exchange thcir velocities.

u—t+m m\u.
CoRr. II. —Ife=o, then =20t it ; and v,=”_l?—i_———“.
m-+tm, m-m,

And this is the result obtained in Article 270, Ex. v.

Example i.—A mass of 5 lbs., moving with a velocity of 14 f.-s.,
impinges on a mass of 3 lbs. moving in the same direction with a vele-
city of 8 f.-s. ; find the velocities after impact, if e=3§.

Let v=velocity of the 5 Ibs. ; v, =velocity of the 3 lbs.
Then 5x14+3%x8=52+32; . . . . . . (L)
andv—2;,=-%(14—-8) . . . . « « (2)
From which equations p=11; and vy =13,

NoTE.—'The studgut will notice that the 5 Ibs. mass loses a Momen-

tum 15 ; and the 3 Ibs. mass gains 2 Momentum 15.
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Example ii.-—A mass of 20 Ibs. moving with a velocity of 100 f.-s.
meets a mass of 50 lbs. moving with a velocity of 4o f.-s. ; find the
velocities after impact, if e=3.

Let z=vel. of the 20 Ibs. ; 2, =vel. of the 50 Ibs.
20X I00— 50X 40=202+50%; . . . . (1.)
v—o,=—4(100+40) . . . . . . (2)
From these equations, v= —50; and »,=20.

Therefore each rebounds, the first with a velocity of 50 f.-s., the
second with a velocity of 20 f.-s.

Example iii.—Two bodies are moving in the same direction with
velocities 7 and 5, and after impact their velocities are 5 and 6 respec-
tively ; determine the value of e.

Now, v—o,=—¢ (u—2)); .. 5—6=—c(7—5)
From which equation, e=4..

L[]
.

ExampLES—LIII.

1. If a mass of 12 lbs., moving with a velocity of 6o f.-s., overtake a
mass of 20 Ibs. moving with a velocity of 30 f.-s., find the velocities
after impact. (e=3.)

2. If the two bodies meet, 'find the velocities after impact.

3. If a mass of 8 Ibs. moving with a velocity of 25 f.-s. impinge on a
mass o1 12 Ibs. at rest, find the velocities after impact. (e=-6.)

4. If two masses of 25 and 40, moving in opposite directions with
velocities of 60 and 15 respectively, come into collision, find the
velocities after impact, if e=

5. Two masses, 7 and 32, moving in opposite directions with equal
velocities, come into collision ; find the velocities after impact (1) if
e=1, (2) if e=%.

6. A mass 47 impinges on a mass 7z at rest, and goes on with 3/4 its
original velocity ; find the coefficient of elasticity.

7. If two perfectly elastic masses, 7 and 3, meet when moving in
opposite directions with velocities 3% and 8, find their velocities after
impact.

8. A mass 7 impinges on a mass # at rest, and the latter starts off
with a velocity 10 ; find the original velocity of m, if e=4.

9. A mass m impinges on a mass m, at rest, and » is brought to
rest by the impact ; find the ratio of m to m, if e=4.

10. A body of mass 7 impinges on m; at rest ; m is brought to rest
and s, moves on with a velocity equal to § m’s 9ngmal velocity ; find
the ratio of m to #z,, and also the coefficient of elasticity.
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DIRECT IMPACT UPON A PLANE AT REST.

275. If a body moving with a velocity # strike a plane
at right angles, it recoils in the same line, because the
mutual action is perpendicular to the plane.

Let v be the velocity of recoil, '
Then, using the notation of Art. 272, we have,
v—vy=—e (u—u,);
but #,=o0, and #,=o0;
LU= —eu.
Of course the direction of v is opposite to that of «.

Cor. I. If e=1, then v=u
And we infer that when a perfectly elastlc ball
impinges on a plane at right angles it recoils
with undiminished velocity.
Cor. II. If e=o, then v=0
And we infer that when a perfectly inelastic ball
impinges on a plane at right angles there will
be no recoil.
Example i. A ball falls from a height of 100 fect on a horizontal
plane; to what height will it rebound if e=§?
P=1u’+2as;
. PP=2Xx32%100;
. v=80f.-s.
Then the velocity of recoil=¢ x 80=32 f.-s.
v'=u’+2as;
. 0=(32)—2x32x5s;

.5 $=16 fect.
Example ii. A ball having fallen from a height % rebounds g feet ;
6ind % if e= 5. 7* =u? +2as;
W 0=u% —64%x9;
o u=24.

Therefore by Art. 272, velocity on striking=24 x 2=48.
Then, (48)? =o0+2x32x4;
From which Equation, 4= 36 feet.
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ExampLES—LIV,

I. A particle falls from a height of 400 feet; find the velocity of
rebound if e=}.

2. A particle falls from a height of 64 feet; and rebounds to a
height of 48 feet ; finde. *

3. Two particles are let fall from the samie height on a horizontal
plane ; the first rebounds to a height of 16 feet, the second to a height
of g feet ; if e=-375 in the latter casc, find its value in the former.

4. A ball is projected from the floor of a room 18 feet high, it
rebounds from the ceiling and then from the floor, and now just touches
the ceiling again ; find the velocity of projection if e="5 in both cases.

5. A body is let fall from a height of 100 feet, and rises to a height
of 60 Teet after its first rebound. Find (1) the value of e, (2) the time
the body is rising after 1ts second rebound.

6. A billiard ball is driven from the side of a table, strikes the
opposite cushion at right angles, and returns to the first side ; compare
the times of going and returnjng.

7. A ball falls from a height of 100 feet, and hops 4 times on a
horizontal plane ; find the height of the fouith hop if e=4.

8. A ball falls 625 feet and rebounds three times on a horizontal
plane ; find how high it rises after the third rebound 1f e=-4.

9. If two hodies are dropped from equal heights on a fixed horizontal
plane, show that their coefficients of elasticity are as the square roots
of the heights to which they rebound.

10. A pagicle is dropped from a height x, and rebounds again and
again from a horizontal plane. If the coeflicient of elasticity be

T ., show that the whole space described = 9%,
24/2 7

1. Generally, if ¢ be the coefficient of elasticity, find the whole
space described when a particie is let fall from a height 4.

12. A mass of 40 lbs. is thrown vertically upwards with a velocity
of 160 f.-s. At the height of 300 feet it comes into collision with an
equal mass which has fallen through 100 feet ; find the time after the
impact in which each body reacheS“the ground, if e=1.

13. A ball is thrown vertically upwards with a velocity of 20 f.-s.
An equal ball is let fall at the same instant to meet it. They come
into collision in five seconds. Find their origital distance apart, and
the velocity of each body after impact, if e=1.
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OBLIQUE IMPACT UPON A PLANE AT REST.

276. Let a body moving with a velocity « impinge
obliquely on a fixed plane XX,,
and let its path before impact
make an angle 7 with the normal
OY, and after irjact let its
direction make an angle 7 with
X, o < O

The angle # may be called the angle of impact; and the
angle » the angle of rebound. These angles are also known
as the angles of incidence and of reflexion.

Resolving the velocities -along the plane ang at right
angles to it, we have—

Components along the plane, # sin 7; 2 sin ».
» at right angles, » cos /; v cos 7.

Now if the plane be smooth, there is no force acting
parallel to the plane, and therefore the component of the
velocity parallel to the plane is not changed by the impact ;

Soosing=xsins. . . . . (1)

And by Art. 272, wcosr=e.mcosi . . . . (2)

Dividing (1) by (2), we have—

tan 7
tan r="--"";
e

N 4

socotr=ecots .. . . (3.)
This equation gives the direction of the velocity after impact.

To find the magnitude of the velocity after impact.

By equations (1) and (2) we have its two components,
which are equal to # sin’ 7 and ex cos ¢ respectively, and
these are at right angles to cach other ;

v =t sinfi4 et cos? 7
coo=unsintitetcos’i . . . . (4)

NoTE. —The same [esult might be obtained by squaring, and then

adding (1) and (2).
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Cor. L Ife=1;

Then by (3) c6t r=cot .

And we infer that when a perfectly elastic ball impinges
on a plane surface, its Angle of Impact is equal to the
Angle of Rebound.

Also by (4), 7= /sin® 1F-cos?® i=w.

And we infer that its velocity is not altered in magnitude

by the impact.

Cor. II. If e=o0;
Then by (3), cot »=o0;
.. r=g0°
Ard by (4), =u sin Z. Compare equation (1).

We therefore infer that a perfectly inelastic ball will,
after impact, run along the plane, with a velocity equal to
the component of the original velocity measured parallel to
the plane. !

Example i. At what angle must a ball strike a horizontal plane so
that after impact its direction may be at right angles to its former path?
e=4.
(e=4) By Equation (3), cot »=e. cot 7,
but, 7=90°—7;
. tan7=e¢.cot §;
o tan® i=4;
oo tan 7= H
J
. £=30%

Example ii.—A ball falling ., ~rtically strikes a plane whose inclina-
tion to the horizon is cot—* 2, and rebounds horizontally. Find the
value of e,

Let a=angle of inclination. Then the angle of incidence (¢) may be
shown to be equal to a; and »=90°~4.

.*. by Equation (3% cotr=e cots;
.. tanz=e¢.cot?;
.t I=e. cot?d;
but, cot =2, by data;

e=%
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Example iii.—If a ball whose velocity is 60 f.-s. impinge on a fixed
plane at an angle of 30° with the normal, find the direction and magni-
tude of the velocity after impact, if e=4.

Let v=velocity after impact, and 6 the angle of rebound,
Then, equating horizontal components, we have—
60 sin 30°=2sinf; -
and equating vertical components, we have—
} x 60 cos 30°=v cos 0 ;
.~ tan30’=}tand;
. tanf=3tan30°=3 x \%: 3
.* 6=60°.
Then substitute this value of 8 in either of the equations.
We scleet the fist—
" 60 sin 30°=v sin 60° ;

=-—_ =20V3=34-6 f.-s nearly.

Example iv.—A body impinges directly on another ; find the con-
ditions that they may exchange their velocities.
By Article 274, mu+mpu=mo+mov, . . . . . . (L)
and, v—y=—e(u—%). . . . . . . (2)
We must have v=#,, and 7, = .
Then (2) becomes #;—u=—e (v —u,) ;
C.e=1;
and (1) hecomes mise + my2ey=mu, + myu ;
or, m (v —u,) - (¥ —-u)=0;
or, (m—m,) (u—u,)=0;
Now (% —12,) cpprnot be zero,
SCem—-m=0;
or, m=my,
Therefore the condit’ons are, (1) the balls must have equal masses;
(2) they must be perfectly elastic. Compare Art. 274.
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ExamMpPLES—LV.

1. A body impinges obliquely on a fixed smooth plane; determine
the velocity after impact whert the body is imperfectly elastic.

2. A body impinges directly on another; required their velocities
after impact when the bodies are imperfectly elastic.

3. Show that, if two perfectly elastic balls of equal mass moving in
the same straight line impinge upon one another, they will exchange
their velocities.

4. A ball moving with velocity # impinges on a plane, and rebounds

with a velocity ¥ 5 find the angles of impact and rebound, if =L
e W2z V3

5. A spherical body 4 impinges directly upon another sphere B at
rest. A remains at rest while 5 moves on with one-fourth of the
original velocity of 4. Find the value of ¢, and the ratio of the
masses. .

6. What do the results of Example 2 become if e=0?

7. A ball is dropped from a height of 10 feet on a plane inclined at
an angle of 30°; if =13, find the velocity of the rebound.

8. A ball A7 overtakes a ball . They are inelastic. Their
velocities are 5§77 and 47, and their masses as 3:2. After impact find
the velocity lost by A7 and gained by V.

9. A ball falls through 100 feet on a horizontal plane. If e=%, find
its velocity after rising 10 feet, and the time of ascending 6 feet.

10, If an imperfectly elastic ball, moving on a smooth horizontal
plane, after impinging on a fixed vertical hard plane, at an angle of
incidence i, bound off at an angle of reflection }, find the value of ¢,
and the change in its velocity.

11. If two bodies, whose masses are as 2 : 1, and velocities as
1:2 in opposite directions, undergo impact, show that if e=§, each
ball, after impact, will move back with § of its former velocity.

12. From a point at a height %, #eve a smooth horizontal plane,
two perfectly elastic equal particles are projected at the same instant,
with the same velocity v, one vertically upwards, the other vertically
downwards ; find the condition that they may meet again at the same
point, and determine their subsequent motion.

' S
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13. One ball impinges on another ball at rest ; find the condition, in
order that, after impact, their directions of motion may be at right
angles, ¢ being the coefficient of elasticity.

14. A ball impinges on a smooth fixed plane, with a velocity given
in magnitude and direction. If the coefficient of elasticity be ¢, find
the velocity of the ball after impact in magnitude and direction.  *

15. In Example 14 determine the value of ¢, so that the angle of
rebound may be double the angle of impact.

16. A ball 4 impinges directly upon an equal ball B, which strikes a
cushion at right angles to the direction of motion, and, rebounding,
meets 4 at a point half-way between the cushion and its own initial
position. If the coefficient of elasticity between the balls be ¢, show
that that between the ball and the cushion is ;e—_—'i

17. A ball whose mass is 7 impinges directly on a ba!l! whose mass
is m, at rest, and communicates to it six times as much velocity as it
tetains ; if e=1, find the ratio of m to m,.

18. M,, M,, M,, are three perfectly elastic balls placed in order in
a straight line on a smooth horizontal table ; A, impinges on A7, at
rest, and rebounding, impinges on A7, also at rest. If A7,, M, move
with equal velocities, prove that M — A/, =247,.

19. Two balls, whose masses are as 2: I and moving in epposite
directions, collide. If the first ball be brought to rest, and e=}, prove
that their original velocities were as 7: 5.

20. If the balls in Ex. 19 were moving with velocities  and 27
respectively, find the velocities after impact if e=§.

21. The masses of 4 balls are in G. P., the common ratio being 3.
The first impinges on the second at rest, the second impinges on the
third at rest, and so on. Compare the velocity of the first ball before
impact with the velocity communicated to the fourth ball. (e=3.)

22. A and B, perfectly elastic balls, moving in opposite directions,
impinge directly on each other ; if the mass of 4 be double that of 5,
and the velocity of B three times that of 4, find the velocity of each
after impact.

23. A body is formed of matciial such that when it strikes a plane
at right angles, it will rebound with half that velocity. Having been
projected vertically with a velocity z, how high will it rise after the
first rebound?  AniYl supposing it to rebound again and again, find the
sum of a// the spaces it describes.
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24. Using the notation of Article 274, prove that dmu®+ 3mu,? is
greater than §mo?+ 0,2

‘What important conclusion may be drawn from this physical fact ?

25. From the two formule of Art. 274, if #;=0, what conclusions
may be drawn about the motions of the bodies after collision ?

. A mass of 400 lbs. strikes a surface at right angles, with a
velocity at 9o f.-s., and rebolinds with a velocity of 30 f.-s. ; find the
value of the impulse.

27. A mass of 600 lbs. falls through 16 ft. and strikes the ground;
find the magnitude of the blow, if there be no rebound.

28. A mass of 12 tons falls 16 feet and compresses a mass of iron
1 inch ; what steady pressure would produce this effect ?

29. A mass of a ton falls 10 feet and penetrates 4 inches into a sand-
bank ; find the average resistance offered by the sand.

30. mass of 16 lbs. strikes a hard surface with a velocity of
120 f.-s., and rebounds with a velocity of 20 f.-s. ; what blow does it
give the surface?

3I. A mass of 24 lbs. strikes a hard surface with a velocity of 560
f.-s., and rebounds with a velocity of 70 f.-s. ; if the bodies be in
contact for 4 second, find the average stress between them.

32. A mass of 18 bs. falls 64 feet, and rebounds from a hard horizontal
surface to a height of 16 feet ; find the blow delivered.

33. Amass of o Ibs. falls 100 feet, and is brought to rest in % second ;
find the average stress between the bodies.

34. A mass of 31bs. falls 4 feet, and drives a small tack § inch ;
what mass placed on the tack would do this?

35. A mass of half a ton falls 18 feet and compresses a body 8 inches ;

. if there be no recoil, find the mean pressure exerted.

36. A steam hammer whose mass is I8 tons falls g feet, and remains
in contact with a mass of iron for 4 second ; find (1) the average
pressure exerted ; (2) the compression effected.

37. A projectile whose mass is 960 lbs, strikes a plate with a velocity
of 1400 f.-s. and penetrates it 9 inches ; find the average resistance
afforded by the plate.

38. A mass of 10 lbs. moving wjth a velocity of 50 f.-s. strikesa
mass of 20 1bs. moving in the same dir&ction with a velocity of 30 f.-s. ;
if the coefficient of elasticitybe 3, find how much kinetic energy has
been transformed into heat.

39. If in Ex. 38 the masses were 14 lbs. and "8 lbs. respectively,
and they were moving in opposite directions before impact,-how muck
kinetic energy has been transformed into heat?



CHAPTER XIV.
PROJECTILES.

277. A BopY projected with any velocity in any direction,
and acted on by gravity only, is called a Pro_;ectlle

We are to regard the Projectile in the followmg in-
vestigations and Exercises as a heavy particle, and no
account will be taken of the resistanoc caused by the air.

It may be remarked that the resistance offered by the air to the
motion of a Projectile is so great that its neglect in the following
investigations renders the results arrived at of little practical value.
The study of the theory, however, affords a valuable exercise in the

principles of the preceding chapters.
The subject is treated in this Book without introducing Conic
Sections.

278. We begin by defining certain terms which are
constantly used in connection with this subject.

Der.—The Angle of Elevation is the inclination of
the direction of projection to the horizontal plane through
the point of projection.

We denote it by a. (See Fig. of Art. 281.)

Der.—The Range of .~ Projectile is the distance
between the point of projection and the point where the
projectile strikes any particular plane through the point of

projection.
OR is the range. (.See Fig. of Art. 281.)
276
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Der.—The Time of Flight of a Projectile is the
interval between its projection and its striking the plane.
It is usually denoted by 7%

.279. If a body has two uniform velocities, its path will
be a straight line (Art. 136). If a body be thrown vertically
upwards or downwards, although it is subject to the action of
gravity, yet its path is also a straight line, there being no
force to take it out of the vertical line; but if a body be
projected with uniform velocity in any other direction and
gravity act on it, it will describe a c#rved path,

If a body be projected horizontally along OX, with a

unifofm velocity which will cause it to describe the equal
spaces Oa, ab, bc, . . . .iInsuc- 0 a b e X
cessive seconds, then if gravity A
act on it, the body will fall in g
successive seconds through the
spaces 04, AB, BC, . ... which c
by Article Gg, are proportional to
the numbers 1, 3,5, . . . . There-
fore at the endof 1,2, 3, . ... Y
seconds the body will be found at Py Py P ..
If we take smaller intervals of tlme we can determine
intermediate positions of the body, and if the number of
such intervals be infinite, the path will be a continuous
curve, and this path is known to be a Parabola.

G
R

3

280. In considering motion in a curved line situated in a
vertical plane, the point for the student to notice particularly
is that the velocity at any instgnt may be supposed to be the
resultant of two velocities, one Aorizontal, the other vertical,
and that each of these two motions may be treated quite
independently of the other. The horizoatal motion does
not interfere with the action of gravity (see Art. 105), and
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the action of gravity cannot affect motion taking place at
right angles to its own direction.

281. Let a particle be projected: with a velocity=# in a
direction a with the horizon.

Resolving vertically and horizontally, we obtain—
The Horizontal Component=# cos a. ’
The Vertical Component=ux sin q, '
The Horizontal Acceleration=o.

The Vertical Acceleration=—g.
The Horizontal Distance in # sccs. =% cos a x 2.

The Vertical ” ” =usin a X f— %;,n".
The Horizontal Velocity after ¢ secs. = cos a.
The Vertical " " =u sin a—gt.

282. 7v find the Velocity and Direction of its path after
¢ seconds.
Velocity—The Hor. Vel. after # seconds=x cos a.
The Vert. »” ’ =u sin aegt.
Let v be the velocity required.
Then, these two components being at right angles,
v= Ju* cos® a+(% sin a—g7).

Direction.—Let 6 be the inclination of the velocity
to the horizon at the instant,
Then, tan 6= vertical velocity
horizontal velocity’
. tan p=¥SiDO—g
#cosa
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283. 70 find when the projectile is at its Highest Point (A).
This happens when it has no vertical velocity.
We use the formula, s=u+a#;
Soo=usina—gt;
usina
ooi= .-
4
284. 7o find the Greatest Height attained (AB).
This happens when it has lostall its vertical velocity.
We use the formula, 22=#2- 2as;
. o=(#sin a)®—2gs;
__u2sin '*’a.

[ o 20‘

285. 70 find the Time of Flight on a horizontal plane.

The projectile returns to the horizontal plane through
the point of projection in double the time taken to reach
its highest point. (Sez Articles 71 and 105.)

usine (by Art. 283);

.
.

Time to highest point=

T2 sina
& -
Or thus: after the lapse of the Time of Flight the projectile strikes the
plane, and therefore its height =o.
Using s=ut+§ar?, we have
o=usine.7'-}307%;
. T2 sin a
I
286. 70 find the Range on a horizontal plane.
" This depends on the Uniform Horizontal Velocity and
the Time of thht
.% Range=0ORZ .« cosax T;

But, 7=2% ;‘“L“ (Art. 285);

2
i 2
2zsine__2? .
. Range=ucosa x =" sinza,
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287. 70 find the Velocity at the Highest Point.
The Vertical velocity=o.
There remains therefore only its horizontal velocity ;
.". Velocity at its highest point=x cosa;

and at that instant the Projectile is moving korizontally.

288. T find the Velocity at the end of the Horizontal Range.

The vertical velocity on reaching the plane is found by
the formula v=u+al

.~ Vert. Vel. =% sina—g7T"
=usina—g2“ S0 % (Art, 285)
=—wusina. £ . .

The Horizontal Velocity is the same at both ends: viz
% cosa.

Therefore the magnitude of the velocity is the same at
both ends of the Range ; and its direction at the end of the
Range is as much depressed below the horizontal plane as
it was elevated above it at the point of projection ; because,
if 8 and 6, be the directions at the extremities of the Range,

it is evident that—

#sina % sina
tan ="-""- " and tan 0, = .
ucosa ucosa

289. 70 find the Velocity after describing a given vertical
height.

Let the given height=4.

Vertical Velocity= A/«? sin% a— 2¢7,

Horizontal ,, =w#cosa;
.-~ Velocity required = Nu?sin?a—2gk+u?costa
= N —2ghk.

290. 70 find the Direction 5;‘tite motion at a given height,
Let the given height=4.
Let the direction ofenotion make an angle 6 with the horizon.
tan 9= _vertical velocity Nu?sin® a—2g%
horizontal velocity #coso
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291. 70 find the Angle of Elevation which with a given
velocity of projection will give the greatest Horizontal Range.

The Range= ’gsin 20. (Art. 286.)

Because # and g are constant, the Range will be greatest
. when 8in 2a is greatest ;
f.e. when, sin za=1;
or, when za=9o°;
or, when a=45".

202. 70 find the Maximum Range.
2
* The Range:z; sin za. (Art. 286.)

The Range is a maximum when a=45° (Art. 292.)

Let a=45";
Range="'
e Range=—.
§ 4

Example i.—A particle is projected at an angle of elevation of 30°
with a velocity of 240 f.-s. ; find its height after three seconds.
The initial vertical component =240 sin 30°=120 f.-s.
s=ut+hat’;
o% $=120X3—16%0Q;
.*. Height=216 feet.

Example ii.— A particle is projected at an angle of elevation of 60°
with a velocity of 1000 f.-s. ; find (1) the Time of Flight, (2) the Range.

Time of Flight. Vert. velocity= 1000 sin 60°= 50003 f.-5.

v=u+al;
.% 0=5008/3-32¢;
o i=5—°°—\/—5;
L
. T=ﬂ\-/-3—= 54 seconds nearly 3

Range. Hor. Vel.=1000 cos 607 =500 f.-s.
Range= 500 x 54=27,000 feet.
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Example iii.—The Range of a projectile is 1600 feet, the angle of
elevation 30° ; find its velocity of projection.
Let #=Vel. of projection.

Vert. velocity=# sin 30°=%,

N3,

Hor. =ucos3o°=’-‘.z_.

Hor. Rahge_ 1600 x 2
Hor. Vel. unN3 :

«*% Time to highest point= x_69q;
uN3
Now, z=u+at;
W °=_£_3zx1_600_

2 u\/_;,——"
64 x 1600

Time of Flight=

From which equation,3u=243 f.-s., nearly.
Example iv.—The horizontal Range is 1000 feet, the Time of Flight
is 15 seconds; find the angle of elevation and the gieatest height attained.
The body falls in 74 seconds from its highest point.

:=td+iaﬂ=o+ 16_X£2_5_=9°°;

" Greatest height =goo feet,
Vertical velocity, z=u+a?,

»=0+32 :—1—5=z4o f.-s.

Hor. Range _1000_200,
Time of Flight 15 3
Let a=angle of elevation.

240
<% tan a=550=36;

Horizontal velocity =

* 3
.% a=tan-1(3"6).

Example v.—A body is projected with a velocity of 256 f.-s. at an
angle of elevation=a, and passes horizontally over a wall 64 feet high ;
find the value of a.

The vertical velocity =256 sin a.
At the height 64 feet it has lost all vertical velocity.
22=23+ 20¢,
.*. 0=(256 sin a)®*—64 x 64 ;

64x64_ 4y

AT

% sina=%;
.% a=3in~%(}).

.* sinfa=




Projectiles. 283

Example vi.—A body is projected with a velocity of 500 £.-s. ; find
its greatest range on a horizontal plane.
By Art. 291, the angle of elevation must=45".

o Vert. velocity=Hor. vel.= ijo =2500/2 f.-5.
. 2
Time to highest point, v=%+af;
. o=2%oV2—32¢;
. g=250W2,
L —_——————"y
32

«*% Time of Flight=

500V oo s
32

-* Range=Hor. vel. x Time of Flight = 502;/2 x 25002

=9812°5 feet.

LExampres—LVI.

1. A body is projected with a velocity of g6o f.-s. at an angle of
elevation=45"; find its horizontal Range.

2. A body is projected at an angle of elevation=30°, with a velocity
of 1200 f.-s.; find (1) the greatest height attained, (2) the Time of
Flight, (3) the horizontal Range.

3. A body is projected at an angle of elevation=435" with a velocity
of 1600 f.-s.; find (1) the greatest height attained, (2) the Time of
Flight, (3) the horizontal Range.

4. In Example 2, find the direction of the motion after three seconds.

5. In Example 3, find the vertical velocity after four seconds.

6. A body is projected at an angle of elevation sin-*(}) with a
velocity of 600 f.-s., find the horizontal Range.

7. A body is projected at an angle of elevation=60°, and in six
seconds passes horizontally over an object; find the velocity of
Pprojection.

8. A body is projected with a velocity of 320 f.-s., and has a hori-
zontal Runge= 3200 feet ; find the angle of elevation.

9. A cricketer throws a ball with a velocity of 75 f.-s. at an angle of
elevation=30"; how far does he Tmow it?

10. At what angle must he throw it to make the longest possible
¢ throw ’?

11, If he throw it at this angle, find® the velodity if he desires it to
reach the wicket-keeper, who is distant 80 yards. ,
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12. In the experimental proof of the I10-ton gun the muzzle velocity
was 2140 f.-s. ; find the horizontal Range if the gun were elevated at
an angle of 45°.

13. If the horizontal Range be equal to the greatest height attained,
find the angle of elevation.

14. If the horizontal Range be equal to the height due to the velocity
of projection, find the angle of elevation.' .

15. The greatest horizontal Range is 200 feet; find the velecity of
projection.

16. The greatest horizontal Range is 4050 feet ; find the velocity of
projection.

17. If two bodies, projected at the same instant from different points
in the same horizontal plane, be at any moment at the same heig 1t
above the plane, show that their heights are the same at any subse-
quent time. .

18. If the horizontal Range be 3 times the greatest height attained,
find the angle of elevation.

19. A ball is projected at an angle of elevation of 30° with a velocity
due to a fall of 300 feet ; find the greatest height reached by the ball.

20. A body is projected at an angle of elevation=a, with a velocity
of 32 f.-s. ; in what time will the direction of its motion be 4a?

293. We have considered the Range, Time of Flight, ctc.,
on a horizontal plane. We have next to deal with the same
class of problems when the plane through the point of
projection is nclined at an angle with the horison.

294. When the direction of projection makes an angle
with an inclined plane through the point of projection; to
find (i.) the Zime of Flight; (ii.) the Range on the plane;
(iii.) the Greatest Distance of the Projectile from the plane.

w

Tht angle of elevation=a;
The inclination of the plane=g.
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Resolve « along the plane OR a.nd at right angles to it;

»w & » » ”»
Component of along OR=u cos (a—f); ,
” & » =gsinf;
»  at right angles to OR=u sin (a—0) ;
0 ® & ¢ ”» » =g COS B'

The motio. along OR is independent of the motion at
right angles to it. (See Art. 280.)

(1.) Tume of Flight.
When the Projectile is at 4, the greatest distance from
CR, its velocity at right angles to OR=o.
* . v=utal
*. o=usin (a—B)—g cos B-¢;
_u sin (a—f) .
T gecosp
or, 7=2% 50 (0—=f),
’ gcos B
Or, the method at the end of Article 285 may be used.
(i1.) Range.
The Range=0R;
and, OR=OH sec f3;
now, OH=7xu cos a;
.. OR=Txu cos a sec B,
but, 7= 2% sin (a.—,B)
gcos B
.. QR=2%'CO0s a sin (a—f)
o gcos' B ’
(iii.) Zhe greatest dntance above the plane.
Let this distance=x.
Vi=ut4-2as5;

.. o=#" sin* (a—B)—2g cos B-x;



286 Elements of Dynamics,

295. If the velocity of projection be given, to find for what
Angle of elevation the Range is greatest on an inclined plane
passing through the point of projection.

22 cos a sin (a—f0)

gcos? B )
For what value of « is .his greatest?

Now, 2 cos a sin (a—f3)=sin (za—B)—sin 8;

.*. ¢os a sin (a—@B)=4% {sin (20— B)—sin B}.

This is greatest when sin (2a— f3) is greatest ;
f.e. when sin (za—fB)=1;
or, when za—f3= 90: ;
or, when a=9-°—2i’§..

By Art. 294 (ii.) the Range=

Therefore when the angle of elevation=1(9o°+ ), the °
Range is greatest on the plane OR.
Note.—The direction of the velocity of projection therefore bisects

the angle between the horizontal line and that drawn at right angles to
the plane.

200. T0 jind the condition that a Projectile may sirike at
right angles an incined plane through the point of projection.
This happens if it has no velocity parallel to the divection
of the plane, at the instant of striking.
Its velocity due to » along OR=u cos (a—p);
” g =—gsin Bx¢;
now, v=u#-al;
here  the Time of Fllght:z-’-'-‘—;%(% Bf); Art. 294 (i)

2u sin !gj—_ﬁ’) .

.. O=% COS (G—B)—g sin BX g Cos ﬁ '

., 2sin Bsin (a—'ﬁi_ _

..-——_C—O_S—-ﬁ-:—.» =Cos (0. B)
.. 2 tun (a—fB)=cot B.

., And this is the condition required.

.
’
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297. 70 find the Condition that a Projectile may strike an
inclined plane horizontally.

This will happen when it .has no wertical velocity at the

instant of striking.

The initial vertical velocity=w# sin a.

This must be destroyed in the Time of Flight,

’ Now, v=u-+a?;
_g2usin (a=B)

 gcos B’

.*. sin a cos B=2 (sin @ cos B—cos a sin B);
.. 2 cos a sin B=sin a cos B;
R .*. 2 cot a=cot 3.

And thls is the condition required.

Example i.—A parlticle is projected with a velocity of 800 f.-s. at an
angle of clevation=60°; find its Range up a plane whose inclination
is 30°

3 Comp. of Velocity at right angles to OX (see Fig. of Art. 294)

=800 sin 30°=400 f.-s.
Comp. of Gravity, at right angles to OX'=32 cos 30°=16V3.
To find time to greatest distance from O&

.. o=u sin a

v=u+tal;
.. 0=400—I6V3.¢3
s =_i5
V3
scLoI'=28= —5—9:
. 3 l
Now, 04 =800 cos 60° x T=800x;><-57§_»=39‘:7?l-°.
Then, OR=0H sec 30°=229Px_2 3 feet.
] ) "/3 ~/3 31333

Example ii.—A body is projected in a direction making an angle
of 30° with a plane whose incliwttion to the horizon is 45°, the Range
being 250 feet ; find (1) the velocity of projection, and (2) the Time of
Flight.

To find Velocity.—Let u=Velocity of projection.

Velocity at right angles to OR=w sif 30°= -
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Comp. of Gravity at right angles to OR=16V2,
Now, 2=u+as;

coo=X16V2.¢;
2z

% I= nd
32vz *
oo T=2¢= nd —
162

OH =250 cos 45° ; also, OH=ucos75°x T';
. 1 V3-1 u
e 250X — =g, 2 __ X ]
5 V2 Wz 16v/z
From which, »=124 ft., nearly.
To find Time of Flight.—Then T'=—2 124

16V 16vz
From which, 7'=5.6 sec., nearly.

Example iii.—A ball falls from a height % on a plane whose inclina-
tion is #; find the range on the plane after the first rebound, when the
coefficient of elasticity is e.

Velocity on striking at B=a/2g#.

Let this be denoted by 2.
Consider motion parallel to the plane,
The velocity along the plane is not

changed, and=#sin 7.
Consider the motion at right angles
to the plane.
Vel. of approach=# cos i,
,s recoil=e.%cos .
To find time of flight, v=#+a¢;

o% O=cuco8i—-gcosi.l;

% t=.iu—;

o T2
4 .
The range BD is given by the formula, s=u¢+ $as?,
o% R=usinix T+4gsinix 7%,
2
=y sinixz—;-“+§gsinix4‘::;‘;
. and this reduces to 4¢% (1 +e¢) sin s,
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ExamMpLES—I.VIIL

I. A body is projected at an angle of elevation=75° and with a
velocity of g6 f.-s.; find when it will be 30 feet above the point of
starting, and the distance between its positions at thosec moments.

2. A particle is pro;ected at an angle of elevation=45°" and with a
velocity of 180 f.-s.; find its” Range and Time of Flight on a plane
through the point of projection whose inclination is 30°.

3. Find the maximum Range on a plane inclined at an angle of 30°,
if the velocity of projection be 300 f.-s.

4. With what velocity must a projectile be fired at an angle of eleva-
tion=30° in order that its Range may be 2600 feet on a plane whose
angle of inclination=sin=" (g5)?

5. Ifethe greatest Range of a projectile on a horizontal plane be 58815
fect, find its greatest Range up a plane whose inclination is 30°.

6. A particle is projected with a velocity # at an angle of elevation
a; find (1) its least velocity, (2) the direction of its path at that
moment.

7. In the last Example, find the distance of the projectile from the
point of projection at that instant.

8. If the velocity of projection be the same, compare the greatest
Ranges on a horizontal plane, up a plane whose inclination is 30°, and
up a plane whose inclination is 45°

9. Find the velocity of projection and the angle of elevation in order
that a projectile may pass through a point with no vertical velocity.

10. Compare the greatest Ranges on a horizontal plane and up an
inclined plane whose inclination is 60° the velocity uf projection
being the same in both cases.

II. A partfcle, being projected with a velocity # at an angle of eleva-
tion a, just grazes the edges of a cube of which the edge is x, and
which stands on a horizontal planc ; show that

2% =44° cos® a (2 sin*a - 2xg).

12. A stone is thrown from the top of a tower 32 feet high at an

angle of elevation=30°, with a velexity of gé .-s. ; find its velocity

and direction of motion on striking the hor?zontal plane through the
foot of the tower. o

13. If the greatest Range straight down a plane be three times the
greatest Range up, show that the inclination of the plane is 30°
" T

N
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14. If a gunbe fired at an elevation 6, where 8 is very small, so as to
hit a mark on the ground at a distance @, and & be the range when fired

at an angle of 45°, prove that = ;az_ nearly.

I5. A particle is projected with a velocity of 40 f.-s. from a given
point 4 in order to hit a point 10 feet in front of 4, and 15 fect above
4 ; find the angle of elevation.

16. Two particles are projected with equal velocities at the same
instant from the same point. Their horizontal Ranges are the same,
and their Times of Elight are as ¥/ 3 : 1; find the angles of elevation.

17. A particle projected at an angle of elevation=75° fell, at a dis-
tance of 250 feet, on a plane passing through the point of projection
whose inclination was 45°; find the velocity of projection and the Time
of Flight.

18. In what time will a shell, projected at an angle of elevation=30°,
obtain a Range of 3000 feet on a horizontal plane?

19. A particle is let fall on an inclined plane, and its range on the
plane after rebounding is § the space fallen through before impact ;
if =3, find the inclination of the plane.

20. A particle falls from a height x on a plane whose inclination is 30°;
after rebounding it strikes the plane again ; show that its Time of Flight
on the plane is equal to twice the time of its fall, ife=1.

u
8

‘. 21. In Ex. 20 find the Range on the plane.

22, A ball is projected horizontally from a height of 100 feet with a
velocity of 100 f.-s. After its first rebound it describes a horizontal
distance of 40 feet ; find the value of e.

23. A ballis projected from a point in a horizontal plane and rebounds
twice. If the second Range is equal to the greatest heigh* to which the
ball rises, show that tana=4¢, if a is the angle of projection and ¢ is
the coefficient of elasticity.

24 A heavy particle is projected from the foot of an inclined plane
at an angle 0 to the plane. The inclination of the plane to the horizon
is @. Show that, if the particle when it strikes the plane is moving
perpendicularly to it, tan 6=} cot a.

25. If a particle be projected ¢z wacuo with a velocity P at an angle
a to the horizon, find the greatest height to which it attains, and the
time which it takes in so doing.

Apply your formule when a=15°, and V=500 {.-s.
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26. An inclined plane passes through the point of projection of a
projectile, and is at right angles to the plane of motion ; find the Time
of Flight, and the Range on the plane.

27. If, in Ex. 26, £ be the inclination of the plane, and if the projec-
tile impinge perpendicularly on the plané, show that the Range on the
plane is g_.._(zf':(zl——r’;i;) ¥ where 2 is the velocity of projection. .

28. A man standing a feet from a wall whose height is %, fires arifle.
The bullet just clears the wall, and reaches the ground a feet beyond it ;

prove that the elevation of the rifle must have been tan"‘(-i—h-).

29. 4B is the Range of a projectile on a horizontal plane; show
that if # be the time from A to any point of Pof the projectile’s path, and
¢, the time from P to 7, the vertical height of /> above 4B is §gtt;.

(Note.—This useful result is known as the ¢ Student’s Formula.’)

30. Determine the anglc of elevation so that the Range on a plane
inclined at an angle of 15° may be the greatest possible.

31. If a body be projected in such a direction that the Range on a
horizontal plane is the greatest, show that the direction of motion on
striking the plane is perpendicular to the direction of projection.

32. If the velocity of projection be given, show that the horizontal
Range is the same, whether the angle of elevation he (3w +a), or
(4 —a). Prove this, and compare the Times of Flight.

33. Show that the greatest possible Range on a plane whose inclina-
tion is 7 of a body projected with a velocity due to a fall from a height 4

24

I+sinz .

34. If R be the horizontal Range, and 7" the Time of Flight, show’
that when the angle of elevation is a, tan ¢=‘%11: .

35. A particle is projected at an angle of elevation=a, with a
velocity =%, and it strikes a wall situated at a distance x feet; at
what height does it strike it?

36. Having given the Range (X) on a horizontal plane and the
initial velocity («), find the anglegf elevation and the Time of Flight.

37. Find the condition that for a given horizontal range the velocity
of projection may be a minimum.

38. With a given initial velocity, show that the greatest Range on a
horizontal plane is half the greatest range down a plane whose inclina
tion is 30°



CHAPTER XV.
WORK AND ENERGY.

298. THE cffect of a force considered as acting on a body
for a given ftime is called Momentum ; whereas the effect
of a force considered as acting on a body through a given
space is termed Work. :

209. An Agent is said to do Work when it causes the
point of application of the force which it exerts to move
through a certain space. Z£.g, a carpenter does work in
planing wood ; gravity does work when a stone falls; a
projectile does work when it penetrates a mound of earth.

It will be noticed that both force and motion are necessary
for the production of work.

Hence it follows that a stone resting on the ground does
no work, because, although there is force, yet there is no
motion. Steam at high pressure in a boiler is doing no
work for a similar reason. A body which is moving with
uniform velocity is doing no work, because, although there
is motion, yet there is no force. (See Art. 92.)

300. Work s measured by the product of the numbers de-
noting the force and the distance through which it is exerted.
If 7 denote the magnitude of a force, and s denote the
space through which it acts, tl.an '
No. of Units of Work done=Zs.
301. Now for certain purposes it is very convenient
to measure force in terms of a Pound Weight as unit.

Engineers in this country invariably adopt the gravitation
292
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measure of force. The Unit of Work used by British
engineers is called a foot-pound. )

Der.—A Foot-pound s ke work done in overcoming
through 1 foot the resistance caused by gravity on a pound of
matfer. In other words, it is the work done in lifting a
pound of matter a foot® high, or in overcoming a Pound
Weight through a distance of one foot.

When several forces act on a body, some in the direction
of the body’s motion, and the rest in the opposite directions,
the former may be said to do positive work, the latter
negative work ; and the fofal work done on the body is the
Algebraical Sum of these works.

We iight have defined a ¢ Foot-pound’ as the work done
by gravity on the body when a pound of matter falls verti-
cally through one foot.

302. A foot-pound is a gravifation unit, and is a suitable
measure of the work done by an engine or by a labourer
where absolute accuracy is unnecessary. The objection to
this unit for the scientific measurement of Work is, that its
value depends on the local value of gravity. To measure
Work in a uniform and consistent manner, we must use as
unit the work done by the Kinetic Unit of Force exerted
through the Unit of Space. (See Art. 310.)

For the, present the student will consider Work as
measured in Foot-Pounds.

Example i.— Find the work done by gravity when a mass of 6 lbs.
falls through a height of 10 fect.

Units of work expended = Fs=6 x 10=60 ft.-lbs.

Example ii.—IHow many unitj of work are expended in raising
20 lbs. through 8o feet?

No. of units of work =20 x 80=1600 ft.-1bs.

Example iii.—If the pressure on a piston be go Ibs. per sq. in.,
the area of the piston be 40 sq. in., and the length of the stroke be
2 feet, how many units of work are yielded per stroke?

No. of units of work =20 x 40 x 2=1600 ft.-lbs.
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303. Now, on comparing the results of the last two
examples, we infer that any agent which raises 20 lbs.
through 4o feet will do the same amount of work as is done
by the engine at each stroke.

Yet if the agent in Example ii. Zakes longer to do this
work than the engine in Exampl¢ iii, we know that the
Dpower of the two is not the same.

Der.—The Power of an agent is the rate at which it
can do work.

Hence to make a complete comparison between the
working power of two agents, we must take account of the
#ime in which the work is done. o

304. Thus in the examples referred to, if the agent in
the first raise 200 lbs. through 8o feet /% @ minute, and the
engine make 10 strokes a minute, each will perform 16,000
units of work iz tie same time, and therefore the two agents
are capable of yielding exactly the same amount of work.

1t follows then, by our definition, that the true measure
of the working power of any agent i$ the number of units
of work yielded in a given time.

305. Hence in measuring the working power of machi-
nery, we must consider not only the work done, but also
the #ime in which the work is done. When a comparison
of the working powers of machines is required, the following
definition becomes necessary.

Der.—A4 Horse-Power is the power of doing 33,000
Joot- pomul: per minute ; or, 550 footpounds per secand,’

An engine of x horse-power can therefore perform
2% 33,000 foot-pounds per miaute; or, 550x foot-pounds
per second.

Formula for working Train Examples.

H.P.x 550="20tal Resistance X Speed of train per seond.

Each side of this Equatnon is the measure of the work
done per second.
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Example iv.—Find the horse-power of an engine which will raise
660 cubic feet of water in an hour from a depth of 480 feet, a cubic
foot of water weighing 62§ Ibs.

Let x=horse-power required.
‘Work yielded by the engine in 1 hour=ux x 33000 x 60 ft.-1bs.
‘Work to be done=660 x 62} x 480 ft.-lbs.
o Thesg Works are equal.
.*. £% 33000X% 60=660x 621 x 480; .°. x=10 H.P.

Example v.—Find the H.P. of a locomotive which moves a train
of 50 tons at the rate of 30 miles an hour along a level railroad, the
resistance from friction and the air being 16 1bs. weight per ton.

A velocity of 30 miles an hour =2640 feet per minute.
Let x=horse-power of the engine ;
. x X 33000=16X50x2640; .. x=64 H.P.

Examplewi.—Find the 11.P. of a locomotive which moves a train
of 44 tons at the rate of 30 miles an hour up an incline of 1 in 100, the
resistance caused by friction being 15 lbs. weight per ton.

The work done per minute =(weight lifted + friction overcome) x 2640.
The part of the weight lifted = (44 x 2240 sin z) Ibs. weight.
The resistance overcome =44 x 15 lbs. weight.
Let x=horse-power of the engine ;
.%. X X 33000=(44 X 2240 X 115 + 44 X 15) X 2640.
From which equation, x=131-6 H.P.

306. THEOREM.— Z%¢ work done in drawing a body up a
smootk inclined plane is equal to the work done in raising the
same body through the vertical height of the plane.

Let I be the weight of the body, / the height, and Z the
length of the plane.
"The resistance=component of the weight along the plane
. =Wsini .
The work done in drawmg the body along the plane
: = W sin{ x length of the plane.

_Wxé Y Ad

= Whk.

=weight x height of the plane.

=work done in lifting the body through the
vertical height of the plane. (Q.E.D.)
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307. THEOREM.— The work done in drawing a body up a
rough inclined plane is equal to the work. done in drawing
the body along a rough horizontal plane egual to the base of
the plane, logether with the work done in lifting the body
through the height of the plane.

Let W be the weight of the body,
and pu the coefficient of friction.
Then the Work done in drawing the body up the plane
=(Wsini+p W cosi)l
=W h+pd) . . . . (1)
Where / is the height, / is the length and bis the
base of the plane.
The Work done in drawing the body along the horizontal
plane=pi¥% . . . L (2)
The Work done in lifting the body up a dlstance k
=Wwhr . . . . . (3)
The sum of the Works done in (z) and (3) is evidently
equal to the Work done in (1). (Q.E.D.)

If 2 man weighing 14 stones ran up a staircase so as to rise vertically

3 feet per second, he would do 588 ft.-lbs. per second. If he kept this

up for a minute, he would do 35280 ft.-lbs., 7.e. he would do more

work for that time than a horse can keep up, and, it is estimated, not

“less than 75 times the work which a labourer toiling continuously can
perform when lifting earth with a spade.

t

ExampLEs—LVIII.

NoOTE.—A cubic foot of water =624 Ibs.

1. Find the work expended in raising 50 lbs. vertically through
6 feet.

2. Find the H.P. of an engine which will raise 352 cubic feet of
water per minute from a depth of 75 feet.

3. Find the H.P. of an engine which will raise 6000 cubic feet of
water per hour from a depth of 500 feet.
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4. A locomotive draws a train of 70 tons at the rate of 15 miles an
hour ; the resistances amount to 8 Ibs. weight per ton ; find the . P. of
the engine.

5. An engine is required to raise 100, 80, and 30 cubic feet of water
per minute from depths of 180, 150, and 110 feet respectively ; find
the H.P. of the engine.

6. Find the speed at which a locomotive of 35 H.p. will draw a
train of 80 tons along a level railroad, the resistances amounting to
10 Ibs. weight per ton.

7. An engine whose H.P. is 30 will draw a train at the rate of 30
miles an hour against a resistance amounting to g Ibs. weight per ton ;
find the mass of the train and engine.

8. An engine of 25 H.P. draws a train of 45 tons at the rate of 20

, miles an hour ; find the resistance per ton.

9. 1f an eangine draw a train of 50 tons at the rate of 50 miles an
hour against a resistance of 8 Ibs. weight per ton, find its horse-power?

10. An engine of 300 H.P. draws a train of 112 tons up a slope rising
1 in 280, the friction amounting to 12 Ibs. weight per ton; at what
speed is the train travelling ?

II. An engine of 267 H.P. draws a train of 89 tons at a uniform speed
of 28}} miles per hour up a slope ; find the slope if the resistance due
to friction amount to the weight of 11 Ibs. per ton.

308. THLOREM.—/f a number of weights be raised
through different heights, the amount of work dome is equal
to that whick would be done in raising a weight equal to
Yhe sum of the weights through the height through whick the
C. G. of the weights has been lifted.

Let ;/V,, W, Ws,, .. .. be the several weights,

X1, X4, Xy, . . . the heights of their C. G. above a given plane ;
and % the height of their C. G. above the same plane.
Then (Art. 196)—

(Wx+ W+ I/Va""---)/l: Wix 4+ Woxs 4 Wexs+ . . (1.)

Now let the weights be lifted to heights &, £, ,...above
the given plane, and their C. G. to a hejght a above the
same plane.
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Then—
(Wit Wat- Wt ...) a= Wiki+ Wik Wikt . . (2)
Subtracting (1) from (z) we have—

(W + W,...) (a—k)= Wik —x,)+ Wika—x)+ . . .

Now the left-hand member of this equation represents
the work done in lifting a weight equal to the sum of the
weights through the height through which their C. G. is
raised, and the right-hand member gives the total work
expended .in lifting the several weights; and thus the
theoremr is established. (Q.E.D.)

NoTe.—In transporting heavy bodies along a level rail-
way, the principle of this theorem holds good, ‘because in
this case also the resistances overcome vary directly as the
weights.  (Sec Art. 259.)

ExaMPLES—LIX.

1. Find the work expended in digging a hole 16 feet deep, the area of
section being 5 sq. feet, if the weight of a cubic foot of earth be 75 lbs.

2. Find the work expended in raising the materials for building a
column 120 feet high and 135 feet square, if a cubic foot of the materials
weigh 140 Ibs.

3. A shaft whose diameter is 14 feet is sunk through 600 feet o&
chalk ; find the work done in raising the materials, the mass of a cubic
foot of chalk being 145 lbs.

4- In what time would an engine of 20 H.P. empty 2 shaft filled with
water, the depth being 400 feet, and the diameter of the shaft 7 feet?

S A railway is 120 miles long; every year 3000 tons of rails are
distributed equally along the line. How much work is expended in
transporting the metal from a store at one end?

6. How many journeys of 120 miles, performed by an engine of 40
tons, will the work expended in Ex. 5% >present, the resistance amount-
ing to 10 Ibs. weight per ton?

7. At what mate can an engine of 30 H.P. draw a train of 50 tons up
an inclined plane rising I in 280, the resistance amounting to 7 Ibs.

weight per ton?
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8. A horse drawing a wagon at the rate of 2 miles per hour exerts
a traction of 154 Ibs. weight ; find the work done per minute.

9. A train is kept going on a level railroad at the uniform speed of
45 miles an hour, the resistances amounting to the weight of 1} tons.
‘What power is the engine developing?

10. A rope, whose mass is 3 Ibs. per fathom and whose length is 120
feet, hangs freely over the edye of a cliffi. 'What work is done in haul-
ing the rope to the top of the cliff?

1I. A cable, consisting of 1000 links, each 6 inches long and weigh-
ing 4 lbs., hangs vertically from a viaduct ; find the work done in
raising the cable to the roadway.

12, The curtain of a stage is 30 feet long, 20 feet high, and weighs
2 Ib. per square foot ; find the work done in gathering it to the level

- of its upper edge.

13. Five e.ngines, whose combined H.P. is 1310, pump water from a
depth of 73 fathoms; find the number of gallons raised per hour.

Note.—A gallon of water=10 Ibs.

14. Twenty men, by means of a treadmill, pump water to a height of
40 feet. In what time will they raise 10,000 gallons, supposing that
one-third of the work is useless through friction, and that each man
yields 3900 units of work per minute ?

15. A coal-pit 1200 feet deep is flooded by a feeder discharging
900 gallons per minute at the bottom ; if the united pumping power
of the engines be 400 H.P., but the engines are in such bad condi-
tion that only 60 per cent. of their nominal H.P. is useful, what will
be the result of the work ?

16. An engine of 10 1L.r., working 10 hours a day, supplies 2500
houses with.water, which it raises to a mean level of 50 feet ; required
the average supply to each house. (A gallon of water= 10 Ibs.)

309. When strict accuracy is necessary, as in estimating
the Work done by an electric current, Work must be
measured in terms of the Absolute or Kinetic Unit ot
Work. (See Art. 302.)

310. DEF. 7% Absolute unit of Wosk s 4e work done
by the Kinetic unit of force exerted through the unit of space.
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The British Absolute Unit of Work is therefore the work
done by a Poundal exerted through a foot.
This unit of work is called a * Foot-poundal’’
In the C.G.S. system, the Absolute Unit of Work is the
work done by a Dyne exerted through a centimetre.
This Unit of Work is called an ¢ Erg.

311. If a force of / poundals be exerted through a
distance of s feet, then— )

The number of Absolute Units of work expended

=F5s foot-poundals.

Note.—If the force be expressed in Dynes, and the distance in
centimetres, then the work done=Fs ergs.

Example vii. —Find in absolute units the work done in raising a
mass of 10 lbs. through a height of 20 feet at Greenwich, where
£=32-191.

‘Work done=/#5=10Xx 32-191 X 20
=6438-2 ft.-poundals.

If the mass were raised in the island of Trinidad, where g=32-091,
the work expended would be 6418-2 foot-poundals.

312. Der.—Energy s the capacity to do wark A
moving body must have a power to overcome resistance
through some space, therefore a moving body has the
capacity of doing work, and therefore possesses Energy.

313. Let a body whose mass is m, having started with a
velocity u, be acted on by a force F, and having descrived a space
s, let its velocity be v ; to find an expression for the work done.

We know by Art. 63 that 22=2#%42as;
. mt=mudemas
but ma=F. (Art. 124, 128.)
o dm=dml Fy ;L LS=(dmot—Ymad).

Now Zs dénotes the work done by the force # acting on
the body while the body describes the space s. If we call the
quantity 4m2? (i.e. half the mass multiplied by the square of
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the velocity) by the name Kinetic Energy, we may draw the
following conclusions from the equation now established—

(1) If Fact in the direction of the motion of the body, we
must take the positive sign ;

.. Work done=3mo%—3mau?;
therefore Work done is measured by the increase of the
Kinetic Energy of the body.

We infer, therefore, that the Kinetic Energy developed
is the proper measure of the work done by any force which
is wholly expended in producing motion.

{2) If F act in the direction opposite to that of the motion
of the Bodysthen we must take the negative sign ;

.. Work done=4mu2—{mz2

The force in this case, instead of doing work on the
body, acts as a resistance which the body in its motion
overcomes. Therefore the Work done has been done at the
expense of the Kinetic Energy which has been transformed.

A moving body can do work in overcoming resistance,
and the Work done is measured by the decrease of the
Kinetic Energy.

(3) 1f the body start from rest, then u=o0;

) .. Work done=14%m2z?,
i.e. Work done is measured by the Kinetic Energy developed.

(4) If the body is brought to rest, then v:=0;

.. Work done=3}mu?,
7.e. the Work done is measured by the Kinetic Energy
which the body had when the resistance began to act,

We may see now the reason why the quantity $mo? is
appropriately called the Khetic Energy* of the body.

The Energy of a body is its capacity or power of doing

® The term Energy, to denote in a precise sense the quantity of Work
which a system can do, was introduced by Dr. Young.
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work. This capacity may be due to several causes, such as
the body’s motion, position, heat, electrical state, and so on.

The Kinetic Energy of a moving body is the power it
has of doing work in virtue of its motion. This power ot
doing work is exactly measured, at any instant by mu?,
where o is the velocity at that instant.

Therefore, if the Kinetic Energy of a body be denoted
by £, we can say that

. E=}m’

314. When a body is at rest at a height above the ground
it has a power of doing work owing to the force of the
earth’s pull on it, and we infer from our definitior. of Energy
that it has energy of some sort. Now Energy due to a
body’s position, relative to the earth or otherwise, has beeh
variously termed ¢ Possible Energy,’ ‘ Energy of Position,’
‘Energy in Store,” and finally ‘Potential Energy’ by
Professor Rankine. This last is the term in most familiar use.

315. The work expended in raising a mass of » lbs. to a
height of s feet=mgs. foot-poundals. (Art. 311.)

Now if the mass be let fall from the height s, and its
velocity on reaching the ground be z, the Work done by
gravity on the body will be measured by the Kinetic Energy
acquired by the body, jfe. by #mz? foot-pounda]s [Art.
313 (3)] Now #2=12gs;

.. Work done by gravity=34m x 2g5= mgs foot-poundals

So that the body by its fall acquires sufficient energy to
reproduce the work expended in raising it to the hesght from
which it fell.

316. Thus none of the work ¢xpended in raising a body
to any height is lost, but is all stored up in the body. It
the body be let fall, it gradually loses its Potential Energy
and acquires Kinetic Energy, until on returning to the
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ground, having parted with all its Potential Energy, it is in
possession once more of an equivalent amount of Kinetic
Energy.

A numerical example may make this somewhat clearer.

If a mass of 10 Ibs. be raised to a height of 144 feet at a
place whete g=32.2, tife work expended=10x 32:2x 144
=46368 foot-poundals.

To show that this amount of work is stored up in the
body in its new position—

If let fall, it will strike the ground with a
Velocity = 1/64-4 x 144 f.-s.
- its KL E.=4 x 10 % 64-4 x 144=46368 foot-poundals.
Thus the K. E. gained is equal to the P. E. lost.

* And it may be easily shown that, at any point of the
body’s ascent or descent, Fhe sum of the K. E. and P. E.
is 46368 foot-poundals.

317. The following are instances of bodies possessing Potential
Energy:—A stone resting on, a wall, or imbedded in a vertical cliff—
A bent crossbow—A bent spring—Compressed air—The weights of a
clock when wound.

The following are cases of bodies possessing Kinetic Energy:—A
projectile when fired—Air in motion—Water in motion—The Earth
moving through space.

The following may be cited as Stores of Energy :—A head of water
—The tides on a coast—An electric battery—Food—Coal and wood
used as fuel—A charge of gunpowder.

318. Let us next consider the case where, apparently,
Kinetic Energy is lost and no, equivalent is obtained ; for
instance, when a ball falls \dead on a hard surface. We
may ask what has becomeff the Energy, because seemingly
no work has been done/ Recent advances in physical
science enable us to answer that the Kinetic Energy has
been transformed into another kind of *Energy, which we
name eat.
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319. Dr. Joule’s experiments have established the ex-
tremely important fact that the amount of heat capable of
raising the temperature of a pound of water from 60° to
61° F. corresponds to 772-43 foot-pounds of work.

In other words, if 772-43 lbs. be allowed to fall through
a foot, and the work done in ‘the descent’ be exclu-
sively used in imparting heat to a pound of water by a
rotating paddle, or otherwise, the result will be that the
temperature of that amount of water will be raised from 60°
to 61° F.

The Heat of a body is explained as being the vibratory
motion of its molecules through very small spaces.

320. The above is a case of the Transformation of
Energy.

The following additional illustrations may be given :—

1. When a hammer strikes an‘anvil, its eneigy is changed into Heat.

2. When a train has the steam shut off, and the brakes bring the
train to rest on a level railroad, the whole of the K. E. has been
changed into Heat.

3. If the train had gone a certain distance up a slope before the
brakes stopped it, the K. E. would be changed partly into Potential
Energy and partly into Heat.

321. The case of a body being raised and thus becoming
possessed of Potential Energy, and falling and tHus acquir-
ing its original Kinetic Energy (Arts. 315, 316), is a simple
case of an extremely important modern generalisation known
as the Conservation of Energy.

This may be stated as follows :—

¢ The total Energy of any systtm is a quantity which can
neither be increased nor diminished by any action between
the parts of that sgstem, though it may be transformed into
any of the forms of which Energy is susceptible.’
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322. Dr. Joule proved the law according to which Work may be
changed into Heat. Sir W. Thomson and others have given attention
to the law by which Heat may be changed back again ‘into Work. But
there is a most important difference between these laws. While all
the Work expended can be transformed into Ileat, by no method can
all the Heat be changed back again into Work.

If a hammer strike a nail, we cannot recover the heat evolved by the
blow.

Now no machine can be made to move without friction; and from
this follows the impossibility of ever constructing a piece of mechanism
which will go for ever: in other words, perpetual motion is a thing
impossible. The Kinetic Energy of any machine left to itself will
eventually be tiansformed into the Energy of I1eat.

323 Let this consideration be also applied to the system of which
the sun is the source of encrgy. The sun’s rays have given us vast
stores of energy in various forms, such as Fuel, Tides, animal and
vegetable Food, and so on. From the sun’s energy in the past and in
the present are thus derived the activities of our earth. The energy
given out by the sun is estimated at 500 11 P. from every square yard of
its surface. If the sun continue to give out more heat than it receives,
it must become cooler in process of time, If the high temperature be
due to the shrinking of its mass, there must come a time when the
universe will becomne an equally heated mass, and, of course, not then
adapted for the production of Work, since such depends on the dif-
ference of temperature. ’

The student is advised to read the late Professor B. Stewart's Con-
servation of Energy.

Example viii. —Find the energy of a body whose mass is 10 lbs.,
and moving with a velocity of 3o f.-s.

E=}mv*=1 x 10 x 30°= 4500 foot-poundals.

Example ix.—A projcctile travelling at the rate of 700 f.-s. pene

trates to the depth of 2 inches; ﬁnd. the velocity necessary to pene

trate 3 inches.
Let 7 be the resistance offered to the penetration.

Then gs=3m2
In the first case, £ x v’ =47 (700)%
In the secom‘iz;’ Fxfe=4m?;
o’ m=—; H
From this equation, »=857-4 f.-s.
U
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The following Examples will show how the ¢ Principle of Work * may
be applied to solve many questions :—

Example x.—A mass of 8 lbs. is rolled on grass with a velocity of
12 f.-s. If the resistance be gyth of the weight, how far will the body
move?

Fs=3mu*;
P x8gxs=—§x3x128;
. s=22}% fect.

Example xi.—The last carriage of a train gets loose while the
train is running at the rate of 30 miles an hour up an inchne of 1 in 150.
If the resistance from friction amount to 3}y of the weight of the
carriage, how far will the carriage ascend the slope?

Let m =mass of the carriage ;
mg=weight ”»
and 44 f.-s. =velocity  ,,
Then Fs=1im;

me
.t (300+ mgsxm) xs=4§mo*;

(3232 s s
(300+ l,o) X s=4% x 44%
From this equation, s=3025 feet.

Example xii.—Through what space must a force equal to § 1b.
weight act on a mass of 48 lbs. to increase its velocity from 24 f.-s. to
36 f.-5?

Fs=3mo? — $mud,
codoxs=3x48 %3673 x48 x24%;
From this equation, s=1080 feet.

ExamprLEs—LX.

1. What is the energy of a mass of 10 Ibs. moving with a velocity of
1of.-s.?

2. What energy does a mass of 300 Ibs. possess if its velocity be 6o
f.-s.?

3. Express in foot-pounds the energy stored up in a mass of 30 Ibs.
restmg on the edge of a cliff 140 feet high.

4 By how much’is the energy of a hundredweight of matter increased
when raised vertically through 10 feet?
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5. Find the increase of energy when 56 Ibs. are raised along a smooth
plane 300 feet long and inclined at 30° to the horizon.

6. A projectile whose mass is 64 lbs. leaves a gun with a muzzle
velocity of 1200 f.-s.; what work is stored up in it at that instant ?

7. The mass of a cutter is 2} tons ; she carries 13 men weighing on
an average 104 stones ; find her energy when moving with a speed of
4 miles an hdur. °

8. A mass of 6 1bs. falls freely from rest ; by how much is its kinetic
energy increased between the 3d and the 8th seconds?

9. Find the work done by its weight on a mass of 8 1bs. falling from
rest at a height of 10 feet.

10. A mass of 10 lbs. falls for 6 seconds ; what work has been done
on it by its weight?

11. T,wo masses of 10 1bs. and 6 Ibs. respectively are connected by
a light string bver a smooth peg; what work is done by gravity on the
system in 4 seconds?

x2. Two masses of 3 lbs. and 2 lbs. respectively are connected by a
light string over a smooth peg ; find the work done on the system by
gravity in § seconds.

13. In Ex. 11, what work can the 10 Ibs. do after motion has lasted
for 8 seconds?

14. What work (in foot-pounds) is stored in a tank 100 feet long,
50 feet wide, and 8 feet deep when full, the base being raised 18 feet
from the ground? (A cubic foot of water==62% lbs.)

15. In pile-dnving 40 men raise 2 hammer 15 times in an hour, its
mass being 12 cwt., and the height to which it is raised is 110 feet; find
the work done by each man in a minute.

MISCELLANEOUS EXAMPLES-LXI.

1. A body whose mass is 25 lbs., moving with a velocity of 30 f.-s.,
meets a constant resistance equal to the weight of 4 Ibs. ; how far will
the body move? .

2. A ball lies on the deck of a ship, and is observed to roll back-
wards 25 inches ; if the friction between the ball and the deck be vy
of the weight of the ball, find l‘w much the velocity of the ship has
changed.

3. If two bodies, moving with the same velocit{, possess between
them x units of work, show that if their masses be m and m,, the
mx

tm

number of units of work accumulated in 2 is p
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4. When a particle slides down a smooth inclined plane, show that
it loses none of its energy.

5. If a projectile of mass 64 Ibs., and moving with a velocity of 1200
f.-s., penetrate 4 inches into a target, find the resistance.

6. A body slides down a plane whose height is 15 feet, and length
25 feet ; how far will it slide along a horizontal plane at the foot, if the
coefficient of friction for both surfaces be }, and no velocity be lost on
passing from the slope to the level ?

7. The mean pressure in a steam cylinder is 30 Ibs. weight per square
inch, the area of the piston is 1000 square inches, the stroke is 3 feet,
and 45 double strokes are made per minute; find the H.pr. of the
engine.

8. A body runs from rest down an incline of 1 in 100 for one mile ;
how far will it be carried along the level at the foot of the incline, sup-
posing the resistance to be 8 1bs. weight per ton for both surfaces.

9. Establish the equation 2=+ 2¢s for the motion of a falling
body, and express it in the language of the Science of Energy.

10. A ball of 10 Ibs. is dropped from a height of 289-8 feet, but,
after falling half-way, it explodes, dividing into two equal parts, one of
which is reduced to rest by the explosion ; find the suhsequent motion
of each part, and determine the Kinetic Energy developed by the
explosion. (g=32-2.)

11. Define the work done by a machine, In what units is it
measured ?

12. Show that the work done in drawing a load up a rough inclined
plane is equal to that done in drawing it along the horizontal base,
supposed to be equally rough, and then raising it vertically up the
height.

13. Define the terms work, energy, horse-power.

14 If one yard, one minute, and one ton be the units of length,
time, and mass respectively, express the unit of work in foot-pounds.
Find also in the given units the Kinetic Energy possessed by a mass of
1 cwt,, moving with a velocity of 10 f.-s.

15. Prove that if A/ be the mass 4f a gun and its carriage, and m
the mass of the shot, the Energy of recoil : Energy of the shot : : m : M,

16. A 700 lbs. shot issues with a velocity of 1600 f.-s. from a 35-ton
gun ; find (1) the ehergy of translation of the shot; (2) the energy of
the gun’s recoil.
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17. The resistance to the motion of a train on the level is 12 Ibs.
weight for every ton, and it is found that the maximum speed of a train
of 100 tons with a given engine is 50 miles an hour. Trucks whose
mass is 20 tons are added to the train ; show that the greatest speed
then obtainable up an incline of 1 in 150 is a little greater than 18} miles
an hour, the friction remaining the same.

18. Define Kinetic Eneréy, and explain what is meant by Potential
Energy.

19. What is meant by an ‘Erg’?

Having given that a foot is 30-4797 centimetres, and that a pound is
45359 grammes, express an ¢ erg’ in British units,

20. If a body be acquiring Kinetic Energy, and not losing any other
kind of energy, what inference may be drawn?

21. The Kinetic Energy of a raindrop in increased fourfold, while its
momentum has increased threefold; in what ratios have its velocity
and its mass increased ?

22. How many cubic feet of water will an engine of 100 H.P. raise
in one hour from a depth of 150 feet, if the efficient work be half the
work applied, the mass of a cubic foot of water being 62.5 pounds?

23. Apply the principle of Transformation of Energy to solve the
following problem : A train is moving on a horizontal railway at the
rate of 30 miles an hour ; if the steam be suddenly turned off, how far
will it run before it stops, the resistances being taken as equal to the
weight of 15 Ibs. per ton?

24. Find the work done, in foot-tons, in order to propel a 256 lbs.
shot with a uniform velocity of 1400 f.-s.

25. Suppgse that the shot in the last example loses 140 f.-s. in
passing through the air, find the eneigy of the blow in foot-tons on
reaching the target.

26. If the target, in this case, stop the shot in the space of 7 inches,
find the mean resistance of the target®

27.. What work is done by a winding engine which raises a cage,
whose mass is 3 tons, from a pitﬁoo yards deep, and causes it to have
a velocity of 24 f.-s. at the top?

28. A body whose mass is §6 lbs. is pro;ected with a velocity of
40 f.-s, along a rough horizontal surface; how far®will it move against
a resistance of } of its own weight ?
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29. A train whose mass is 100 tons is moving with a speed of
45 miles an hour ; if the steam be now shut off, and the force of the
brakes and the friction be a resistance of 30 lbs. weight per ton, how
far will the train move on the level ?

30. A mass of 112 lbs. is moved 60 feet along a rough level plane;
if the resistance be ¢¢ weight of the body, find the work done against
that resistance.

3I. An engine draws a train of go tons up a smooth slope of 1 in
270 at a uniform speed of 30 miles an hour ; at what rate is the engine
working ?

32. A train of 120 tons, while going a mile, increases its speed
uniformly, and has then a velocity of 30 miles an hour ; if the friction
and the air offered a steady resistance of 15 lbs. weight per ton, find
the H.P. of the engine. .

33- A train is running with a speed of 45 miles an hour; how far
will it move (1) going up a slope of 1 in 100, (2) going down the slope,
if the brake-power be 60 1bs. weight per ton, and the steam be shut off ?

34. An engine moves, from rest, a train of 60 tons a distance of 400
yards on a level against a resistance of § ton weight, and gets up a
velocity of 15 miles per hour ; find the work done by the engine.

35. An engine moves, from rest, a train of 8o tons half a mile up a
slope rising 1 in 240 against a resistance from friction of 14 tons weight,
and has then a velocity of 15 miles an hour; find the work done by
the engine.

36. A train is travelling with a speed of 30 miles an hour. If the
steam be shut off and a brake-power of 335 weight of the train be applied,
how far will the train move, the coefficient of kinetic friction being 3 ?

37. A train, whose mass is 9o tons, comes to the foot of a slope
rising I in 160, and begins to move up with a velocity of 30 miles an
hour. The resistance from friction is 7 1bs. weight per ton. The slope
is 2 miles long. At the top the velocity is 20 miles per hour. Find
(1) how many units of work have been expended by the engine ; (2)
how far the same work would have taken the train with uniform
velocity on a level, ’

38. The diameter of a piston is 8‘ inches, the pressure of steam is
21 lbs. weight per square inch, the length of stroke 5 feet, and the
number of double strokes is 18 per minute. It is found to raise 40
cubic feet of water'per minute from a depth of 200 fathoms. What is
its efficiency ?
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39. The energy of a charge of powder being 2050 million foot-
poundals, find the velocity of a projectile of 1600 1bs. when fired, sup-
posing that A per cent. of the energy is transformed into heat and
light.

40. A mass of m lbs. falls a feet, and drives a pile whose mass is
2 m lbs. a distance x feet; find the resistance, there being no recoil.

41. A steam hammer of Yo tons is driven by a pressure of 30 lbs.
weight per square inch acting on an area of 800 square inches. If the
hammer descend 8 feet and compress a body 6 inches, what steady
pressure has it exerted during the compression ?

42. An engine running at 45 miles per hour comes to a water trough,
and scoops up Soo gallons of water, which are raised to an average
height of 83 feet. Neglecting all loss of energy by impact and friction,
show that the work done is 610500 ft.-lbs. (1 gallon of water=
10 1bs.)

43. If 1 1b. of gunpowder can give out 9o ft.-tons of energy, when
fired in the bore of a gun, prove that the velocity which will be
imparted to a projectile of mass 100 lbs. by a charge of 20 Ibs. will be
1608 f.-s. nearly.

44. A projectile of mass m 1bs. is fired with a velocity of » f.-s. into
the block of a ballistic pendulum of mass A7 lbs. Show that the
energy of its motion degraded into heat during the impact is

Mmv?
Aar+mlg

45. A battle-ship on her forced draught trials made 18§ knots, the
engines indicating 12900 IL.P. Supposing that all the power is used
in the propulsion, show that the resistance at this speed is nearly 100
tons weight? (See Art. 13.)

46. 1f an engine of x IL.P. working at full power is drawing on the
level a train of A tons at a speed of ¥ f.-s. against a resistance of & Ibs.
weight per ton, prove that the acceleration, a, at that instant can be
found from the equation

xx 550 g=(M.Rg-+2240 Ma)-y.

47. If in No. 46. x=160,¥1/=120, R=10, y=363, prove that

a=} f.-s.-s. .



CHAPTER XVL
THE PENDULUM.

324. It a body fall down a series of inclined planes, its
velocity at the bottom is equal to the velocity due to the entire
vertical keight, provided that it loses no velocily in passing
Jrom any plane to the next plane in the sertes,

By Article 73, the Velocity at B=Vclocity due to the height
of the plane 45.

The Velocity at C=Velocity due to the height of the
plane EC.

The Velocity at D=Velo<\:ity due to the height
of the plane #D
'=Velocity due to FG. (QED.)
8l2
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325. 70 find the Velocity acquired in falling down the arc
of a circle.
The arc of a circle may be considered as made up
D of an infinite number of small in-
clined planes.
» By Article 324, the' velocity
acquired in falling from 4 to X=
velocity due to the vertical height

I EF.
Let velocity at X=9,
X Then, v?*=2g.EF, ....... (1)
. Let a=chord of the arc B4 ;

x=Cchord of BX; and »r=radius of the circle.
By Euclid vi. 8, DB.BE=BA?; and DB.BF=BX*
. 27.BE=a%; 2r. BF=22

. BE=%, BF=""
o y 27

2
Now EF=EB—FB,
- EF=%"%
27
Substituting in Equation (1) we have—

s a?—x?
=28 ]

27
o= "/ i—r (a2 —x?).

And this is the velocity acquired in falling down the
arc 4X.

326. A body suspended from a fixed point by a fine
string or wire, and oscillati"xg in a vertical plane, is called a
Simple Pendulum.

The time of swinging from its highest point on one side
of the vertical line through the point of suspension to its
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highest point on the other side is called the Time of
oscillation.

The time of oscillation is also called a éea?, or the time
of vibration.

By some writers the whole interval between a body leaving the
highest point and coming back to it again, is called the Time of oscilla-
tion.

7o find the Time of Oscillation of a Simple Pendulum.

327. Let a particle be suspended from a point G by a
string GB without weight, G -

and let it describe a small
arc 44, such that its length
does not sensibly differ from
that of its chord.

With B, the lowest point
of the arc, as centre, and
radius= /34, describe a semi-
circle QCQ, cutting the tan-
gent at B in the points O
and O,.

The velocity of the particle
at 4 is zero.

Using notation of Art.32s, b
the velocity of the particle at T

>

AI
0 B o

any point X' =\/ ‘§ (a2—a2).
Make BP=2BX. From P draw the vertical line 2D,
cutting the semicircleln D. Join BD.
Now 2 will describe OB0, as X describes 454,.
Velocity of P=Velocity of X.
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The Horizontal Velocity of the point D=Velocity of P
.*. Velocity of D=Velocity of Pxsec PDB

='\/?(;—x’) Xﬁ—g=\/§ (a’—x’) XT/T—;;_x;

= \/ § which is constant.
Therefore X describes the arc 4.84,, as D describes the
semicircle with the uniform velocity 2, / £.
r

328. 7o find time of describing OCO,.
We know that s=27;

wa:a\/ £, Z,
r

r
e t=7|’/\/} 3

.. Time of describing 4B84,=mw %‘

1f we denote the length of the pendulum by /, and the
time of oscillation by # we have
z
g

It will be noticed that the time of oscillation depends
only on the length of the pendulum, and the acceleration due
to gravity et the place.

If a pendulum of known length (/ feet) be made to oscil-
late some hundreds of times at any place, and the whole
time of doing so (in secondsp be noted, we can find the
value of a single oscillation, Ze. the value of #, very accu-
rately. Hence the local yalue of g can be found by this
equation.

329. When the arc is small the length of the arc does
not appear in the formula; we infer, therefore, that for small

=
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arcs the time of oscillation is independent of the length of
the arc. From this property the oscillations are said to be
isochronous.

It will be also noticed that if the pendulum be shortened

or the value of ¢ be increased, the time of oscillation is
diminished.

Example i.—Find the time of oscillation of a pendulum 48 inches
long at a place, where g=32-139.

t= 3-141\/__.__48 .
32-139x 12
From which equation, #=1-108 seconds.

Example ii.—If the time of oscillation of a pendulum 25 inches
long at Paris be -799 sec., find the value of g at Paris.
-799=3-I4l\/ 25 .
X 12

&

From which equation, g=32-18.

330. 70 find the length of a Seconds Pendulum at a place
where the acceleration due to gravity is g.

. 7
By Article 328, 1=w\/$—;-
Let #=1 second ;

A
S I=T E 3
l=§_’2'

Example i.—Find the length of a seconds pendulum at a place,
where g=32-19.
Let length=‘; inches.
¢+  Using the Formula just established.
I= 32-18x12
' (3-1410 )
From which equation, /=39-13 inches.

+
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33L. To find the number of oscillations gained or lost ai
any place in a given time when the length of the Pendulum is
slightly altered.

Let a pendulum of length / make 7 bets,in 7" seconds.
” ” 1+a ” ”l ” 2
'l'hen,.Times of Oséillation:%’ and ; respectively.
1

. T_ \/7, T__ [l¥a,
By Article 328, =N Z—” —~

. Ll Y 1—(1 +£)—% .
. 7 3

but ( I +% )_ b - _a +0ther terms which may be neglected ;

.

”—'”1

—1—1+

Sn—m=—

1

and (n—n,) is the number of beats gained or lost in the
time 7 by shortening or lengthening the pendulum.

Exampl€ i.—The pendulum which beats seconds at Greenwich is
39-139 inches long, If its length be shortened by two turns of a screw
which makes 32 turns in an inch, how much will the pendulum gain in

aweek? .
Here, n=17 x 86,400 seconds

a= 1]17 in.
I=73-139. ¢
7 x 86,400 x 1{,
2x39:139
From which equation, (s—,) =483 beats gained.

Then, 7—n;=
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Example ii.—A pendulum supposed to beat seconds at Greenwich
loses 20 seconds a day; find the error in its length.
Here, n—n,=20; 7n=86,400; /=39-139;
_2/(n—n))_2x39'139 x 20
T T T T T 86,400
From which equation, a=-0181.
Therefore the pendulum is 00 Jorzg by -0181 inch.

e a

332. 70 find the number of oscillations gained or lost in a
given time when the instrument is taken from one place to
another.

Let ¢ and g be the accelerations due to gravity at the
two places.

Asin Atticle 331, S-=m,a/=-; S=ma/"=;

e
r—n?_g—a
nt g
. (ntmn) (”—”1)_:3_.&'1 .
: o Fau
but, n4n,=2x, ncarly.
Len(n—m)_ g§—& .
. 3 = ’

nt g
71 — T
Son—n, -_—__‘"_l),
20
S

and (n—#,) is the number of oscillations gained or lost,
From this result may be deduced the solution of the
converse problem, viz. :—

333. 0 compare the acceleration due lo gravily at fwo
places by observing, the number of oscillations at the places n
a given lime.
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Example i.—A pendulum beating seconds at Greenwich, where
g£=32-19, is carried to the Equator, where g=32-09 ; how much does
it lose in a day?

Here, =86,400; g=32'19; g£=3200;
. 86,400 (32-19 —32-09)
. ) .
2x32'19
From which equatlon, n— 7, =134 seconds.

Example ii.—A pendulum beat 85,945 times at Greenwich in a
mean solar day, and when taken to Paris 1t was found to beat 85,933
times ; if g=32 19 at Greenwich, find its value at Paris.

Here, n—n,=12;
- 12=55945 (g—&)
2x 3219
From which equation, g—g, = -00899 ;
% §1=32'19 — -0089
=32-181 at Paris.

334. Tv find the Height of a Mountain by observing the
number of oscillations lost in a given time.

Note.—The acceleration at any point due to gravity
varies inversely as the square of the distance from the centre
of the earth when the point is ow#side the earth.

Let a pendulum whose length is / beat # times at the sea-
level in 7 seconds, and 7, times at the top of a mountain
in the same time,

Let g=acceleration at the sea-level ;

Let o= . » summit ;
Let /2= height of mountain in miles.
1 1
Then, g : g= (7+/z)2 f 5
S&o T
g (7
But, ﬁ;\/él; (Art. 332.)
7%y g
o T
‘n ri+k »

r(n—m)_r (n—m)
” n

From which equation, 2= , nearly.



320 Elements of Dynamics.

Example.—A pendulum beating seconds at the foot of a mountain
is found to lose 50 seconds a day when taken to the top. Find the
height of the mountain, on the assumption that the earth is a sphere
whose radius =4000 miles.

A=4000% 50
86,400
From which equation, %= 2-31 miles.

ExaMpPLEs—ILXII.

I. Find the length of a seconds pendulum in Spitzbergen, where
£=32-2528.

2. Find the length of a seconds pendulum at Stockholm, where
£=32-212.

3. Find the length of a pendulum which beats seconds in the Island
of Ascension, where g=32.095.

4. Ifa pendulum oscillate once in two seconds in London, where
£=32-19, find its length.

5 Find the length of a pendulum which beats half-seconds at
Greenwich. (g=32-19.)

6. A clock loses two minutes in a day ; how many turns must be
made on a screw to correct the error, if there be 50 turns in an inch?

7. A seconds pendulum at Greenwich is 39-139 mnches long; if a
clock gain 58 seconds in a day, how much is the pendulum out?

8. The length of the seconds pendulum at the Equator is 39.014
inches ; find the local acceleration caused by gravity.

9. If the length of the seconds pendulum at Greenwich be 39-139,
find the length of a pendulum the time of oscillation of -vhich is 2
seeonds. .

10. Find the number of seconds lost by a clc?k in a day at the
bottom of a mine 2400 feet deep.

11. A pendulum which beats seconds at Greenwich gains 16 beats
in a day at a place 4; find the value of g at 4, the value of g at
Greenwich being 32-19.

12. Find the length of a pendulum waich at Greenwich beats 3720
in every hour. (g=32-19.)

13. A clock loses four minutes a day ; how much is the pendulum
out?
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14. A clock gains 2% minutes a day ; find the error in the length of
its pendulum.

15. If the length of a pendulum which beats seconds in Mauritius be
39:0468 inches, find the local value of g.

16. A clock loses five seconds in a day; how much must its
pendulum be shortened, if its length be 39-139 inches?

17. What #s the length of a pendulum which beats 240 times a
minute at Greenwich? (g=32-19.)

18. Suppose that a pendulum, which at the Equator beats seconds,
would, if carried to the Pole, gain five minutes a day ; compare the
values of ¢ at the two places.

19. If / be the length of a seconds pendulum at a place, and /; the
length of a pendulum which beats once in 7 seconds at the same place,
prove that 4 =n"/

20. At a phce where the length of a seconds pendulum is 39-047
inches, find the time occupied by 100 beats of a pendulum 171 feet long.

21. A pendulum gains 36 seconds a day; how high must it be
raised above the sea-level in order that it may keep correct time?
(Radius of earth=4000 miles.)

22. A seconds pendulum is found to lose 48:6 seconds in a day at
the summit of 2 mountain ; find the height of the mountain.

23. A seconds pendulum (=39-139 inches) is lengthened by 1 o5
inches ; find the time lost in a day.

24. At what height will a seconds pendulum beat 3588 times in an
hour, the earth’s radius being taken as 3958 miles?

25. Two pendulums whose lengths are / and /; respectively begin to
oscillate at the same instant, and after x oscillations they beat together
again ; if /, the greater, be known, find /.

26. A seconds pendulum at one place when taken to another place
loses x minutds a day. It is made to keep coirect time by shortening
it by @ inches ; find the lengih of the pendulum.

27. A pendulum 36 feet long made 1662 oscillations in 500 seconds ;
find the local value of g.

28. A pendulum maLes ” osclllatmns at A in the same time that it
makes 7, oscillations at 5. If a string can support a mass » at 4,
what mass can it support at B?

Example.—Let #=640; 7,=641; m=100.

29. Given the length of a seconds pendulum at (‘}reenwich=39-l 39
inches, find the length of the pendulum which oscillates nine times in a
minute at that place.

X
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30. Find the length of a pendulum which oscillates as often in a

minute as there are inches in its length.
31. Find the length of a pendulum which oscilldtes three times
during the time that a particle falls through 81 feet.

335. If a particle describe a circle with uniform veloalty,
10 find the direction and magnitude’of the acceleration.

v
D
‘,V
—
B 7 X Y

Let ABCD . . . bearegular polygon of # sides inscribed
in a circle.

Let 7 be the time of describing each of the equal sides
AB, BC, . . . when the uniform velocity=v;

. AB=ur.

Draw XY, XZ to represent in magnitude and direction
the velocities of the particle at B and C respectively.

Then YZ will represent the change of velbeity in the
time 7. (Article 32.)

T find the direction of YZ.
Let theangle YXZ=0=angle between BCand 4 B produced.

6

Now the angle YZX= r_z
- 2 2

And the angle OBC=}(r—0)=1—2,

2
.*. the angle YZX=0B5C.
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If XZ be placed on BC, we shall have ¥Z parallel to BO ;
.’. Direction of the ‘change of velocity’ is towards the
. centre of the circle.
70 find the magnitude of the acceleration,
Leg a be the méasure of the acceleration.

We have seen that ¥Z represents the change of velocity
in the time 7. ‘
. YZ=ar;
Now XY=XZ=v; and nf=2x. (Euc. i. 32, Cor.)
But L VZ=XZsin 16;

o YZ=2XZ sin% ;
Also YZ=at; .

. T
coar=zosin. L. (1)

Again, AB_ OB sinlA4O0B;
2

. AB=2rsin}. —2”1 5
SovT=27 sin% oo (2)

Dividing (1) by (2) we have—
a_ v

Pl
7

a=-—.
r

Now when the sides of the polygon are infinitely small,
we have the case of a body describing a circle with uniform
velocity. °

Therefore we infer that when a body describes a circle
with uniform velocity, the force which compels it to take
this path is always directed towards the centre of the circle,
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and produces an acceleration in the same direction whose
]

measure is ﬂ; (See Art. 46.)
Hence if the Mass of the Body= Ibs.,
1
The Measure of the Force=@ poundals. (See Art. t11.)

Example.—A mass of 10 Ibs. iseattached to one end of a string
14 feet long, the other end being fixed, and is made to describe the
circle twice in a second ; find the tension of the string.

UxI=2X2TXxI4;

0=56x22=176. 1.5

F= mv® _Tox(176)? ‘Ibs. weight.
r 14% 32
From which equation, #=691§ 1bs. weight,

ExaMpLES—LXIII.

I. A tramcar whose mass is 1§ tons is travelling at the rate of
§ miles an hour, and goes round a curve whose radius is 220 yards;
find the outward pressure on the rails.

2. A carriage whose mass is 4 tons, and moving at the rate of
20 miles an hour, goes round a curve whose radius is 1100 feet ; find
the vutward pressure against the rails.

3. A carriage moving at the rate of 30 miles an hour goes round a
curve the radius of which is 1600 fecet. A mass of 8 lbs. hangs by a
string from the roof ; what horizontal force will keep the string vertical
while the train is rounding the curve?

4. A mass of 10 Ibs. is fixed at the end of a wire 4 feet long, and
made to revolve 100 times a minute in a circle ; find the tension of the
wire.

§. A point describes the cirtumference of a circle whose radius is
16 feet with a velocity of 15 f.-s. ; find the acceleration.

6. The width between the rails is 564 inches ; how much is the outer
rail higher than the inner on a curve bf 1500 feet radius, when the speed
on the line is 30 miles an hour?

7. At what angh: (a) must the “way’ be inclined, so that the pres-
sure of an engine passing along a curve of given radius (r) at a given
speed (v) may be perpendicular to the ground?
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8. A string can just stand a strain of 20 Ibs. weight. If a mass of
5 lbs. be caused to revolve in a horizontal circle at the end of the
string, 4 feet long, determine the greatest number of revolutions which
it can make in a minute with safety to the string. )

9. An engine, whose mass is 9 tons, passes round a curve whose
radius is 600 feet with a speed of 30 miles an hour ; what force towards
the centre is &xerted by the rails?

10. A wet umbrella is caused to rotate 14 times in 33 seconds, the
handle being vertical. If the diameter of the umbrella is a yard, find
the direction and magnitude of the force which will keep a drop of
water (mass g 0z.) attached to the rim.

11. How often per minute must a mass of 10 lbs. revolve horizontally
at the end of a string 15 inches long so that the tension of the string
may be gqual to the weight of a pound ?

12. A mass’of 3 lbs. is caused to describe a horizontal circle at the
end of a string 4 feet long ; if the tension of the string be equal to the
weight of a pound, how often will the body revolve during the time of
a body falling through 200 feet from rest ?

13. A mass of 7 lbs. is caused to revolve in a horizontal plane at
the end of a string 6 feet long ; if the time of a revolution be 13 seconds,
find the tension of the string.

14. A mass of 15 lbs. is suspended by a string from the roof inside
a railway carriage; the train at a certain part of its journey is
travelling with a speed of 30 miles an hour round a curve of radius
1000 feet ; find the tension of the string and its inclination at this time.

15. A mass of 10 lbs. is caused to rotate in a vertical circle at the
end of a string 4 feet long ; if the tension of the string vanish at the
highest point, find the velocity of the stone in the circle, and the
tension of the string, at the instant the stone passes through the
lowest point of its path.

16. A mass of 5 lbs. fastened to a string 6 feet long is caused to
describe a vertical circle with a uniform velocity of 30 f.-». Find the
tension of the string when the body (14 is at its lowest point ; (2) is at
its highest point ; (3) when the string makes an angle of 60° with the
lower vertical radius.

17. A man sent into the ‘chgins’ to call the soundings holds the
‘line’ at a point 20 feet from the ¢lead,’ the mass of which is 14 lbs.
If the last whirl be described with uniform velocity in 2 seconds, find
the tension of the ‘line’ at the instants the ‘lead’ passes through its
highest and lowest positions.
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18. Distinguish between the true and apparent weights of a body
resting on the earth’s surface. And find how much faster the earth
should revolve that a body at the equator may exert no pressure on
the surface.

336. If the bob of a pendulum swing in a horizontal
circle, the arrangement is known as a Conical Pendulum.

Let the string P4, whose length is
/, make an angle 6 with the vertical,
and suppose the bob to move in a
circle, whose radius OA4 is », with
uniform velocity 2.

The forces acting on the bob are
its weight (mg) downwards, , the
tension (Z°) of the string, and the

my? .
force - directed towards the

centre which compels it to pursue the circular path.

Resolving the tension vertically and horizontally, and
equating the vertical forces, and also the horizontal forces,
we have—

Tcosb=mg . « .« . . « (1)

and, Tsme——l—TL N €)|
r

From equation (1 )’;_9_03_(’.

wo o @)= rsnd;

,cosf_7sinf_/sin 9.
. g = 7}’ T 0, y
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If #=time of revolution, then v¢=2rr=27/sin0;
. g 4ml'sin?®@
e U =———T——- »

.cos b _ gxe

"'sin*@ 472 sin’0

From which equation, #=2= ZcosO

4

‘Comparing this result with the time of oscillation of a
simple pendulum, found in Art. 328, we see that a conical
pendulum revolves in twice the time of oscillation of a
simple pendulum whose length is the vertical projection
of thesconical pandulum.
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MISCELLANEOUS EXAMPLES.—LXIV.

1. From a train moving at the rate of 30 miles an hour a carriage is
slipped at the bottom of an incline, and comes to rest at the top of It ;
find the height of the plane (leaving friction out of account).

2. A shot is fired horizontally with a velocity of goo f.-s. ; find its
velocity at the end of 3 seconds.

3. A projectile is fired from a gun laid horizontally from the top of
a fort 60 feet above the water; in what time will it reach the ground?

Why is it not necessary to give the velocity on leaving the gun?

4. Two bullets are fired simultaneously from the same point in given
directions; prove their distance apart increases uniformly with the time.

5 A body is projected at an angle of elevation of 45° with a
velocity of 3/ . ¢ from the top of a tower, the height of which is 8¢;
how long will it be (1) Lefore it is moving horizontally ; (2) before it
passes the horizontal plane through the point of projection? At
what distance from the foot of the tower will it strike the giound?

6. A shot is fired with a velocity of 1000 f.-s. in a direction in-
clined at 30° to the horizon; find the greatest height attained, and
the horizontal range.

7. Explain the meaning of mass, momentum, unil of force, densily,
weight. What weight is taken as the unit of force ?

8. Define ‘force,” and state what is the proper measure of force.

What is the kinetic unit of force used in England?

9. If the units of space, time, and mass be 88 yards, a minute, and
a } cwt. of matter respectively, find the measure of momentum of a
train of 60 tons, moving with a velocity of 30 miles an hour.

10. On what do you rest your belief in the First Law of Motion?

11. State the Second Law of Motien, and apply it to explain the
path of a projectile in vacuo.

12. ABCisatriangle. Find a point O within it such that forces,
completely represented by 04,08,0C may be in equilibrium,
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13. Enunciate the Third Law of Motion,.d explain all the technical
words made use of.

14. A bucket is raised from a well in 8 seconds by a mass of go lbs.
connected with it by a string over a pulley ; and in 24/10 seconds by
a mass of 105 Ibs. ; find depth of well, and mass of the bucket.

15. Two masses z and m; are connected by a string over a rough
pulley, and anotion cannot take place until the tension on one side of
the pulley exceeds that on the other side by a constant quantity 77 ;
find the acceleration.

°16. If the weight of a ton be the unit of force, and a minute and a
yard those of time and length, what will be the unit of mass?

17. A stone thrown down a rough board inclined at an angle of 30°
neither gamns nor loses velocity in its descent. What velocity will it
gain by falling down the board (which is 20 feet long) when it is
inclined at an angle of 60°?

18. Find the Unit of Force, when an inck, a minute, an ounce are
the units of space, time, and mass respectively.

19. A mass of 2 Ibs. is drawn up a smooth plane inclined at 30° to
the horizon by a force acting along the plane. What is the magnitude
of the force (in gravitation measure) when, starting from rest at the foot,
the body reaches the top in the same time as it would take to slide
freely from the top to the bottom under the influence of gravity alone?

20. Three forces P,Q,R, acting at O, are in equilibrium, and any line
meets their lines of action in Z, 4/, N; prove that

,]_, + _Q. + _..R_ =0,
OL 0" ON ™

21. Distinguish between mozing and zmpulsive forces, and state how
each kind is measured.

22. A stone 4 is thrown vertically upwards with a velocity of 96 f.-s.;
aftter 4 secquds fiom the projection of A another stone B is let fall from
the same point. Prove that 4 will overtake 5 after 4 seconds more.

23. A body impinges obliquely on a fixed smooth plane; find the
velocity after impact, the elasticity being imperfect.

24. Find the velocity and directich of projection of a ball that it may
be 64 feet above the ground at a distance of 384 yards, and may strike
the ground at a distance of 640 yards. .

25. If a constant force P att on a body whose weight is W, the

velocity generated in one second is %.g; find the amount of work
L]
done by the force in producing this velocity.
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26. A body of mass 65 is moving with a velocity of 91, the units of
mass, length, and time being the 2., foory and second respectively;
express its Momentum and its Kinetic Energy when the units are the
gramme (=-0335 oz.), the centimetre (=-39 in.), and the second.

27. A mass of 5 lbs., after falling freely through 64 feet, commences
to raise a mass of 7 lbs. by a string over a smooth fixed pulley; how
high will it lift it ?

28. The triangle A BC, right.angled at B, has its hypothenuse 4C
vertical, and D is the middle point of BC. If two equal masses start
from rest at the summit 4, one falling freely down 4 C, the other sliding
down A4 B, prove that their C. G, describes 4.2 with uniform acceleration.

29. Two masses, m and m,; (m>m,), hang over a smooth pulley;
prove that the acceleration of their C. G. is ( it m‘);-

m+ 1,

30. A bird whose mass is 4 1b., flying with a velocity of 10 t.-s., is
killed instantaneously by a shot whose mass is -02 oz., and moving with
a velocity of 400 f.-s. in a direction at right angles to the bird’s ; find the
tangent which the direction of its motion immediately after makes with
that of its flight. Neglect the fact that the bird’s mass is increased by
the shot.

3I. A merchant buys a cargo of tea at Shanghai, where g=32-12, and
sells it at St. Petersburg, where g=32-20, by weight as indicated in
the two places by the same spring-balance which had been tested by
standard at Odessa, where g¢=32-16, and found correct for that latitude.
Selling the same apparent weight that he bought, he still holds what
his balance calls a ton. Find in standard weight the tonnage of cargo.

32. If the mass of platinum at the Exchequer Office, which weighs
1 lb. in London (g=32-19) be the unit of mass, then

(1) What is the unit of weight in London ?
(2) What, in terms of this weight, is the weight of tke platinum
mass at the Equator (g=32 09)?

33. What becomes of the energy of a projectile when it strikes a target ?

34. By what methods may acceleration due to gravity be determined ?

35. Three bullets are fired vertically upwards at the end of three
successive seconds of time, the first with a velocity of 500 f.-s., the next
with g velocity of 600, the third with a velocity of # ; determine %, so
that all three bullets may pass through™a plane parallel to the horizon
at the same instant. .

36. A train moving at the rate of 30 miles an hour comes to the foot
of an incline of I in 400. If the steam be turned off, find how far the
train will ascend the slope, the resistance to the motion due to friction
and the air being equal to the weight of 12 1bs. per ton.
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37. A particle starting from 4 runs down a smooth plane 4.5 inclined
at 45° to the honzon Two seconds before it starts another is pro-

jected up the plane from Z with a velocity 7 VK—» and meets the first

one half of the way from 5 to 4. Find when they meet.

38. If three forces be in equilibrium, and the sides of a triangle taken
in order represent them ingirection, they will also represent them in
magnitude ; Lut if five forces be in equilibrium, and the sides of a
pentagon taken in order represent them in direction, they will not
necessarily represent them in magnitude. Explain this.

39. A body placed in a spring balance at a place where g=32
appeared to weigh 14 Ibs. ; what is its true mass, if the balance was
made at a place where g=32.2?

40. A uniform beam g ft. long rests with one end against a smooth
vertical wal}, the other on a smooth horizontal plane, and is prevented
from slipping by a horizontal force applied at that end, equal to 4 of
the weight of the beam, and by a weight equal to the weight of the beam
suspended from a certain point of the beam; find the distance of this
point from the lower end of the beam if the beam be inclined at an
angle of 45° to the horizon.

41. Several forces in different directions act in one plane on a par-
ticle ; find the conditions for equilibrium.

42. A plank rests over a cliff having § of its length projecting over
the edge, to which it lies at right angles. An animal whose weight is
% the plank’s crawls along it. 'When will the equilibrium be disturbed ?

43. APBC is a triangle, one side of which, AC, is divided into four
equal parts in the points D, £, F'; show that if B4, BD, BE, BF, BC
represent in magnitude and direction forces acting at the point B, their
resultant will be fully represented by 55£.

44. ARE is an isosceles triangle, 4 and B being the equal angles,
and from C a perpendicular CD is drawn to 458. If G be a point in
CD such that GD=34CD, show that forces fully represented by G4,
GB, GC will be in equilibrium.

45. 1f three forces act on a rigid body, and are in equilibrium, prove
that their lines of action are either all parallel or pass through a point.

46. ABC is a triangle, B anq C being fixed points, 4 moves about in
space ; show that the direction of the resultant of forces represented in
magnitude and direction by 48 and 4 C passes through a fixed point.

47. ABCD is a quadrilateral, and forces are *fully represented by
AB, BC, AD, DC; show that their resultant passes through the
middle point of 8D, and is equal to 24C,
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48. Three forces acting on a particle are in equilibrium. One of
the forces is 120, and the others are in the ratio 1:2. Find the
magnitude of these forces if the angle between their directions be 135°

49. Forces which are proportional to cos 4, cos B, 2 cos C act
along the sides of a triangle in the directions BC, C4, BA; show
that the dircction of their resultant will pass through the intersection
of the perpendiculars on the sides from the ppposite angles.:

50. A uniform lamina of weight ¥ in the form of an equilateral
triangle rests with the base on a smooth inclined plane whose inclina-
tion is 30° the plane of the triangle being vertical and at right angles
to the inclined plane; find the force to be applied to the vertex in a
horizontal direction in order to keep it in equlibrium.

5I. The resultant of two forces is 27, the magnitude of one is 7,
and the direction of the other makes an angle of 30° with the direc-
tion of the resultant; find the direction of the former and the magni-
tude of the latter.

52. A sunk fence is formed of two walls, one vertical, and the other
inclined at an angle 45° to the vertical ; find the povition in which a
plank will rest against the two walls, the surfaces being smooth.

53. Two weights £and 2P are in equilibrium on a double inclined
plane, connected by a string passing over a smooth peg vertically over
the highest point of the plane; the angle at the vertex of the plane is
go°; find the condition that the strings may be equally inclined to the
two planes. .

54. Three equal forces 04, OB, OC act at O in the same planc.
If L be the point of intersection of the perpendiculars fiom 4, 5, C
on the opposite sides of the triangle 48C, prove that OL will re-
present the resultant of the forces.

85. ABCDEF is a regular hexagon insciibed in a circle. orces
P, nPact on a particle at A4, in the directions 4D, FA respectively ;
find 7, in order that their resultant may act along the tangent to the
circle at 4, and determine the magnitude of the resultant.

56. A heavy uniform rod 4B (weight= /), moveable about a
horizontal axis at A, has fastened to it at B a string, which, after
passing over a small pulley at C in the plane of the rod’s motion, and
in the same horizontal line as 4, supports a weight W. If AB=AC,
and B be above AC, find the position of equilibrium.

57. AB and CD are any two equal and parallel chords of & given
circle. P is a point on the circumference between 4 and B, Show
that if forces completely represented by P4, PB, PC, PD act at F,
their resultant is of constant magnitude.
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58. Show how to find the centre of any number of parallel forces
acting on a rigid body. Apply proposition to define the C. G. of a body.

59. Give examples of the three classes of levers. Find the con-
dition for equilibrium, and show in which of the classes Mechanical
Advantage is lost or gained.

60. A heavy uniform board in the form of an isosceles triangle, each
of whose equal sides is three times the base, is suspended from one
extremity of the base. What weight must be suspended from the other
extremity of the base in order that the sides through the point of sus-
pension may be equally inclined to the horizon ?

61. Prove that when an inclined plane is 7oxgk the mechanical
. advantage in dragging a body up by a force parallel to the plane is not
the same as that in letting it down.

62. A ball whose massis 6 lbs., resting on a smooth table, is connected
by a string «o feet long with a mass of 2 Ibs. just over the edge at a
height of 4 feet ; in what time will the 6 Ibs. reach the ground, at what
distance from the other body, and with what momentum ?

Two weights, P and Q, are suspended by fine silk threads from the
extremities of the base of a lamina in the form of an isosceles triangle
ABC, whose weight is I, and which is free to move about a horizontal
axis through the vertex 4 ; find the inclination of the base to the
horizon, & being the altitude of the triangle, and 2a the length of its base.

63 A body is kept at rest by the forces 7, Q, K, 5 acting along the
sides of the quadrilateral 4BCD ; prove that—,

PxR:0x8::ABxCD : ADx BC.

64. A body is acted on by forces completely represented by the sides
BA, BC, and the diagonals C4, BD of a square. Find the magnitude
of the force along DC, in order that the whole system of forces may
reduce to a single resultant passing through 4 ; and when this is the
case, find the magnitude and direction of this resultant.

65. Two small rings slide on the arc of a vertical circle. A string
passing through them has three equal weights attached to it at each
end, and one between the rings. Find the position of equilibrium.

66. The points 4, B, C and D, E, F are taken in two parallel
straight lines, 4C and DF respectively, and five forces represented in
magnitude and direction by AI.J, DB, BF, EC, CF; prove that their
resultant is completely represented by A£.

67. ABCD is a square ; £, F are the middle points of CD, DA
respectively. Forces are represented in magnithde and direction by
AB, EF; find the magnitude of the force which must act along 3D
so that the three forces may have a resultant which passes through C.
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68. A heavy uniform rod 4B 4V6 feet long is in equilibrium at an
angle of 15° to the vertical, with its lower extremity 4 resting on a
smooth wall inclined at an angle of 60° to the horizon,@end a point in
it, C, pressing against a smooth horizontal peg; prove that the
distance of C from the wall is (V3 —1) feet.

69. ABCDEF is a regular hexagon ; forces P, Q act at A in direc-
tions AC, AF respectively. Find the ratio of O to £ in order that
their resultant may act along 4.2, and find magnitude of the resultant.

70. A straight line is drawn through 4, one of the angles of a triangje
ABC, so as not to cut the opposite side; show that the distance of
the C. G. of the triangle from this line 1s  of the sum of the distances
of B and C from it.

71. A piece of uniform board, in the form of two isosceles triangles
on opposite sides of a common base, will just 1est in a vertical plane
with a side in contact with a horizontal plane surface. ¥f 2a, 28 be
the vertical angles of the triangles, prove that

cot B=cot a+ 3 tan a.

72. If G be the centre of three equal parallel forces acting at 4, B, C,
O being any other point, the resultant of three forces represented in
magnitude and lines of action by 04, OB, OC is represented by 3 OG
along OG.

%3. ABC is a triangle, D, E, F the middle points of "BC, CA, AB
respectively ; prove that the forces represented by AD, BE, CF
maintain equilibrium.

74. Three parallel forces act at the vertices, 4, 73, C, of a triangle
in a direction at right angles to the plane of the triangle, and their
resultant acts through the C. G. of the triangle ; prove that the forces
are equal. R

75 If at a point on the circumference of a citcle two unequal forces
act, represented in magnitude and direction by chords of the circle,
find the condition that the resultant may pass through the centre.

%6. A triangular board is kept i equilibrium by foices acting upon
its three sides (one upon each side) in directions perpendicular to them ;
show that these forces are proportional to the sides on which they act.

7. One of two forces is given in dilection but not in magnitude,
and the resultant of the two is given in both magnitude and direction ;
find the least possible magnitude and corresponding direction of the
second force.
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78. A right-angled triangular board of sides 23, 6, 6} feet is in
equilibrium in a vertical plane, with its side of 6 feet horizontal and
resting on a smooth peg, and with its vertex opposite that side fastened
to the Jower end of a string attached to a fixed point. Prove that this
string must be vertical ; and find the least possible horizontal distance
between the peg and the right angle.

79. Part,of a heavy umfurm cord lies on a smooth inclined plane,
and the rest hangs verucal]y from the top of the plane; show that
the ends of the cord are in the same horizontal plane.

® 80. Ifany number of forces acting at a point can be represented in
magnitude and direction by the sides of a polygon taken in order, they
will be in equilibrium ; prove this proposition.

If for one of the forces another were substituted, not acting at the
point, but having the same direction and double the magnitude, what
would be the resultanl of the system ?

81. If L, M, N be the vertices and 2, Q, R the position of the
C. G.’s of the three equilateral triangles described externally on the
sides of a triangle 4BC, then having given that the C. G.’s of the
triangles 4B8C, LMN coincide, prove that the C. G. of the triangle
PQR is at the same point.

82. A weightless rod is moveable in a plane round a pivot at its middle
point ; two strings attached to its extremities intersect on a fixed
straight line in the plane, and are pulled with equal and constant
forces.  When the rod is in equilibrium in a given position, where
must their point of intersection be? Find also the position of the rod
in which the pressure on the pivot is least.

83. Obtain from the Laws of Motion a Definition, and also a
Measure of Foice.

84. ABCD, AB'C'D’ are two parallelograms with one point
common ;e prove that forces parallel and proportional to B8, C'C,
DD', and all acting at the same point will be in equilibrium.

85. Forces 7, O, £ . . . X, Yacting at a point are in equilibrium ;
the magnitudes of all but X, and the directions of all but ¥ are known.
Show by a geometrical constructio how the unknown quantities may
be determined.

86. A uniform rod A4C of weight M can turn in a vertical plane
about a hinge at 4. A string® passing round a fixed pulley B has one
end attached to C, and the other to a weight 2 which hangs freely.
If AB be horizontal and equal to AC, find the ratio of Pto Win
order that 45C may be an equilateral triangle. Find also the strain
on the hinge. .



336 Elements of Dynamics.

87. What is meant by the Modulus of a machine ?

88. A piece of uniform wire bent into the form of three sides of a
square is hung up by one angle : find the position of equHibrium.

89. If @ and & are the diameters of the non-concentric spheres
forming a shell, and 4 is the distance between their centres, find the
distance of the C. G. of the shell from the centre of the larger sphere
whose diameter is . Assume that the vol. of a sphere ¢ (radius)?,

90. A triangular slab of uniform thickness is supported at its three
angles ; whatever be the form of the triangle, show that the pressures
on the props are equal. )

91. Ifa weight be placed anywhere on a triangle resting on props
at its angles, show that the pressures on these props are proportional
to the areas of the opposite triangles formed by drawing lines from the
position of the weight to the angles.

92. The sides of a triangle are 3, 4, 5, and its inscribzd circle is
removed ; find the C. G. of the remainder.

93. Through what chord of a circle drawn through its lowest point

must a body fall so as to acquire a velocity equal to ;lth of the velocity

due to falling down the vertical diameter ?

04. Find that diameter down which a body when falling will describe
the lower half in the same time as another body will take to fall down
the vertical diameter.

95. If 717 be the weight of an empty omnibus, % the height of its
C. G., %, the height of the roof, I, the greatest weight which may
be placed upon the roof, so that the ’bus shall not upset when tilted
through an angle 8, and the distance between the wheels be 2x, find 1.

96. A body whose weight is Phaving fallen through # fect begins to
pull up 2 heavier body whose weight is Q by means of a string passing
over a smooth pulley. To what height does it lift it ? .

97. If the distances of the points of application of 7 equal like
parallel forces from a plane through the point of application of the
resultant form a descending A. P. (:f which the first term is @, and the
common differcnce is 4, show that _’; =”.;_'.

98. An engine drives the shaft of a train of machinery by a strap
passing round a wheel 6 feet in diamete? centred on the shaft. If the
difference in the tensions of the strap on either side of the wheel be 25
1bs. weight, and if the shaft make 7 revolutions per second, find the

horse-power of the engine. Take ’,__:2_72_.
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99. If in a false balance, the length of which is /, a body weigh p at
one end and ¢ at the other, express the lengths of the arms in terms of
pandgand/ *

100. The beam of a false balance being uniform, show that the arms
are respectively proportional to the differences between the true and the
false weights of a body.

10I. Paraltel forces act at the angles 45C of a triangle and are
proportional to @ cos A, 4 cos 5, ¢ cos C, respectively ; show that their
centre coincides with the centre of the circumscribing circle.

102. Like parallel forces, 3, 5, 7, 5act at 4, B, C, D, the angular
points of a quadrilateral ABCD taken in order ; show that their centre
will remain unchanged if, instead of these forces, we have parallel
forces P, 10— P, 4+ P, 6— P acting at the middle points of 458, BC,
CD, D4, where P may have any value.

103. Find fhe centre of equal and like parallel forces acting at seven
of the angular points of a cubc.

104. Parallel forces P, Q, A, act at the angular points 4, B, C of
a triangle, and their centre is at 0, show that 2: Q: R=aB0C:
6COA : nAOB.

105. The sides of a heavy triangle are 3, 4, 5 respectively ; if it be
suspended from the centre of the inscribed circle, show that it will rest
with the shortest side horizontal.

106. The altitude of a solid cone is %, and the diameter of the base
is ; a string is fastened to the vertex and to a point in the rim of the
base, and is then hung over a smooth peg; if the cone rest with its
axis horizontal, show that the length of the string=a/4%+ 5.

107. A ship is moving with a velocity % ; a cannon is fired at an
elevation a ; the velocity produced by the charge of powder is » when
the ship is atjrest. Find the range, supposing that the ship and the shot
are moving in the same vertical plane.

108. A body projected along a horizontal surface with a velocity of
20 f.-s. is brought to rest in 400 yards find the coefficient of friction
and the time of motion.

109. The numerical measure of a certain force is §6 in the ‘foot-
pound-second’ system of units; find its measure in the ‘yard-cwt.-
minute ’ system of units. U

110. A train travelling 50 miles an hour comes into collision with a
fixed object. From what height must a person falbin order to receive
a blow equal to that sustained by him in the collision? (g=32-2.)

Y
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8

IIX. A shot is fired vertically from a gun, the barrel of which is
30 inches long. Itrises 2640 feet. Compare the acceleration caused by
the discharge with that caused by gravity. «

112. With what force will a 10 Ibs. mass falling 100 feet strike a fixed
surface if its motion be destroyed in g5y second? (g=32-2.)

113. If the ball in Ex. 112 be flattened g inch, and then recovering
its form rebound, find (1) the retardation, (2} the time taken to bring
the ball to rest, (3) the mean pressure between the surfaces.

114. A uniform rod is freely moveable about a hinge at one end, and
15 supported by a string attached to the other ; show that if the direc-
tion of the reaction at the hinge be equally inclined to the rod and the
vertical, then the direction of the string 1s at right angles to that of the
action at the hinge.

115. A right circular cone whose vertical angle =2a stands on a rough
plane which is gradually tilted up ; show that if 4tan a==tan u, where
# is the angle of friction, it will be uncertain whether the cone will first
slip or upset.

116. Two parties are pulling against each other in a ‘tug-of-war,’
and neither overcomes the other ; what are the forces in equilibrium ?

What forces become unequal when one party is prevailing?

117. A uniform ladder, 16 fect long, is being lifted up about one end
by a force applied at right angles to the ladder at 6 ft. distance from
that end ; show that when the ladder makes an angle of 30° in the
ground, the reaction at that end is horizontal.

118. The horizontal roadway of a bndge 1s 30 ft. long, and weighs
6 tons; it rests on similar supports at its ends. What pressure is
borne by each support when a carriage weighing 2 tons is one-third
of the way across the bridge ?

119. A uniform heavy rod 4.3 is fastened at 4 to a vertical wall, and
is kept in a horizontal position by means of a weightlesr rod CO in-
clined at an angle of 45° to it; one end D is fastened to the wall
below A4, and the other C to 4.8, midway between A and the middle
point ; show that the reactions at 4 and C are respectively ~5Wand
2V 2 W, where W is the weight of the rod.

120. Three equal forces each of 1 1b. weight act along three sides
of a square taken in order ; find the force which will balance them.

121, AB, AC, are two straight lilies inclined at an angle 26; R is
the resultant of forces P and Q acting along A5, 4C respectively ;
R, is the resultanf of forces P and Q acting along AC, 4B respec:
tively ; find the resultant of R and &),
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122. Forces I, 2, 3, 4 act along the sides 48, BC, CD, DA of a
square ; find their resultant.

123. If thrdugh a fixed point there be drawn three straight lines
repiesenting three forces in equilibrium, any one of them will if
produced bisect the line joining the extremities of the other two.

124. AD, BE, CF are the perpendiculars from the angles of a
triangle onethe opposite sides; show that forces acting at a point
parallel and proportional to 4D, BE, CF, F4, DB, EC are in
eguilibrium,

125. A smooth uniform rod of length 2/ rests over a peg and has
one end in contact with a smooth inclined plane; show that if a be
the inclination of the plane and 4 the distance of the peg from it, the
rod will make an angle 6 with the vertical given by the equation,—

/sin 0 cos? (a—0) =4 sin a.

126.” Forces 1,6, 3, 4, 5 2 act at a pomnt in a plane making equal
angles with each other ; find their resultant.

127. Find the resultant of any number of forces acting in one plane
on a body, and deduce the necessary and sufficient conditions of
equilibrium.

128. The arc of a semicircle 4PQRSB is divided into five equal
arcs in the points /°, Q, R, S ; show that the resultant of five equal
forces acting along 4P, AQ, AR, AS, AB respectively is inclined at
an angle of 36° to the diameter 48.

129. ABCDEF is a regular hexagon; find the magnitude of the
resultant of four forces 37, 4£, 67, 2P which act in the directions
AB, AC, AD, AE.

130. Six forces 6,2, 4, 5, 6, 2 act at a point, and include
angles of 45°, 75°, 60°, 30°, 15° respectively ; find the magnitude of the
force which will keep them in equilibrium.

131. A r®ctangular lamina 45CD, having AB=4 ft., BC=3 ft.,
and weighing 30 lbs., movable about a horizontal axis at 4, is kept 1n
equilibrium with 40 vertical by the tension of a string acting along
DB ; find the pressure on 4.

132. ABCD is a quadrilateral dmded into equal triangles by the
diagonal BD; prove that the system of forces fully represented hy
D4, 4B, DC, CB, 2BD is in gquilibrium.

133. The sides 45, AC of a triangle 4 BC are bisected at D and £;
prove that the resultant of the forces representeq in magnitude, and
line of action by BZ and DC is parallel to BC and represented in
magnitude by $8C.
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134. A particle is projected at an angle of 60° to the horizon from
a given point on an inclined plane of 30°; if &, &, be the ranges
when the particle is projected up and down respectively, prove that
Ry=2R,.

135. 4, B, C are three tacks in a vertical plane; BC is hori-
zontal, A is below and to the left of BC, so that .42 is inclined at
an angle 60° to the horizon; a string hanging over. the tacks
supports equal masses of 3 lbs. at its ends. Find the pressure on each
tack.

136. A merchant using a spring balance buys goods at x, shillings
per cwt. at a place where the measure of the acceleration due to gravity is
£, and sells at x, shillings per cwt. at a place where the measure is g, ;
find his gain per cent., and show that it is independent of the value of
£ at the place where the balance was graduated.

137. In example 135, if 4B be inclined at an angle 6, and equai
weights 7 hang at the ends of the string, find the pressures
exerted.

138. A uniform ladder 10 feet long rests with one end against a
smooth vertical wall, and the other on the ground, the coefficient of
friction being %; find how high 2 man (whose weight is four times
that of the ladder) may rise before it begins to slip, the foot of the
ladder being 6 ft. from the wall.

139. Forces P, Q, K act along the sides of a triangle 45C; show
that their resultant will act along the line joining the centres of the
inscribed and circumscribed circles of the triangle if

P:Q:R=cos B—cos C :cos C~cos 4 :cos 4-cos B.

140. It is found that the greatest distance that the foot of a ladder
65 feet long can be placed from the foot of a smooth vertical wall, against
which it rests, is 33 feet. What proportion of the maximum friction
possible is called into play when the foot of the ladder is 75 feet from
the wall?

141. Two scale-pans, each of mass m, are connected as in Atwood’s
machine, and in them are placed {wo bodies whose masses are 2, and
m, respectively. Show that the pressures on the pans are—

2my(my +m) £and 2my(m, +m)
my+my+2m° my+m

142. A beam, divided at itsC. G. i 10 two parts a and 4, lies wholly
within a hemispherical bowl. If » be the radius of the sphere, and 6,
0, be the angles at the centre subtended by s and & respectively, find
the values of 8 and 6,.

ol 4 respectively.
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143. A train is crossing a viaduct over a river with a speed of 60
miles an hour, the height of the carriage window above the water
being 144 feet ; at what distance from the end must a passenger drop
a stone so as just to strike the water’s edge ?

I44. A projectile whose mass is § ton leaves the bore of a gun 30
feet long with a muzzle velocity of 1600 f.-s. ; find the steady push
exerted by the powder gas. »

I45. A projectile whose mass is 1000 lbs. strikes a target with a
vglocity of 1500 f.-s. ; find the penetration if the resistance of the plate
be equal to the weight of 8000 tons.

146. If a yard be the unit cf length, a pound the unit of mass, and a
minute be the unit of time, show that the new unit of work is 33
foot-poundals.

147. A bullet whose mass is I oz. strikes a plank 3 inches thick with
a velocity of 1400 f.-s., and emerges on the other side with a velocity of
1200 ; through how many similar planks will the bullet make its way ?

148. Two particles leave the summit of an inclined plane, one sliding
down the slope, the other falling vertically ; show that the line joining
them at any instant is perpendicular to the length of the plane.

149. A small shell explodes in all directions into equal fragments ; if
the velocity of the particle which rises vertically will carry it to a height
of 81 feet, find the area of danger on the plane.

150. A mass of 3 lbs. is placed on the slope of a right-angled wedge
whose inclination is 60°; through what space must the wedge be
moved along a table in a second so that the body shall be at rest
relatively to the wedge, and find the pressure exerted by the body on
"the wedge?

151. A driving belt in a machine is moving with a velocity of
30 f.-s.; find the H.P. of the engine if the difference of the tensions
on each side’of a small pulley be equal to the weight of 40 1bs.

152. The area of a piston is 2000 square inches, and it makes twenty
double strokes per minute, the length of the stroke being 4% feet. If
the pressure of steam be equal to thesweight of 25 Ibs. per square inch,
and the efficiency of the machine be §, how many gallons of water can
the engine raise from a depth of 200 feet in a working day of 10 hours?

No1E.—A gallon of water=10 lbs.

153. A train whose mass is 200 tons is drawn by a locomotive of
250 H.P.; if the friction and the pressure of the ajr offer a resistance
of 124 Ibs. weight per ton, what is the greatest speed which the train
can have on the level? .
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154. Explain why the pressure of a jet of water from a fire-engine
varies as the square of the velocity.

155. A jet of water whose section is 3 square inthes strikes an
inelastic wall with a velocity of 9o f.-s. ; find the pressure on the wall.
A cubic foot of water=62% lbs.

156. If in Ex. 155 the velocity of recoil be 10 f.-s., find the pressure
on the wall. .

157. If 400 gallons of water fall from a height of 40 feet every five
minutes, what is the pressure on the ground below, assuming that the
water runs off?

158. If in a storm which raged for two hours the steady rainfall was
14 inches, find the pressure on the ground during the storm, on the
supposition that the rain fell through 1000 feet.

159. Expose the fallacy in the following reasoning: ¢If a particle be
projected vertically downward from a given height £, with an initial
velocity #, its velocity on striking the ground must be u + V/2g4.’

160. A skater, moving with a uniform velocity 10 f.-s., throws a ball
horizontally in such a manner that its direction 1s at right angles to his
original path, and its velocity is 50 f.-s. ; find the impulse on the ball,
and his own path immediately after, on the supposition that his mass
is 500 times the mass of the ball.

161. A body projected vertically upwards with a velocity of 20 miles
2 minute passes at the end of each second through an obstruction which
at once reduces the striking velocity by 160 f.-s. ; how high will the
body rise ? .

162. A body is projected with a velocity # in a direction at right
angles to that of the sun, and in the same vertical plane with it. Show
that the retardation of the bLody’s shadow on the horizontal plane
through the point of projection is g cot @, and that the shadow will be
at its greatest distance from its initial position after a timd'u seca/g, a
being the sun’s altitude.

163. Find the shortest time (from rest to rest) in which a chain,
capable of bearing a safe load of / tons, can lift a mass of /# tons out
of a hold % feet deep.

164. Prove that the greatest load which can be lowered gently into
the hold of a vessel % feet deep by a ghain capable of bearing a safe
load of W tons in # seconds from rest to rest is

. W(._;ﬁ?)mm




APPENDIX L

'TYPICAL EXAMPLES WORKED OUT.

Example i. Find the work done in raising a cubical block of stone,
whose weight = I#, and whose edge is e,
(1) Upright on one edge.
(2) Upright on one angle.
(1) The length of a diagonal of a sidle=anz,

When lying flat, the C. G. is f;-above the ground.

When upright on one edge, the C. G. is ‘Q-/E above the ground;

.C.G.is msedaﬁ_i— (Jz—!)

But, Work done = whole wexght » distance C.G. is raised (Art. 308)
a —
= I'V'; (n/2—1).
(2) The length of a diagonal of the cube=a\/3T
When upright on one angle, the C, G. is “zﬂ above the ground ;
*. Work done in raising it from its original position to its posi-
tion upright on one angle
a —_—
=W 2 (V3-1)
Example ii. An oarsman pulls a pair of sculls, each with a force 2.
If the loom be %th of the lepgth of the oar from the rowlock, find

the force urging the boat on her way.
Consider one of the oars. Let the length of tke oar be /.

Let R=pressure at the rowlock,
. 343
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Take moments about the end of the blade (supposed to be momen.
tarily in contact with a stone beneath the water, and therefore fixed).

IN_ps.
Then, £ (1-;)_1&,

. - Pm .
o m—1’
.* Total force at the two rowlocks = ::"}:

Now, since the man must be considered as part of the mass moving
with the boat, and since by the Third Law of Motion his hands sre
pulled towards the stern by a force 2P;

«*. Force urging boat on her way=—— '"P —2p=22

Example iii. Find the pressure per acre due to a steady fall'of rain
of two inches in 12 hours, assuming that the water falls from a height
of goo feet, and does not rebound.

Mass of water which falls on each square foot=3} x 14 |bs.

Velocity on reaching the ground = /64 x 900=240 f.-s. ;

.. Momentum destroyed per second by reaction from ground .

=..1.l:‘;.§ X vt ngoox = units of momentum ;
125 X 240
144 X 3600
125 X 240 x 4840 x 9 Ibs. weight.

144 x 3600 x 32
This reduces to 78-77... 1bs. weight.

*. Pressure on 1 sq. ft.= poundals.

.*. Pressure on I acre=

Example iv. Water is thrown by a fire-engine in a continuous
stream, and strikes a wall at right angles with a velocity of 40 f.-s. If
e=}, and the section of the hose be 3 square inches, find the pressure
on the wall, and express its value in poundals.

Mass of water reaching wall ger second=42X12X3 125 o
. 1728 2

Change of velocity =40 + 159 =48 f..s.

Now, /=muv (by Aw. 136),
=40x12Xx3 12§x48
. 1728 T2 71’
= 2500 poundals,
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Example v. A mass of 32 Ibs. hanging over the edge of a rough
table is connected with a mass of 40 lbs. placed on the table. Find
the heat generated while the 32 lbs. descends 60 feet and has its
velocity increased from o to 8~/47/3 f.-s.

NoTEe.—Assume that 772 ft.-lbs.=1 B. T. U, (Art. 319).

The K. E. of the system at starting + Work done by gravity on the

system=fingl K. E. of the s'ystem+Work done against the friction ;

o §(4o+ 32):0+ 32¢-60=4%(40+ 32) (— a7 ) + Heat produced ;

.. 0+1920 g—36—"691"_"_"'-7 + Heat produced.

From this equation, the Heat=1544 ft.-lIbs.,
=1544_.38 T. U.
772

L)

Example®vi. Two equal masses (each=m) are made fast to the
ends of a light inextensible string which is then placed over two smooth
pegs in the same horizontal line. If a mass A7 is then attached to the
string midway between the pegs and be allowed to fall, how far will 47
descend before returning to a position of equilibrium?

Let M descend a distance & to 0, and in consequence the masses at
the ends of the string ascend to the positions indicated in the figure
from their original positions at C and D.

Now the length of stnng which slips over each peg must=08-a

= Jda+d—a.

The loss of energy of M in 1t£ lowest position at O must be equal to

the gain of energy of m and m at their increased heights ;
‘. Mgd=2mg (N +a%-a). *
From which equauon the value of 4 may be determined.



346 Appendix to Elements of Dynamics.

Example vii. A train of 200 tons is drawn by a locomotive of 300
H.P. along a level railway. The resistance due to friction being
taken as 15 Ibs. weight per ton, required (1) the greatest speed which
the engine can maintain, and (2) the acceleration of the train at the
instant its velocity is 20 miles per heur, the engine being supposed to
be at full power at that instant.

(1) 7o find the maximum speed— )

The engine yields (300 x 550¢) ft -pdls. per second.
If v=greatest speed in miles per hour;

iz;—greatest speed in feet per second ;

‘. Work done against Friction per second =200 x 15¢ x a;’ ft.-pdls. s

*. 200 X 15X l.5_.:’=v3t"u>< 550%.
L3
From this equation z is found to be 373 ;
.*. Maximum speed is 374 miles per hour.

(2) To find the acceleration when the spced is 20 miles per hour—

At any instant, the Work done against Friction per second + Work
done by the pull of the engine per second = Work yielded by the engine
per second.
Let a=acceleration at the instant in question ;

Then, since =ma, and 20 m. h. =§3§ f.-s., we have
(200 x 15¢) .83_8+(200 X 2240a) 8—38.—-3oox 5508,
o (200 x 156+ 200 % 22404)8_:.—.300 X §508.

From which equation, a=-l§6 f.-s.-8

R
Example viii. A mass of 1 lb. moving horizontally on a smooth
table with a velocity of 644 f.-s. drives a nail of mass gy oz. intoa
fixed block of wood. If the nml penetrate % inch, find the mean re-
sistance, there being no recoil on stnkmg
To find the velocity with which the nail begins to penetrate.
By Law iii. Momentum after the blow=Momentum before the blow.
Let z=Vel. reqhired ;

A (1+;%6)v=1x64};
. v=64f.-5



Typical Examples Worked Out. 347

Let R=mean resistance, measured in poundals.
Thenp Work done against this resistance=Loss of K. E, ;

. 1
. R = 2
48 z( 256) 64%
From this equation, R=98688 pdls. ;

.". R=3084 lbs. wt.

Example 1x. If the block be a mass of 83§ Ibs. and be quite free
to move, how far does the nail penetrate, the resistance remaining the
same?

As above, the nail begins to move with a Vel. =64 f.-s.

Then, Work done against the resistance = Loss of K. E.

Let x=distance nail cnters the wood in inches;

. - R 2552
.308.%,x_ _( 256 (125——6"'8256)v [ § B
where 2 =velocity of the system after the nail has been struck,
and » can be found from the fact that
Momentum after the blow =Momentum before the blow;
255

. ( 56+8256 v,-—-12;6x64 P ¢ ]

From (2), we find that v=-45°—7 f.-s.

Substituting in (1), we find that x=o0-2 inches.

Example x. A mass ; is caused to rotate round a fixed point in a
vertical circle. Find the least velocity which the body must have at
its highest and lowest points respectively, so that the tension of the
string may become zero as the body passes through the highest point
of the circle. Find also the least possible strength of the string.

A o
TD
L]
o
o AT,
[ ]
7,
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Let v, =velocity at 4. V,=velocity at 8.
Then, 7,+mg="Force along 40;

3 -
- T o+mg=%‘-, where r=radius of the circle.

But 7,=0, by hypothesis ;
cen=arg
When the body passes through B, it has lost Potential “nergy
=mg-27, but 1t has gained an equivalent amount of K. E. ;
. K E at B=K.E. at A+P. E. at d;
ot dmuld=Ymo 2+ mg2r
S vt=rg 4T =578
- =4 [
When # is at B, the force acting along BO0=7,-mg 3
. 7t
e Ih- mg=—=; .
o Ty=mgtimg;
=6mg.
Hence the string must be strong enough to support 2 mass of 6.
hanging at rest,

Example xi. A train travels on a railway curve of radius » with a
uniform velocity z. Find the height of the outer rail above the inner,
in order that there may be no wearing of the flanges of the wheels, the
distance between the rails being x. .

P
B
A -
(o} / A
R
mg -

Let AC be the horizontal line through 4 ; 45 the ‘way’=ux.

Then BC is the height of the rail B above the rail 4 ; let BC=A4.

Now all pressure on the flanges is evidently removed when the pres.
sure on the rails is perpendicular to the ¢ way.’
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Let' P="Pressure on each, rail, then 2P= R the resultant pressure on
the two rails. The Force (&;) on the train is egual and opposite to R.
.*. the verticad component of &) must be mg, where mg is the weight
of the train of mass »z,
and the Zorizontal component of X, must be the force causing the
train to move on the curve ;

Rlsind='”—r‘”2. e e e e (1) (Art 335.)
and, Rycosa=mg . ... ... ... cee e (2)
Divide (1) by (2) . tan a=?
g

r
But, tan a T
Lk _2
CWNECE

And % can be found from this equation.

Example xii. A pile of mass » 1bs. is driven vertically a feet into
the ground by a mass of m, lbs. falling on it from rest through a
distance % feet. If there be no récoil, find the mean resistance of the
ground.

The velocity of , on reaching the pile= A/247. mm,

Let v=velocity with which (7 + m,) begins to move T
after the blow. :

By Law iii. (m+m)) v=m\N2gh; ik
mt+my 2gh.

Let R=mean resistance offered by the ground.

The forces acting vn (m+ m,) are evidently £ upwards,
and the weight of (7 + m,;) downwards.

Hence, the K. E. of (m+ ;) measures the work done m
against the resultant of these two forces acting
through the distance @ feet; ,

oo {R—(mtm)gia=(m+my)o?

my* 20k :

(mtmy)® '
From this equation we shall find that

g=mlhtmimfay .

(m +m))a v

=4(m+m,)-
[ ]
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Example xiii. A smooth ball is projected from one of the
base angles of a square with a velocity » at an angle of elevation a.
Find the condition that it may strike three sides in succession and
reach the other base angle, the coefficient of elasticity being ¢, and the
side of the square being x.

(o} Resolve % into u sin a vertically, and
% cos a horizontally.

Then we note that:
(1) Velocity of recoil=ex Velocity of
D B approach (Art. 272); and
(2) The vertical velocity at B and D,
o and the horizontal velocity at C are

not affected by impact, the ball

\ being smooth.

@', Now the body is moving honzontally

A E  and also vertically during the whole time
of motion (T').

Considering the %orizontal motion only, we see that—

n

T=Time from 4 to B+ Time from B to D (vi4 C)+ Time from O

to £.
. x x x
xcosa cucosa cucosa
( —+ )—'f.(f‘i'—""") e (1)
uc()sa e“u cos a

Considering the vertica/ motion only, we sce that—
7=Time from A4 to C (v:& B)+ Time from C to £ (vié D).
Let #;=time from 4 to C, and #,=time from Cto £; '

Using s=wut+3af?; ‘
.*. x=usin a-#, —}g¢,% which gives ¢, ;
also, x=e( NuZsin a — 2gx)t, + 37,2 which gives 2,3
Thus, =642« < o o o oo v v e . (2)
Hence by (1) and (2) the condition must be that—
_x(1+, +e+e’)

tg=
hth= ¢”u cosa

Example xiv. A mass m, is made fast to a light string which
passes over a fixed pulley 4, and the other end is attached to a light
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pulley B. Again, over B a second light string passes, having at its
ends two masses 7, and my (my>mg). Find the accelerations of the
several massespand also the tensions of the strings.

Let a;=acceleration of 7, in space.
= » »» 7y and my relatively to 5.
Then since 7, is descending and g is ascending
A relatively to B ;
.*. 'a, —ay=acceleration of #z, in space ;
also, a;+ a,= ”» 9 Mg ”»
Let 77 =Tension in string passing over 4 ;
and 7= ” ” ”» B.
Consider my .*. ma=mg—-7T7 . . .. ... (1.)
My omyay—a)=Ty-myg. . .. (2)
sy Mg teomglayta)=To—mpg. o .. (3.)
and 71=2T3 v v e v oo v o (4)

my

These four equations are sufficient to determine
ay, ag 73y 7o

Example xv. A mass is' made fast to one end of an inextens-
ible string which passes over a moving pulley B
(mass m,), then under a second moving pulley C
(mass ), next over a fixed pulley D, and finally
has its other end attached to B. To find the
tension of the string during the motion, and the
accelerations of the several masses.

Let us suppose, for simplicity, that all the
masses are descending,

m, with acceleration=a,
2 » ’” =a,
niy » »”» =ag
And let the Tension of the string= 7
Consider my, ma,=mg—T . ¢ . . .
w Mgy Mpa=mag+27-T . . .
» mg, mygag=mzg—2T . . ...

(1
(2
3

(3.

~— o~~~

N
* The last equation may not be evident at first sight. Consider what will happen
if B have a mass m. Then knowing that its acceleration must be a; we have—
may =T - (mg+2T). ¢
But since by hypothesis m=o0.". T3=27}.
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Now if the motion last for ¢ units of time, then measurmg from a fixed
horizontal line, v
The string @ has increased by 3a,, .
» 2 ” ”» oy,
” b »” ”» Bagt?—fa,,
” ”» ” i‘“l’z_%agl’
.*. the whole strmg has increased by (2a3+ a, —a,)3/%
But as the string is inextensible, this ilicrease=o,
e 203+ @—@=0. 0 4 b e e e e (4.)
The 4 equations I, 2, 3, 4 are sufficient to determine the unknown
quantities a,, a,, a; and 7.

Example xvi. An inextensible string having masses m7, and
made fast to its ends passes over smooth fixed pegs 4 and B, and also
round a heavy pulley (mass ) on a smooth table. To find the
accelerations of the several masses and the Zension of the siring, all the
bodies moving in a vertical plane.

. T B
m

J/OA

ny

Let m, descend relatively to z,;
Let the acceleration of »;=a,.
And ” s m=a,
And let the tension of the string = 7.
As m advances on the table, the total length of the string which slips
over A and B in the time / must=2-}as?;
But the length which slips over 4 =4a,7?;
Te ”" ” ”» =2 kaﬂ ia'lﬂ ’
or (a—3a;)s?;
.*. the acceleration of m, downwards=2(a— }a,),

=(2a—gq,).
Consider my, moa,=myg~T . o-. . . .. ... e e (1.)
w  Mmpm2a—@)=mg—T . . .00 (2)
» My mA=2T"0 o v v oo et e (3.)

The 3 equiitions I, 2, 3, are sufficient to determine a, a;, and 7.
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Example xvii. Two masses 7, and 2, are connected by a string
over the vertex of a wedge (mass ) placed on a smooth table, 7,
being on the slope of the wedge and descending relatively to m,. To
find (1) the acceleration of my and m,; (2) the acceleration of the
wedge ; (3) the tension of the string; (4) the pressures of 7z, and
on the wedge ; (5) the pressure on the table.

Let a;= Acceleration of »; and m,;
a= » s wedge ;
T'=Tension of string ;
R, =Pressure of 7, on wedge ;
Ry= 5 5 my ”»
R= ,, ontable
Consider the motion of m—
Resolving all the forces acting on m, along the plane :
my(ay—acosé)=mgsini—-7" .. ... ... (r.)*
Resolving at right angles to the plane :
masini=mgcosi—R) oo oo v (2)
Consider the motion of mg—
Resolving all the forces acting on »z, horizontally :
mo=R, ()
Resolving vertically :
. Mgy =T — Mg v ¢ o s o o v o v o v oo (4)
Consider the motion of the wedge—
Resolving all the forces acting on it horizontally :
ma=Ry+ 7'cosi—Rysinz . . ... ... .. (5.)
Resolving all the forces verticdlly :
mo=mg+ T+ T'sini+ Rycosi—R .. ... (6)
These 6 equations are sufficient to determine a, a;, 7, &), Ky, and .

* To make this equation clear, Consider the motion of m, relative to the
point of the wedge in contact with it: the accel. of m; down the plane
1s @) and the accel. of the point in question xp the plane is the component
of a in that direction ; .. accel. of m; in space parallel to the plane must
be (a, — acos£) and the force acting in that direction is mgsini— 7.

) z
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Example xviii. If the Unit of Work be 500 foot-pounds, the Unit
of Force be the weight of 10 lbs. (g=32:2 f.-s.-s.), the Unit of Mass be
161 1bs. ; required the Units of Space and Time employed in that
system.

Let x feet= Unit of Space ; and ¢ seconds=Unit of Time.
By definition, Unit of Work =Unit of Force x Unit of Space ;
.*. 500 ft.-lbs=10 lbs. wt. x x feet,
But, 500 ft.-Ibs. = 10 Ibs. wt. x 50 feet ;
.*. =50 feet.

Again, in the equation, F=ma, if F=1, and m=1, then a must

also=1.

Now, 10¢=161a, .". a= '_‘-):‘_6312—'2=2 f.-s.-3.;
«*» Unit of Acceleration=2 f.-s.-s. .
By definition— -

Unit of Acceleration = Unit of Velocity added in Unit of Time.
=a vel. of x feet per # secs. added per ¢ secs.

=a vel. of 32 f..s.-s. ;

3
co2=32; . £#=25;
.*. t=5 seconds.

Hence, Unit of Space= 50 feet.
Unit of Time= 5 seconds.



APPENDIX IIL

DUCHAYLA'S PROOF OF THE PARALLELOGRAM
OF FORCES,

WE, assume the following :—

1° If a force act on a rigid body it will produce the
same effect if supposed to act at any point of the body
situated in the line of action of the force. (Art. 172.)

2°. The resultant of two forces acting at a point lies
between the forces and in the plane of the forces ; for it is
evident that if any reason can be assigned why it should
act on one side of the plane, an identical reason may be
assigned why it should act on the opposite side also.

3°. The line of action of the resultant of two egua/ forces
acting at a point bisects the angle between them; for it is
evident that if any reason can be assigned why it should
act nearef to one of the forces, an identical reason may be
assigned why it should act nearer the other also.

Statement of the Theorem.

If two forces acting at a point be vepresented in both
direction and magnitude by the adjacent sides of any parallelo-
gram, their rvesultant is represented in both dirvection and
magnitude by the diagonal of the parallelogwam which passes
through their inlersection.

355
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From 2° and 3° it follows that if two egual forces actmg
at a point be fully represented by the adjacent sides of a
rhombus or square, the direction of their resultant is along
the diagonal which passes through their intersection.

The Proof of the Theorem in the case of unequal forces
is divided into three parts:—

(i) Thediagonal represents the direction of the resultant,
in the case of two commensurable forces.

(ii.) The diagonal represents the directson of the resultant,
in the case of two incommensurable forces.

(iii.) The diagonal represents the magnilude.of the re-
sultant in both cases.

To prove (i.)

If the Theorem (so far as direction is concerned) holds
for the system P and Q acting at a given angle, and also
holds for the system 2 and Q' acting at the same angle,
then we can show that it will also hold for the system #

and Q4 Q acting at that angle. .
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Let 04 fully represent £, and O.D fully represent Q+ Q.
Alsg let OB fully represént Q acting at O.
Then B.D will fully represent Q' actingat B. (1°)
Complete the parallelograms B4 and DC.
Join OC and BE.
By hypothesis, the resultant of P and Q acting at O
acts along OC.

) Replace P and Q by their resultant, and transfer its
point of application from O to C, (1°).

At C resolve this resultant into its original components,
viz, :—

L ]
P, which will act along BC, and may therefore be sup-
posed to act at B, (1°), and

Q, which will act along CZ, and may therefore be sup-
posed to act at £, (1°).

We have, now, a force Q acting at £ in its original
direction ; and two forces acting at B, viz. P fully repre-
sented by BC and Q’ fully represented by B.D.

By hypothesis, the resultant of 2 and Q' acting at B acts
along BE.

Replace P and Q' by their resultant, and transfer its
point of application to £, (1°).

At £ rtsolve this resultant into its original components,
Pand Q. :

We have thus transferred the forces acting at O to the
point £ (supposed to be rigidly connected with the body)
without changing their direction or effect.

.. E is a point in the Ane of action of their resultant.

.*. OE is the direction of the resultant of the system
P and Q+  acting at O.
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Now let each force in the system be equal to 7.
.~ If the theorem (so faf as direction is considered) i§ true
for the two systems, &, # and 7, F,
it will be true for the system Fand 27
But we have shown that it 75 true for the system £, F;
.*. it is true for the system #and 2F
Again, since it is true for Fand 25, and for #and Z,
.*. it is true for the system #and 37 .
and so on;
.*. it is true for the system & and mF,
where m 1s a positive integer.
Again, since it is true for mF and %, and for m/F and £,
.*. it is true for the system mF and 2F. '
Since it is true for mF and 27, and for mF and £,
.*. it is true for the system mF and 3F;
and so on;
.". it is true for the system m/# and nZ#,
where both m and 7 are positive integers;
.. in the case of two commensurable forces,
the diagonal represents the dizection of their resultant.

7o prove (ii.)

If the two forces are incommensurable, it is always possible
to find two commensurable forces which will represent the
given forces to any degree of closeness;* and since we

* Thus, let 2 and Q be two incommensurable forces, and let 7' be
any force which we may take as small as we like.

Then, let -§=m+k, and %=n+k',

where m and » are positive integers, and 2 and # are positive fractions;
. P—mF=FkF, dgad Q-nF=FF.

Now let 7 become smaller and smaller, then the second sides can be

made as small as we like; .°. 2 and Q can be made to differ from

mF and #F by as small a quantity as we like.
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have shown that the Theorem is true for any two com-

mensutable forces (i.), therefore it must be also true for
. .

any two incommensurable forces.

To prove (iii.)

D

Let 04 and OB fully represent any two forces acting at O.
Complete the parallelogram 4.B.
Then it has been shown that OC represents their
resultant in dérection.

Produce C0, and measure off on the produced line a distance
OD which shall represent their resultant in magnitude.
Then, by the definition of a resultant, the three forces fully
represented by 04, OB, OD, are in equilibrium,

, Complete the parallelogtgam D5, and join OE.
Then OE represents the direction of the resultant of the two
forces OB and OD;
.*. 04 and OF are in the same straight line;
. ECisa parallelogram..
. OC=EB; and OD=EB; .. 0C=0D.
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By construction OD represents the magnitude of the
resultant of the two forces OA4 and OB.
*. OC represents the resultant of O4 and OB in
magnitude,
And this completes the Proof.

THE PATH OF A PROJECTILE IS A PARABOLA.

(Note.—The student is supposed to have read Arts. 277-292.)
First Method, requiring only the deﬁmtlon of a
Parabola.

DEF.—A Parabola is a plane curve, every point in whick
is equidistant from a certain fixed point and from a certain
Jixed straight line.

The fixed point is called the Focus.
The fixed straight line is called the Directrix.

KL E K,
rC

S

K\

AR ,, \A,

Let a particle be projected from any pomt 4 with a
velocity # at an angle of elevation a
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From 4 draw a vertical straight line 4X, and make
Ax=".
28

Through X draw a horizontal straight line XX, of in-
definite length. After any time # let the particle be at D,
and let itswelocity at this point be #,, making an angle 6
with the horizon.

*The Hor. Vel. of #=u cos a, and the Vert. Vel.=# sin a.
The Hor. Vel. of #,=#, cos 0=u cos a. (Art. 281.)
The Vert. Vel. of ;=72 sin 0= sina—gt. (Art. 281.)

*. #,2=(xu cos a)?+(u sin a—g/)?
=122 cos? a+#2 sin? a— 2 ug sin a.z+g%#2
' =ub—2ug sin a-s+ g
=u—2g (u sina.f—4% g??).
But AN=u sin a-t—3g¢%;
cout=%l—2g8-DN.
And w?=23-4K; (by const.)
coul=20AK—20 DN
=2¢ (AK—DN)
. wu=2gDL.

Therefore, the Zotal velocity of the projectile at any given
point of its path is equal to that due to its fall from rest
from the point in XA, vertically over the given point.*

Hence DL=1{_1'.". .
28
Let C be the highest point reached by the projectile.
Draw ECM a vertical straight line through C, meeting
. the horizontal line through D at M.
Make CS=CE.
Then the total velocity at C is % cos a.

* This is usually expressed by saying that the velocity of a projectile at
any given point is equal to that acquired in falling® vertically from rest
in the directrix to the given point.
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Hence it follows that
CE—(#cos a)? or= #,2cos? 0
SR or="10500,
2

28
Now MS=ME—SE=DL—:CE.
- MS=""_2lcosd
) 2g 28

Let Z,=Time of Flight from £ to D,;
T,:ZL;H_@. (Art. 285.)

" DM=u, cos 0x 17 ,=u, cos o’is:_:l_o

_u,%cos fsin 0

I 4
Now DS2=DM?4 MS*
@ - (11,2 cos 6 sin Q)’ (y,_’ 22,2 cos? H)’
y BV — "

”5"2(4 cos2 0sin2 0+ 1 — 4 cos? 60+ 4 cos? 0)

=u;{ cos? O(sin? 64-co<2 0 —4cos?d
Py 4 ( + V+1—4 }

=:-f;;(4 cos? 041 —4 cos? 0)

But DL=—
. DS=DL. .

Now S is a fixed point, and XX, is a fixed straigﬁt line,
and since D may be any point in the projectile’s path,
.. the locus of the point D is a parabola, having S as its
focus, and KX, as its directrix.

‘. The Path qf a Projectile is always a Parabola.
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Secend Method, requiring a knowledge of Conic
Sections, ’

Let a particle be projected from any point 4 with a
velocity = at an angle of elevation a.

After any given time £ let its position be at .D.
The Hor. Vel. at D=ucos a.

The Vert. Vel at D=#sina—gt. (Art. 281.)
Let 7,=Time of Flight from D to D,.

2z (#sine—g

Then T\= f); (Art. 285.)

2 (#sina—gt
DD =ucosu-Ty=ucosa- (sina—g ).

Let C be the highest point reached by the projectile.
The Time of Flight from D to C=%7;=” sin;—g:'

. DM=ucos a.%f,:u cos a(u_s_m a—g?)

v DM=4DD,.
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To find CM we use the Formula of Reference,
s=ut+3as?;
. CM=(usina—gi). usina—gt -3 % sin a—gt)
s r's
=(u sin a—g7)? o _”
4
=(usina—gi)!
2g ’
D .M‘:"’ cos?a(#% sin a—g7)?

Now

_u?cos®a.2eCM
__—g’
.. D=2 z cos’ a.CM.

But when the origin is at the vertex, the equation to the
Parabola is, y?=4ax ; where 4a is the latus rectum;
.*. the locus of D is a Parabola,
whose Vertex is at C, whose Axis is CZ,
2% cos?a

and whose Latus Rectum is

g
‘. The Path of a Projectile must always be a Parabola

TWO TRIGONOMETRICAL FORMULZ.

The following Theorems are very often of great use in
solving statical problems—

If ABC be any plane tilangle, and from C a straight
line CD be drawn to any point in the base; then if
AD=m; DB=n; ACD=a; BCD—,B, and BDC=6,
we shall always have

(m+n)cot@=mcota—ncotf . . . (1)
and, (m+n)cot@=ncotd—mcotB . . . (2)
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To pyove (1).

In the triangle 4ACD,
. AD_ sina _sine
AC swm(n—0) sind

In the triangle 2CD,

DB_sinf3,
BC sin6’
. AD BC _ sma. sin @
" AC * DB sm0 *sinB’
Lm e sina
"m0 sinf
m sind sina

"% sinB smf

But 4=0—a; and B=7w—(0+a);
J . msin(a_—_a)_si_n_g..
*" asin(6+4p) sinB’

o*. msin Bsin (0 —a)=nsinasin (0406);
.*. msin B (sin 6 cds a—cos O sin a)
=nsin a (sin 6 cos B+cos @ sin B).
Divide every term by sina sin Bsin @ ;
.. m(cot a—cot 6)=n (cot B+cot 0)
*. (m-+n) cot 6=m cot a—nco} B.
QED
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7o prove (2).
As before, msinA=sin e
nsin B sin

But a=6—4; and B=r—(6425);

. msin4_sin(6—4)

"' nsinB sin(0+B8)°

*. msin A4 sin (6+ B)=nsin Bsin (§— 4);

*. msin 4 (sin 6 cos B+ cos @sin B)
=nsin B (sin § cos 4 —cos Osin 4).

Divide every term by sin 4 sin Bsin 6;
.. m(cot B+cot 6)=n(cot 4—cot 6)
.. (m+n)cot 6=n cot A —m cot B.
Q. E.D.

The student may, as an exercise, employ the first of these
results in working the following :—

Page 189, No. 7 ; page 193, Nos. 17, 24; page 194, No.
34; page 337, No. 106.



EXAMPLES FROM RECENT EXAMINA-
TION PAPERS.

THE student ought to know that in nearly all Examina-
tion Papers in this subject there is a note at the beginning
to the effect that great importance is attacked to accuracy.

L COLLEGE OF PRECEPTORS,

1. The wind blows from a point intermediate between N. and E.
The northerly component of its velocity is 10 miles an hour, and the
easterly component is 36 miles an hour. Find the velocity of the wind.

2. Explain what is meant by the unit of force, taking as units (1) the
centimetre, second, and gramme, (2) the foot, second, and pound.

3. A mass of 20 Ibs. is projected down a rough inclined plane (ratio
of keight to length=3 : 5) with a velocity of 30 f.-s. If u=-2, find the
velocity of the body when it has traversed a distance 200 feet along the
plane.

4. Forces 3, 4, 5, 6 units act on a particle at the centre of a square
in directions towards the angular points respectively, Find the
resultant force. .

S A uniform beam, weight / and length /, rests with one end
against a smooth vertical wall, and with the other end on a smooth
horizontal floor, and connected with the base of the wall by a string,
length s. Find the tension in the string, and the reactions at the ends
of the beam. .

6. A train starts from rest, and acquires a velocity of 60 miles per
hour in 10 minutes. What is the measure of its acceleration, taking as
units (1) miles and minutes, (2) feet and seconds?

7. What is the least force fecessary to cause a mass of 15 Ibs. to
move through 20 feet from rest in 2% seconds?

8. A solid cube rests on a rough horizontal plane; through what

angle may the plane be inclined before the cube overturns?
367
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IO INTERMEDIATE EXAMINATION (Ireland). .

9. A man, 10 stones mass, goes up a ladder 16 fet high; what
work does he do in raising himself?

10. Show, by the ¢Principle of Work,” how the mechanical
advantage of the single movable pulley can be ascertained ?

11. How is it proved experimentally that all bodies fa]l with equal
rapidity in a vacuum ? !

12. Explain how the relations between the time, velocity, and
space described by a moving particle can be represented by a geo-
metrical construction.

13. If brakes were applied to all the wheels of a train moving at 30
miles an hour on a level, within what space would it be pulled up, the
co-efficient of friction being }?

14. A heavy uniform plank 4BC, weighing 60 1bs., and' 14 feet
long, rests on two props 4, B, 12 feet apart. Could a man weighing
140 lbs. walk on it to the end C without the plank toppling over?

15. A string is laid over two pulleys 4, 5, in the same horizontal
line, 10 feet apart ; a mass of 112 Ibs. is hung at each end ; if a mass
of 1 lb. be placed on the string half-way between 4 and B, find how
far it will descend below 45 when in equilibrium,

16. Two equal masses 7 and = are connected by a string over a
small smooth pulley. A given mass m, is now placed on one of them;
determine the pressure it exerts on the body with which it is in
contact during the motion.

IOI. OXFORD LOCAL.

17. Define force, and give exathples of forces of different types.

18. What is the moment of force about a point? Show that a
moment can be represented geometrically by an area.

19. What is the centre of gravity of a body? How would you
determine experimentally the C. G. of a flat disc? Clearly explain
the reason for each operation. '

20. Define energy; explain what is meant by the conservation of
energy, and give an example of this conservation.

21. A mass of 10 lbs. is suspended by a string ; and when pulled by
a second string in a direction making an angle of 30° below the horizon,
the first string malles an angle of 30° with the vertical. Find the
tensions in the two strings.
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22. Show how to find the C. G. of the remainder of a body after a
portion®has been cut away, the masses and centres of gravity of the
whole and of tife portion cut away being known.

23. A uniform beam 20 ft. long, weighing 100 lbs., carries a load of
50 lbs. at a point 6 ft. from one end, and rests on two supports at points
distant 8 ft. and 15 ft. from this end. Find the pressures on the sup-
ports. . . '

24. Masses of 5 Ibs. and 6 lbs. are attached to the ends of a string
which passes over a smooth pulley. Find the acceleration with which
they will move, and the tension in the string in Ibs. weight.

25. Give a definition of force in terms which are suggested by the
equation F=md, and from this equation deduce a convenient unit of
force.

How s weight expressed in terms of this unit?

26. Prove that a ‘couple’ cannot be balanced by a single force of
translation.

27. A body acquires the speed of 150 miles an hour in 44 seconds
when moving with uniform acceleration : how soon will it have reached
a place 480 yards from its starting-point ?

28. How does the potential energy alter when a body falls through
the air to the mouth of a mine and then proceeds onward down the
mine ?

29. A sphere, of mass 6 lbs., moving with a velocity ot 8 f.-s., over-
takes another sphere, of mass 4 Ibs., moving in the same straight line
and in the same direction with a velocity of 4 f.-s.; the coefficient
of restitution being 4, find the velocities of the spheres after impact.

30. A ball is projected from the foot of a plane, inclined at an angle
of 30° to the horizon, in a direction making an angle of 30° with the
plane. Show that the velocity with which it must be projected in
order that it may strike the plane at a distance of 20 feet from the foot

is 8 /15 feet per second.

31. A ladder is placed on a rough horizontal pavemen‘t and leaned
against a smooth vertical wall. It is found that the ladder is about to
slp when it makes an angle of 45 with the horizontal. Find the
coefficient of friction between the ladder and the pavement.

32. A }-oz. bullet is fired with a velocity of 1400 f.-s. from a gun
weighing 7 lbs. Find the velocity in feet per second with which the
gun begins to recoil, and the mean force in lbs. weight that must be
exerted to bring it to rest in 4 inches.

2A
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33. Two forces of 20 lbs. weight and 11 lbs. weight respectively,
acting at a point, have a resultant equal to 13 lbs. weighty if the
smaller force is increased by 10 lbs. weight, determine® the magnitude
of the new resultant. .

34. An ordinary door 9 feet high and § feet wide, and weighing
150 lbs., is supported by two hinges, one 18 inches from the top and
the other the same distance from the bottotn ; draw figures to illustrate
the forces acting on the door, and determine their magnitude (1) when
the reaction at the upper hinge has no vertical component, (2) when
the vertical components of the reactions at the two hinges are equal.

35. A hemispherical bowl 18 inches in diameter and weighing 15 Ibs.
is suspended from a point by three chains, each of which is 3 ft. § in.
long, fastened to its rim at three points equidistant from one mothet
Determine the tension of each chain. .

36. Show that the position of the C, G. of a body relatively to the
body is independent of the position of the body.

37. On three of the faces of a regular tetrahedron of height £ regular
tetrahedra are described. Find the distance of the C. G. of the solid
thus formed from the fourth face of the original tetrahedron.

38. A heavy body, resting on a rough plane inclined at an angle a
to the horizontal, is connected with mass hanging freely by a string
passing over the vertex ; if ; and m, are the greatest and least values
of this mass consistent with the equilibrium of the system, prove that
the coefficient of friction between the plane and the body is

(my—m;) tan a

T omAmy,
39. The apparent velocities of two ships 4 and B as seen from a
third ship C are represented by two straight lines 2Q ahd PA; how
will the apparent velocities of B and C as seen from 4 be represented ?

40. A parlicle is projected vemcally downwards with a velocity #,
and ¢ seconds afterwards another body is pro_)ected from the same point
in the same direction with a velocity »; which is greater than % ; prove

that the second body will never overtake the first unless /< 21;—“.
41. A heavy mgss m is being raised vertically by means of a fine

string ; determine the tension of the string, when the mass is rising
(1) with a uniform velocity »; (2) with a uniform acceleration a,
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42. In 6} seconds after pro_)ectlon the velocity of a body is }ths of its
initial velocity, and it is moving at right angles to the direction in
which it was prdjected. Determine the magnitude and direction of its
initial velocity. (g=32.) &

IV. CAMBRIDGE LOCAL.

43 Expla{n the principle %f transmissibility of force, and show how
the principle is used in proving the ¢ Parallelogram of Forces.’

T'wo weightless strings are tied to the ends of a uniform bar ; each
passes over a pulley, and has a weight attached to it equal to the
weight of the bar. Show that when in equilibrium the bar is horizontal,
and find the inclination of the strings to the vertical.

44. Show that if three forces in one plane be in equilibrium, they all
pass thrdugh qne point, or are all parallel.

A rod rests with one end against a smooth inclined plane, and the
other end is held by a string. Give a geometrical construction for
finding the direction of the stnng What takes place if the plane be
horizontal ?

45. Find the C. G. of a thin uniform triangular lamina.

Find the C. G. of a quadrilateral lamina, two of whose sides are
parallel and one of them double of the other.

46. Show how to graduate the Common Steelyard.

Explain carefully why a man stands on the bottom rung of a ladder,
and holds on to another rung as low down as he can, when another
man is lifting the ladder.

47. Define Velocity, and prove the ¢ Parallelogram of Velocities.’

A boat is set with her head due N.E. Under the action of the wind
alone the boat would move in a N.E. direction with a velocity of
4/ miles p&r hour. The tide is flowing due South at the rate of 4
miles per hour. Show that the boat’s actual course is due East.

48. Assuming only the definition of velocity and of uniform accelera-
tion, prove that the velocity acquired by a particle while moving from
rest with a uniform acceleration f for a distance s in a straight line is

2/5.

'J4£. A cncket-ball is thrown wertically upwards with a velocity of

‘56 feet per second. Find the velocity when it is half-way up, and the
height to which it has risen when half the time to the highest point has
elapsed. (The resistance of the air is neglected, and the acceleration
of gravity =32 feet per second each second.)
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50. Prove the Parallelogram of Forces’ for two incommensurable
forces. v

Show how to find the resultant of two forces repfesented by the
diagonal of a cube and oneof the edges meeting the diagonal, both
acting from the point where they meet. Prove that its magnitude
=4/6 x an edge.

5I. Find the resultant of two unlike parhllel forces.

Show that the resultant acts towards the side of the greater of the
two forces, and can never act between them. What happens if the
forces become equal ?

52. Having given the C. G. of a body, and that of a portion of it,
find the C. G. of the remaining portion.

Find the C. G. of the remaining portion of a parallelogram, when a
triangle has been cut off from the parallelogram by a single'straight
cut.

53. Describe the construction of the common balance, stating the
requisites of a good balance. Is it possible to secure all those
requisites in the same balance?

A balance consists of a uniform rod, of length 18 inches, and weight
=4 Ib., the fulcrum being one-eighth of an inch to one side of the C. G.
of the rod. Ifa 1 lb. weight be in the scale attached to the shorter arm,
find how much the customer has weighed out to him in the other scale.

54. A man starts at right angles to the bank of a river, at the
uniform rate of 13 miles per hour, to swim across; the current for part
,of the way is flowing uniformly at the rate of 1 mile per hour, and for
the remainder of the way at double that rate. He finds when he
reaches the other side that he has drifted down the stream a distance

= the breadth of the river. At what point did the speed of the
current change? .

55 Show that the difference of the squares of velocities at any two
points, of a body falling in vacuo, varies as the distance between them.

A bady falls from rest in vacuo through a certain height, and
acquires a certain velocity. Find how much farther the body will
have fallen when it has doubled its velocity.

§6. Describe an apparatus for verifying experimentally the ¢ Parallelo-
gram of Forces.’

Forces of 2, 3, ard 4 lbs. act at a point @ in directions parallel to the
sides 4B, 4C, BC of an equilateral triangle respectively ; find their
resultant,
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57. A heavy uniform beam of length 7 feet rests horizontally on two
supports, one at one end and the other 5} feet from that end ; if the
greatest weightethat can be hung on the other end of the beam without
disturbing the equilibrium be 16 Ibs., find the weight of the beam.

58. What is meant by mechanical advantage? Explain the principle
of work as applied to a machine.

Find the mechanical advantage gained by the use of a single move-
able pulley when the strings are parallel.

«59. A stone is thrown vertically upwards with a velocity of 36 feet
per second. To what height will it rise, and after what intervals of
time will it have a velocity of 12 feet per second ?

60. ‘ The weight of a body is proportional to its mass.” Examine
the evidence on which this statement rests. With what limitations is
it true

Describe ald explain some method of determining the value of the
acceleration due to gravity at the earth’s surface.

61. A projectile weighing half a ton is fired with a velocity of half a
mile a second from a 100-ton gun. Find the velocity of recoil of the
gun, and compare its kinetic energy with that of the projectile,

62. Show that a force may be resolved into two components in any
number of different ways, and explain what is meant by the resolved
part of a force in any given direction.

A straight line COB has a line OA4 at right angles to it, and forces,
each of 7 lbs. weight, act, one along 04, another along 05, and a third
along the bisector of the angle COA4. Find the magnitude of the
resultant.

63. A uniform bar 3 feet long and weighing § bs. rests on a horizon-
tal table with one end projecting 4 inches over the edge; find the
greatest wejght that can be hung on the end without making the bar
topple over.

64. State the laws of friction, and explain what is meant by *limiting
friction.’

A body of weight 10 Ibs. rests on 2 rough plane inclined at an angle
of 30° to the horizontal ; find the force of friction required to sustain it,
and the least value of the coefﬁcnent of friction necessary to prevent
slipping. ‘

65. A stone is dropped from a height of 8 feet above the ground
from the window of a rmlway carriage travelling at the rate of 15 miles
per hour; find its velocity on striking the ground.
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66. Define the term Force, and explain how forces are measured by
the accelerations they produce. .

Two masses of 3 and 4 pounds respectively are connected by a string
over a pulley. Find the acceleration and tension of the string.

67. A 50-ton engine moving at the rate of 10 miles per hour impinges
on a truck at rest weighing 10 tons, and the two move on together.
Find their velocity and calculate the loss of K.E. .

68. State and prove the proposition known as the *Triangle of
Forces.’

If three forces are represented in magnitude, direction, and Iz'm.rtgf
action by the sides of a triangle taken in order, what would be the
nature of their resultant?

69. Find the resultant of two parallel forces acting in the same
direction. .

* Weights of I and 5 1bs. are fixed at the two extremities. of a uniform
heavy bar 3.feet long. The centre of gravity of the whole is 1 foot
from one end. Find the weight of the bar.

70. Find the horizontal force required to sustain a body of weight
W on a smooth plane inclined at an angle a.

A ladder rests on a rough horizontal plane and against a smooth
vertical wall. Give a geometrical construction for the total reaction of
the plane. If a man ascends the ladder, at what stage is it most likely
to slip.

71. If a body is moving with a velacity which is not uniform, show
how the space passed over in any time may be represented by the area
of a diagram. Deduce the formula for the space described in time ¢
from rest, when the velocity is uniformly accelerated.

%2, Describe Atwood’s machine, and explain how it is used to
measure the acceleration of gravity.

Two equal weights of 1 Ib. each are connected by a' fine string
passing over a light pulley. A weight of one ounce is attached to one
of them. If g=32, find the acceleration and the tension of the string,

73. A ball, with coefficient of elasticity e=4, is let fall to the ground
from a height of 32 feet. If g=32, find the loss of K. E. on impact, and
the height to which the ball will rebound.

The following ave from the Paflers set t¥ Senior Students.
%4 ABCD is a square: 7 is the middle point of 4.3, and Z the

middle point of BC' Find the direction and magnitude of the resultant
of forces acting at B parallel and proportional to A%, £D, DF, and FC.
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75- Find the C. G. of a portion of a uniform circular wire which
subtengs an angle 6 at the centre,

From a uniform square lamina a semicircular piece, defined by a
circle described on one side as diameter, is cut out. Find the C. G.
of the remainder.

76. Supposing the side of a hill a quarter of a2 mile long to be plane,
smooth, ang inclined at an angle of 30° to the horizon, find the velocity
acquired by a stone slipping from the top to the bottom of the hill.

77. State and explain Newton’s Second Law of Motion.
® How is ‘change of velocity’ to be estimated? If a velocity
represented in all respects by the side 45 of a triangle 4 BC be changed
into a velocity represented in all respects by the side BC, show how to
draw a line representing the change of velocity in all respects.

78, A picture hangs by a cord passing over a nail in the usual way.
Find the tegsion of the cord in terms of the angle which either part
makes with the horizon and of the weight of the picture, and explain
carefully why the tension is decreased by lengthening the cord.

79. The point O is the C. G. of three unequal weights 7, Q, R,
placed at points 4, B, C, respectively. Show that the areas of the
triangles OBC, OCA4, and OA B arc in the ratio of Pto Q to R.

80. A uniform rod 4B, inclined at an angle of 30° to the horizon,
rests just on the point of slipping with the end 4 in contact with a
rough horizontal table, the end & being supported by a string attached
to a point C vertically above 4. If BC be inclined at an angle of 60°
to the horizon, find the angle of friction and the tension of the string.

81. Describe experiments to verify the Second Law of Motion in the
case of a falling body.

82. The horizontal velocity of a shot is 1100 feet per second and the
range 3000 yards ; find the initial vertical velocity.

83. Shqw that if a body fall freely under gravity there is neither loss
nor gain of energy; and explain how to apply the same principle to
find the velocity of a body sliding down a smooth curve.

84. Show how to find graphically or otherwise the resultant of a
number of forces acting on a rigid® body at one point, and apply your
method to find the resultant of forces, I in an easterly direction, A/z
in a north-easterly direction, and 1 to the north.

85. Show that if a body be Suspended from one point, the centre of
gravity and the point of support are in the same vertical line; and
apply this to find practically the C. G. of a Piece of cardboard of
irregular shape. .
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86. A weight rests on a smooth inclined plane. Determine the
direction and magnitude of the least possible force which will kazp it in
equilibrium. Find also the direction of the force incorder that thes
pressure on the plane may be double of that exerted in the first case.

87. Two equal billiard balls, in which ¢=1, impinge directly. Show
that they interchange velocities.

88. A fly-wheel is brought to rest after # revolutions by a constant
frictional force applied tangentially to its circumference. If £ be the
K. E. of the wheel before the friction is applied and 7 its radius, show
that the friction is £/2xn7.

V. ENGINEER STUDENTS8 AND DOCKYARD APPRENTICES.

89. ABCDEF is a regular hexagon and O is the centre of the circle
which circumscribes it: forces 4P, 5P, 8P, P, 7P, 6P act alorig 04,
08, 0C, OD, OE, OF respectively ; find the magnitude and direction
of their resultant.

90. A uniform triangular plate 4BC is suspended (1) by a string
attached to A4, and (2) by a string attached to B. If the side A8 be
inclined to the vertical at the same angle during each suspension, prove
that the other two sides of the triangle are equal.

91. Find the magnitude and line of action of a single force which
produces the same effect as three forces of 3, 4, and 5 respectively,
acting along the sides of an equilateral triangle taken in order.

92. If there be 7 pulleys (including the fixed one) in the Third
System, and if the weight of each of them be g, prove that, instead of
taking their weights into account, we may suppose the pulleys to be

without weight, and an additional weight of ( )p to be

added to the power.

93 The side 48 of a triangle ABC is bisected at D, and forces act
at the point C in the directions CA4, CB, CD, proportional to C4,
2CB, CD respectively. If the straight line C/#, which represents the
resultant of these forces in direction and magnitude, meet 45 at £;
find the ratios A£: BE and CE: CF.

94. Three uniform wires of the same thickness are jointed at their
ends so as to form a triangle. If two Of the wires are equal and each
be three times as long as the third wire, find the ratio in which their
C. G. divides the line joining the vertex to the middle point of the
base of the isosceles triangle.
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95. A uniform straight rod, whose weight is 2 Ibs., and length is 12
inchespis suspended from a small hook by two strings, whose lengths
vare 14 inches and 10 inches respectively, attached to the ends of the rod.
Prove that the rod may be kept in a horizontal position by suspending
a weight of 4 1bs. from one of its ends.

96. A body, whose weight is J#; is just kept from sliding down a
rough plane, inclined to the horizon at an angle of 30°, by a force
} W acting along the plane If this force be removed, find the
pagnitude of the force which, acting horizontally, will just keep the
body from slipping. Find also the coefficient of friction between the
body and the plane,

VI. RANK OF LIEUTENANT, ROYAL NAVY.
(StAaTICS).

97. A triangular lamina 4 8C is supported at its three angular points,
and a weight equal to that of the lamina is placed upon it; if the
pressures at the points 4, B, C are proportional to 4a+4+¢, @ +4b+¢,
a+b+4c, where a, b, c are the lengths of the sides, show that the posi-
tion of the weight is the centre of the inscribed circle.

98. In a weighing machine constructed on the principle of the
common steelyard, the pounds are read off by graduations 1eaching
from O to 14, and the stones by weights hung at the end of the arm;
if the weight corresponding to one stone be 7 ozs., the moveable weight
3 lb., and the length of the arm one foot, prove that the distances
betwcen the graduations are § inch.

99. If four forces, acting in the directions 48, 4D, CB, CD are in
equilibrium, 4BCD being a quadrilateral inscribable in a circle, show
that each fotce is proportional to the side opposite to it.

.100. A uniform heavy rod, 425, 16 feet long and 48 lbs. in weight,
rests with one end B against a smooth vertical wall, while a point C
in the rod, 2 feet from B, rests at the same time on a smooth horizontal
rail. Find the inclination of the rod to the horizon, and the pressures
at B and C.

101. A triangular lamina of &niform thickness is hung horizontally
from three vertical chains which are fastened to the, middle points of its
sides. Find its weight, if a 12-stone man can stand anywhere upon it
without tilting it.
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102. If a common steelyard weigh 30 Ibs., and the distances of its
C. G. and of the point of suspension of the weight from the fularum on
the same side of it be respectively } inch and 14 inchesy of how much
will a purchaser of 29 lbs. be defrauded if § oz. has been fraudulently
filed off the moveable weight, which ought to be 2 Ibs. ?

103. A piece of uniform heavy wire is formed into a mangle ABC,
and the middle points of its sides are joined by pieces ofewire of the
same thickness. If the framework so formed be hung up from the
angle 4, show that if § and ¢ be the angles of the sides 458, 4C make
with the vertical, then

(5a+26+ 5¢) ¢ sin 0=(5a + 56+ 2¢) & sin ¢.

104. When a mass of 40 1bs. is placed in the scale pan of a Danish
steelyard, the fulcrum is 2 inches from the free end ; and when a mass
of 24 Ibs. is placed in the scale pan, the fulcrum is 3 inches {rom the
same end. What mass must be placed in the scale pan so that the
fulcrum may be 4 inches from the free end when the steelyard is in
equilibrium ?

105. In the First System of Pulleys, if there be 3 moveable blocks
whose weights (beginning from the lowest) are w,;, w,, w, respectively,
what force at the ‘fall’ will sustain a weight /#’? And show that
your result agrees with the Theory of the Conservation of Energy.

106. A rod 4BC, 16 inches long, rests in a horizontal position upon
two supports at 4 and B one foot apart, and it is found that the least
upward and downward forces applied at C, which would move the rod,
are 4 ozs. and § ozs. respectively. Find the weight of the rod and the
position of its C. G.

107. A triangular board 48C (8=90°) can turn in a vertical plane
about a hinge at 4, and it is kept in a position of equilibrium with the
side BC vertical by a horizontal force applied to C. If the weight of
the board be 7 ozs., and 48=225C, find the magnitude and direction of
the reaction at the hinge.

108. 4B is a diameter of a circle, BP and BQ are chords at right
angles to each other. If BP, ZQ represent forces, prove that their
moments about A4 are equal.

109. In the Third System of Pulleys there are three moveable blocks
of weights 2, wj,, w; beginning with the lowest, and the force P at the
¢fall’ balances a weight W#. Whenthe first and second blocks are
interchanged, a forge /7 at the ‘fall’ balances /. Show that

P,—P= ;43 (10, — w,).
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170. Four forces (each=F) in the same plane act at a point. The
angles detween the Ist and 2nd, the 2nd and 3rd, the 3rd and 4th,
are each 72°. &ind the magnitude and direction of their resultant.

II1. A cylindrical vessel, whose height is 8 inches and diameter
6 inches, stands upon a horizontal plane, and a smooth rod, 12 inches
long, is placed within it and rests against the edge. If the rod weigh
12§ ozs., show that the pressure between its lowest point and the
cylinder is equal to the weight of V109 ozs.

*112. Four particles, weighing respectively 3, 4, 5, and 8 Ibs., are
placed at the consecutive angles of a square upon a horizontal plane.
If their C. G. is distant 7 \/10 inches from the centre of the square, find
the length of a side of the square,

113. Three forces acting in the same plane keep a body in equi-
librium. If the angles between their directions be 135°, 120° and
105°, compare their magnitudes.

114. Given aforce, how would you obtain graphically its componenty
in any two given directions.

Why, in moving heavy weights from the hold of a ship, is the ro
attached to the weight sometimes pushed in a horizontal direction ?

115. Show that a prism whose section is a triangle 4BC, if laid
with the face 4B on a horizontal table, will not fall over if the vertical
line through C meet the table at a distance from the nearer of the
points 4, B less than 45.

116. A uniform rod 4B, centre C, is capable of turning about 4,
and a string is fastened to C and to a point D vertically over 4, so that
ACD is an equilateral triangle ; find the tension of the string and the
reaction at the hinge in terms of the weight (/#) of the rod. If,
further, a weight equal to the weight of the rod be suspended from B,
what changes will be introduced in the tension and the reaction?

.I17. A uniform rod, of length 2a, with one end in contact with a
rough vertical wall, rests over a smaot.lz rail at a distance ¢ from the wall,
Show that the rod will rest with its end placed anywhere between two
limiting positions, and find them.

118. Four equal particles are glaced at equal intervals on a quadrant,
two of the particles being at the extremities of the arc. Find the
position of the C. G. of the four particles.

119. Two equal weights are attached to & stnng that is laid over the
top of a double inclined plane, the inclinations of the sides to the
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horizon being 30° and 60° respectively. Show that the bodies will be
on the point of moving if the coefficient of friction between eagh plane
and the body on it be 2~ /3. .

120. On opposite sides of the straight line 45, a perpendicular 4C
and an equilateral triangle 480 are drawn. Find the magnitude and
the inclination to 4B of the resultant of forces Fn/2, P\f6, 2PA/2
acting at A4 along 4C, AB, AD respectively. '

121. A uniform rod, which can turn about a hinge at one end, has
the other end joined by a weightless string to a point vertically above
the hinge at a distance from it equal to the length of the rod. Show
that the tension of the string varies as its length, and is equal to the
action at the hinge when the rod is horizontal.

122. ABCD s a rectangular lamina whose sides 48, BC areas 7:9,
and the diagonals intersect at 0. If the portion DOC b, cut éut, and
the remainder suspended from A, show that 1n the position of equi-
librium 4B, AD will be equally inclined to the vertical.

123. Each of four sailors places a hand on a spoke of a capstan by
which an anchor weighing 24 cwt. is to be lowered. If the radius of
the capstan is 15 inches, and the distance between its rim and each
hand is 6 feet 3 inches, what is the strain upon the arm of each sailor
when the anchor is just about to move ?

124. Two children, each of weight 1] are swinging on a see-saw,
formed by placing a plank, of weight 2, across a horizontal cylinder of
radius e. When the plank has been turned through an angle 6 with
the horizon, find the moment of the forces tending to turn it back.

Also prove that the greatest angle through which the plank can
swing without slipping is double of the angle of friction between the
plank and the cylinder.

125 The lengths of the sides of a quadrilateral are proportional to
1,3, 5, 6. Forces of 2, 6, 9, 12 respectively act at a point in directions
parallel to the sides of the polygon taken in the above order. Determine
their resultant. ;

126. Masses 5, 4, 6, 2, 7, 3 are placed at the corners 4, 5, C, D, £, F
of a regular hexagon. Find the position of their C. G.

127. A uniform wire is bent into the form of a triangle whose sides
are 12, 16, and 20 inches. It is suspended from a point O in the side
whose length is 16, gnd when in equilibrium it is found that the line
joining the greatest angle with the middle point of the opposite side is
vertical. Determine the position of O.
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128. A uniform rod rests against a smooth vertical wall with its other
extrensity in a small hemispherical cup. Prove that the angle which
the radius from the centre of the cup to the point of contact of the rod

with the cup makes with the vertical:tan"( :2)’ where & is the dis-

tance of the cup from the wall, and % is the height above the cup of the
point of coatact of the rod with the wall.

L]

129. A uniform rod is placed against a vertical wall, at an inclination
of tan=(2) to the ground ; the cocflicient of friction between the rod
and wall, and between the rod and ground, being in each case }.
Find the position in which a heavy ring, equal in mass to the rod,
must be placed on the rod so that the rod may be just about to slip.

130. ABCD is a square whose sides are 2 inches long. On the
sides °8C, CD, Dd, equilateral triangles BEC, CFD, DGA, are
constructed, outside the square, Find the distance of the C. G. of the
figwe ABLECFDGA from the C. G. of the square.

131. A uniform rod, /B, which can turn freely in a vertical plane
about a hinge at 4, has its other extremity supported by a string BC,
C being a fixed point in a horizontal line through 4. If the weight of
the rod be 2 lbs., and 48=5C=§ AC, find the tension of the string
and the magnitude of the action at the hinge.

132. Two cqual bars, 4.8, BC, each 1 foot long, and each of weight
W, are jointed at 5, and suspended by strings 04, OB, OC, each
1 foot long, from a fixed peg O; find the tensions of the strings.

133. Out of a triangular lamina, a triangular piece of given area is
cut, having its base on one of the sides of the lamina and its vertex at
the C. G. of the lamina. Prove that the C. G. of the remainder of the
lamina always lies on the perimeter of a triangle similar to the given
triangle. o

234. Two equal spheres, of weight /W and diameter 4 feet, are
connected by a stiing 50 mches in length, which is laid over two pegs,
4 and B, in the same horizonta] line and 2 feet apart. Find the
tension of the string and the pressure between the spheres in the
position of equilibrium,

135. A circular disc, of radius ¢ and weight ¥, is placed within a
smooth sphere, of radius 4, and a particle of weight w is placed on the
disc, the coefficient of friction between it and ths disc being u. Find
the greatest distance from the centre of the disc at which the particle
can rest.
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136. A body rests on a rough plane inclined at an angle ¢ to the
horizon, and is kept at rest by a force acting up the plane.r It is
noticed that any force intermediate in magnitude betweea P and Qwill
preserve the equilibrium.  Express the weight of the body and the
coefficient of friction in terms of 2, Q, and 7.

(KINETICS.)

137. AOC is the vertical diameter and B0D is the horizontal
diameter of a vertical circle. One heavy particle, 2, starting from
rest at the highest point, 4, slides down the chord 4.3, and another
heavy particle, (, slides down the chord BC, starting from B with a
velocity equal to that with which P arrived at B. Find the tme Z
takes to go from A4 to B, and the time Q takes to go from B to C.

138. A man who weighs p Ibs. ascends @ feet in a lift. The lift
takes # seconds to start and ¢ seconds to stop (the acceleration and
retardation being constant), and the rest of the journey is performed
with constant velocity » f.-s. Express in pounds weight the pressure of
the man on the lift at each instant of the ascent.

139. A small mass is whirled in a vertical circle by a string made
fast at one end. The string is a yard long, and it is noticed that the
velocity of the body is doubled in passing from its highest to its
lowest point. Find the velocity at the instant that the string is
horizontal.

140. At a place where g=32°2 a mass of 200 Ibs. falls from a height
of 6 feet, and drives a pile half an inch into the graund. Express in
poundals the mean pressure on the pile.

141. Two particles describe the perimeter of an equilater;l triangle
ABC in the same directions and with the same uniform velocity, one
starting from 4 and the other from B at the same instant. Show that
one particle describes, »e/atively to the other, an equilateral triangle whose
side is to that of ABC as A/3: 1.

142. ABCis a triangle whose side BC is vertical. Prove that, if
the times of falling from rest down the uther two sides are equal, the
triangle must be isosceles or right-angled.

143 If F=ma, and the unit of force be 4th of the weight of the
unit of mass, find the unit of time, the unit of length being one yard.
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I44. A box (mass 4 ozs.) containing a ball of 2 ozs., is drawn
along #smooth horizontal table by means of a string which, hanging
over the edges has a mass of 3 nzs. at the other end. Find the
horizontal pressure between the ball and the side of the box.

145 A cord, 50 feet, connecting two masses of § lbs. and 7 Ibs.,

passes over a smooth pulley 30 feet above the horizontal plane on
which the greater mass rests.  Find the work which would be done in
drawing the lesser body doWn to this plane.
o 146. ABCD is a vertical circle, and 4B (5 feet long) is its vertical
diameter. Masses of 2 1bs. and 3 Ibs. fall down the chords 43, AD,
whose lengths are 3 feet and 4 feet long. Compare their momenta,
and also their K. E.’s at the moment when they arrive at the circum-
ference.

147.,A train is moving at the rate of 30 miles per hour when the
steam is turned ofl. If the friction be equivalent to a retarding force
=1}gth of the weight of the train, find sow long and Aow far the train
will run on the level before it stops.

148. Show that the height to which a bullet can be projected from a
gun varies directly as the square of the impelling force and inversely as
the square of the mass of the projectile.

149. A man walking three miles an hour walks for 40 minutes East,
then for 20 minutes North, then for 30 minutes North-East, then for
60 minutes North-West. 1Ie now meets another man who, having
started 14 hours after him from the same point, has walked in a
straight line. Find the speed of the second man.

150. A train is going horizontally at 25 miles per hour. A rifle is
pointed from it at a bird seen in a dircction inclined at 60° to that of
the train’s motion, and a bullet is discharged. Supposing the bullet
to move horizontally and uniformly until it kills the bird, which is
flying unifermly and horizontally in a plane at right angles to the line
of the train’s motion ; find the bird’s speed, and its velocity relative
to the train. ]

151. Express in poundals the tergsion of the coupling ‘laetw{een .the
engine and the first carriage of a train of 100 tons which is being
drawn along with an acceleration of 3 f.-s.-s.; and find the constant
horizontal force which would stop the train in one minute, if the
steam be shut off when a speed®f 50 miles per hour has been reached.

152. A 10-ton mass falls through a height of 6 feet., and ma_.kes an
impression upon a mass of iron to the deptlf of an inch. F'md the
average pressure in pounds weight exerted during the compression.
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153. A quantity changes in time at a rate which is uniformly
accelerated ; prove that at the time ¢ 1ts value may be expressedy by the

formula atut+yat,

where a is the initial value of the quantity, # its initial rate, and a the
acceleration.

The values at gh, 12h, 15% being respectively 179, 299, 239, find
its value at 114b. . ' !

154. Express the Second Law of Motion in the foim of an equation,
explaining the units corresponding to each symbol employed. '

155. Given the velocity (#) and angle of projection (a) of a body,
find its position and velocity after a given time (¢).

156. A particle is projected vertically upwards with a momentum
equal to that of 1 Ih. moving at the rate of 1 mile in 8 minutes, and it
attains a height of 484 feet ; find the mass of the particle. ¢

157. A mass of 1 cwt., originally at rest, is lifted 100 feet by
a constant force, and has at the end of the time%h velocity of 20f.-s.;
find the value of the constant force in poundals, and also in pounds
weight.

158. In Atwood’s machine, each of the equal masses being 9 ozs.,
and the added mass } oz., the time above the ring was § seconds, and
the velocity below the ring was 2°2 f.-s.; find the acceleration due to
gravity at that place.

159. A train, whose mass is 165 tons, is drawn by an cngine of 154
H. P., the resistance to motion on the level being 11§ lbs. weight per
ton. Find the greatest speed attainable, and show that, when half
the greatest speed is reached, the acceleration is § f.-s.-s.

160. Two straight railway lines make an angle of 60° with each
other, and two trains are running, cach at the rate of 40 miles per hour,
away from the point of intersection of the lines, one on the one line
and one on the other. Find the direction and magnitude of their
relative velocity.

161. A mass /°, descending vertically, draws a mass 2 up a smooth
inclined plane by means of a string passing over a pulley at the top of
the plane. The mass 2/ starts from rest at the foot of the plane, and
when it has travelled half-way up the plane, the mass P is suddenly
brqught to rest. If 22 just reaches the top of the plane, find the
inclination of the plane.

162. From two points, not necessarily in the same horizontal plane,
particles are simultaneously projected with equal velocities. If the
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particles meet, prove that the sum of their angles of elevation must be
constafft.

163. An imﬁerfectly elastic particle is projected from a point in a
vertical wall so as to impinge on another smooth wall parallel to the
first, and on its return strikes the first wall horizontally. The velocity
of projectiog is such that if the particle had been projected vertically
upwards it would have risen to a height abovk the point of projection
equal to three times the distance between the walls. Find the angle
of elevation if e=4.

164. Find the H.P. of an engine required to draw a train of
90 tons up an incline rising 1 in 100 at the rate of 20 miles an hour, the
resistance due to friction being 15 pounds weight per ton.

165. Two points are moving with given velocities (7; and 2,) round
the circumference of a circle.  Find the magnitude of their relative
velocities (1) when they are at the opposite ends of a diameter,
(2) when they are separated by an arc of 60°.

166. Two men start from the same point with the velocity z to run
in opposite directions round a circle of length 6z. If one move
uniformly, and the other increase his pace with a constant acceleration
v, show that, when they meet, one will have run twice as far as
the other.

167. Two perfectly elastic spheres of equal mass are travelling in
parallel directions, and one overtakes the other, the straight line
joining their centres, at the instant of impact, making an angle 8 with
their direction of motion. If a and g8 be the angles which their direc-
tions of motion, after impact, make with the straight line joining their
centres, prove that

.

tan a tan S=tan 26.
168. Two sides of a doubled inclined plane are each 24 feet long
ind inclined at 30° to the horizon. A string, a yard long, passes over
the vertex, connecting a mass of 3 lbs. placed at the foot of one
plane with a mass of § lbs. lying ufon the other plane. Find the
time in which the greater mass will slide down to the foot of its plane.
If its motion be then stopped, prove that the smaller mass will just
reach the vertex. . .
169. A particle is projected from a point P in a plane inclined at
30° to the horizon with a velocity of 6 f.-s. in a direction perpendicular
to the plane, and, after passing through a point Q in the same
horizontal plane as 2, it strikes the inclined plane at £, Find the
2B
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lengths of the straight lines PQ and PR, and show that the time
of moving from Q to R is one-third of the time in moving from
Pto Q. '

170. Two bodies, of masses 7 and 2m respectively, are connected
by a string passing over a smooth fixed pulley. Find the acceleration
of their C. G.

171. Two small heav$ beads, each of mass m, are conhected by a
rod, of length 6 feet, the mass of the rod being so small that it may be
neglected. The Dbeads can slide along a smooth fine wire which és
bent into the form of a circle of radius 5 feet, and is fixed in a vertical
plane. The beads are at rest in the position in which the rod is
horizontal and in its highest position. If the rod be slightly displaced
and fall from this position, show, by consideration of the Transforma-
tion of Energy, that the velocity of each bead at the instant when the
rod is vertical is 16 f.-s. )

172. A uniform ladder, whose mass is 14 cwt., rests with one end in
contact with a vertical wall and 41 feet above the ground, and the
other end on the ground and 38 feet from the wall. Find the work
done in pushing the lower end 28 feet nearer the wall, neglecting
friction.

173. If two small pails (of masses 2 lbs. and 14 lbs. respectively) be
connected by a string over a smooth pulley, and if into each a half-
pound of mercury be poured, find the pressures upon the bottom of
each pail, the bottoms being horizontal and the sides vertical.

174. If a point and a straight line be in the same vertical plane, and
if the straight line be inclined at 60° to the horizon, and the point be
12 feet from the straight line; find the time of quickest descent from
the point to the line.

175. A heavy uniform board, in the form of a right-angled triangle
ABC, is suspended from the right angle C. If two equal particles,
starting simultaneously from C, slide down the sides CA, CB, show
that they will reach 4, B at the same instant, and also that their
motion will not disturb the equilibrium of the triangle.

176. Find the work done in filling a cistern, § feet by 4 feet and 6

t deep, placed at the top of a hguse 50 feet high, by means of a
orce-pump at the basement.

177. A perfectly elastic ball is projected from a point on the ground,
between two parallel vertical walls, separated by a distance @, and
after rebounding, first from one wall and then from the other, returns
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to the point of projection. If # be the velocity and a the angle of
elevation, prove that
¥ ] %? sin 2a=2ag,

178. A particle is projected with a velocity » at an angle of elevation
a, from a point in a horizontal plane. If ¢ be the coefficient of
elasticity between the particle and the horizontal plane, find the
velocity with which the particle will start after the first impact, and
the loss of K. E. during the impact.

VIL UNIVERSITY OF LONDON.

179. Two forces are completely represented by two straight lines
AB, CD; prove that their resultant is represented in magnitude and
directidn by HA; where H, K, are the middle points of AC, BD,
respectively.

Does the resultant act along /ZA? Examine the case where 48CD
is a parallelogram.

180. A uniform ladder leans against a smooth wall ; prove that the
horizontal thrust of the foot on the ground bears to the weight the ratio
of the distance of the foot from the wall to twice the altitude of the
upper end.

How does the thrust alter as a man ascends the ladder?

181. Explain how the stability and sensibility of a balance respec-
tively vary with the position of the C. G. of the beam. Do they vary
with the weight of the scale pans?

182, Explain roughly the kind of experiment you would make in
order to compare the masses of two bodies, if there were no such thing
as gravity. ,

183. A bullet whose mass is 2 ozs. is fired into a block of wood
whose mass is 20 lbs., hanging by vertical strings. The block is
observed to move off with a velocigy of 12 f.-s. Find the original
velocity of the bullet.

184. A particle falling under gravity describes 100 fect in a parli’cular
second. Flow long will it takeeto describe the next 100 feet, if the
resistance of the air be neglected ?

If, owing to resistance in the latter space, it taked -9 second, find the
ratio of the resistance (assumed to be constant) to the weight of the

patticle.
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185. What do you understand by a quantity of energy egual 70 so
many ‘foot-pounds’? Illustrate, by examples, that energy mdy vary
very much in form without altering in quantity. 'Hew many foot-
pounds are equal to the energy of a ton mass moving a mile a minute?
Write out clearly the process by which you calculate the result.

186. A uniform bar 4.8, of weight I, restsina honzontal position
with the end 4 against a rough wall, beingesupported by a stnng con-
necting its middle point with a point of the wall vertically above 4
at a distance equal to 3.45. Prove that if a weight n }# be suspended
from B, the horizontal and vertical components of the reaction of the
wall will be (222 + 1) /W and » W, respectively.

187. A particle is projected under gravity, the initial horizontal and
vertical velocities being # and v respectively. Prove that the horuon-
tal range is 2uvfg. .

Show that with a proper change in the meanings.of # and v, the
same formula holds for the range on an inclined plane.

188. A cricket ball thrown up vertically is caught by the thrower in
7 seconds. Draw to scale a figure showing its position at the end of
every second since its start.

189. A uniform bar, 10 feet long, balances over a rail, with a boy
weighing three times as much as the bar hanging on to the extreme
end of it. Draw a figure showing its balancing position.

190. A picture, weighing 56 1bs,, is slung over a nail in the ordinary
way by a cord attached to two eyes in the top horizontal bar of its
frame. If the height of the nail above this bar is half the distance
between the eyes, what is the tension of the cord? Under what cir-
cumstances would the tension be equal to or greater than the whole
weight of the picture? °

191. A 3-ton cage, descending a shaft with a speed of 9 yards a
second, is brought to a stop by & uniform force in the space of 18 feet.
What is the tension of the rope while the stoppage is occurring?
(Express it in tons’ weight.)

192. Draw to scale a wheel and axle by which a man, sitting in a
loop at the end of the rope wound rofind the axle, can haul himself up
by pulling at a rope round the wheel with a force only one-fifth of his
weight. What wexght is sustained by the pivots?

(NOTE.—Tke last § guestions were given at the Matriculation.)



Recent Examination Papers. 389

VIIL ADMISSION TO SANDHURST.
. (StaTIcs.)

193. If two forces in one plane be represented in magnitude, direc-

tion, and lines of action by the 4wo sides 48 and DC of the quadri-
lateral 45CD, and £ and F be the middle points of 4D and BC,
prove that, the force necessary for equilibrium will be represented in
magnitude and direction by 27Z.
, 94 Three uniform heavy rods 43, BC, CA, of lengths 5, 4, 3 feet
respectively, are hinged together at their extremities to form a triangle.
Prove that the whole will balance with 4.5 horizontal about a fulcrum
distant 1} inch from the middle point of 45 towards A4.

1905. A chest in the form of a rectangular parallelopiped whose
weight without the lid is 200 1bs., and width from back to front 1 foot,
has a lid waighing 50 lbs., and stands with its back 6 inches from a
smooth wall and parallel to it.

If the lid be open and leans against the wall, find the least coefficient
of friction between the chest and ground that there may be no motion.

196. Resolve a force P acting along the diagonal of a square into
two components acting along the straight lines joining one end of that
diagonal with the middle points of the opposite sides.

197. A smooth sphere is kept at rest upoun a plane inclined at 30° to
the horizon by means of a string, as long as the radius, attached at its
two ends to points in the surfaces of the plane and sphere respectively.
Fil\d the direction and tension of the string, and the pressure upon the
plane.

198. A man of 13 stones takes hold of the block of a single moveable
pulley with one hand, and grasps the ‘ fall’ of the rope with the other
hand which has passed under the moveable pulley and over a ‘leading
block.” Find the tension of the rope when his pressire on the ground
is reduced to one stone.

199. Out of a rectangular lamina, 84 BCD, there is cut an isosceles
triangle 47D, having 4D as bask. Compare the altitude of this
triangle with the length of 4.5, when the remainder of the lamins
balances in neutral equilibrium about £.

(KINETICS.)

200. If the unit of space be 2 ft., what must bg the unit of time in ’
order that one pound-weight may be the unit force, the unit of mass

being 1 1b. 2
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20I. A particle is projected with a velocity of 8o f.-s. at an a.ngle of
elevatlon-tnn-l(;;) Find the greatest vertical height to which%t will
rise, and its horizontal range.

Also find the direction of motion when the particle is 60 ft. vertically
above the ground.

202. A carriage is slipped from a train when travelling at 40 miles
an hour. How far will the carriage travél before coming to rest if
the resistances be gth of the weight ?

If the carriage have a mass of 43} tons, find the work (in ft.-lbs. )done
in bringing it to rest.

203. Masses of 1 Ib. and 3 Ibs. connected by a light string are
placed one in each of the straight arms of a smooth tube 4 3C, bent at
B, 50 as to form an angle of 120°. Find the acceleration of the cnasses
when the tube is held in a vertical plane (1) with 4% horizontal, (2)
with BC horizontal ; and show that in each case the tension of the
string is the same.

204. Two men, A4 and B, are walking in two roads which meet at
right angles at C, 4 approaching and & receding from C ; prove that if
they are always the same distance apart, 4’s velocity must be to A’s
velocity at each instant as CB is to C4 at that instant,

205. What would be the numerical measure of g (which=32 f.-s.-s) if
the unit of space were a yard and the unit of time the time of falling
from rest down a yard ?

206. If a body, starting from rest, on a smooth inclined plane pass
over 40 feet in the third second, find the inclination of the plane.

207. A particle is projected from the point 4 on the deck of a
steamer going 15miles an hour due East, at an angle of slevation of
45°, and reaches the deck again at B, 16 fect N.E. of 4. Find (1) the
velocity of projection relative to the steamer, (2) the time of flight, (3)
the length and direction of the range in fixed space.

208. Find the velocity of G the C. G. of two spheres of masses
m and m', and moving with velocities # and #’ in the same straight
line, nd find also the relative velocities of 7 and s’ with respect
to G.

Prove that after cellision, each of these relative velocities is reversed
in direction and diminished in magnitude in the ratio of ¢ to 1 where
¢ is the coefficient of elasticity.
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209. A man of 12 stones and a sack of 10 stones are connected by a
rope gver a fixed smooth pulley. If the man pull himself up the rope
80 as to dimigish the acceleration which he would have if he kept still
by one-half its amount, find the acceleration of the sack in this case,
and prove that the acceleration upwards of the man relative to the
rope will be 3-2 f.-s.-s.

IX. ADMISSION TO WOOLWICH.
(StaTiICS.)

210. A particle of weight W is supported within a smooth hemi-
spherical bowl by a string of given length having one end attached to
a point in the nm. State clearly the forces which keep the particle in
equilﬂ)rium. and find their magnitude if the length of the string=the
radius of the bowl, and the rim is in a horizontal plane.

211. AB is a rod one foot in length ; when a weight of % Ib. is
suspended from 4, the rod balances about a point 3 inches from 4,
and when the same weight is suspended from B, it balances about a
point 5 inches from B. Iind the weight of the rod and the position of
its C. G.

212. Prove that the C. G. of three equal particles placed at the
angles of a triangular lamina 4BC coincides with G, the C. G. of the
triangle.

If the particle at 4 be moved to 4’ the foot of the perpendicular
from A4 to BC, prove that the C. G. will move to G, the foot of the
perpendicular from G to BC.

213. Two forces P and Q make angles a and 8 with a third force 2
upon opposite sides of it; find the magnitv’e and direction of their
resultant.

Ifa=g, and R=2 NPQ, show that the resultant

=P+2,./1_:7_7 -cosa+ Q.

214. A uniform ladder rests at an angle of 45° with the horizon with
its upper extremity against a rough vertical wall and its lower extremity
on the ground. If i, 4’ be the coefficients of limiting friction petween
the ladder and the ground afd wall respectively, show that the least
horizontal force which will move the lower extremity towards the wall

W+ 2p—pp ¢
=——
3 I—p
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215. Each of a pair of sculls has $ths of its length outside the row-
lock, and a man sculling pulls at the handle of each with the fqrce 2.
Another man thrusts an oar over the stern against thegbottom of the
water with the force 2P at an angle of 60° to the horizon. Compare
their effects in propelling the boat.

216. A smooth wall is inclined at 60° to the horizon ; a heavy uni-
form rod, 4B, 4,,/_6_feet long, is in equilibrium at an angle of 45° to
the wall ; its lower end, 4, rests on the wall, and a point in it, C,
rests on a smooth horizontal rail parallel to the wall. Find the dis-,
tance of C from the wall.

217. The sides 4B, BC, CD, DA, of a trapezium are of lengths 54,
36, 27, 45, respectively, 458 being parallel to CD. Prove that its
C. G. is at a distance of 16 from 45.

218. Two smooth rings, B, C, are fixed at a dlstance 25 ¢nches
apart, B being 9 inches, and C 16 inches above the ground A string,
ABCD, passes through the rings, and supports equal weights, W, W,
at the extremities, 4, D. Find the resultant pressures of the string
upon the rings.

219. A horizontal bar, 48, 7 feet long, is supported at its extre-
mities, and a man of 150 lbs. weight hangs from it by his hands, one
being 1 foot from A4, the other 3 feet from B. Find the pressures on
the supports due to the weight of the man,

220. Two levers, O4, OB, of lengths 3 and 4 feet respectively, can
turn in a vertical plane about a common fulcrum, O, and their middle
points are connected by a string whose length is 2} feet. Find the
least force which applied at 4 will keep OB horizontal with a weight
of 12 Ibs. suspended from B. Find also the tension of the string.

221. How many like coins, having diameters 20 times the thickness,
can be piled on a table so that their centres may be in a straight line
inclined at an angle of 45° to the horizon?

(KINE®ICS.)

222, A mass of 2 cwt. ests on & rough plane (u=$) inclined to the
horizon,at 30°, and a string attached to it passes dver a smooth pulley
at the summit and, hanging freely, subports a mass of 1 cwt. A
vertical force is applied to the latter body, just sufficient to begin to
raise it.  Find, in ft.-}bs., the work done in thus raising it through se
feet.
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. 223. Two masses are connected by a string which passes over a
smootl pulley. Find their ratio that they may move with the unit
acceleration, aysecond and a foot being the units of time and length.

224. Two spheres of masses, 10 7 and II , are projected from the
same point, with equal velocities, but in opposite directions, along a
circular groove. Where will the second impact take place, ebeing=§?

225. Two particles projected with the same velocity from O, a point
on an inclined plane, pass ﬁlrough the same point 2 in the plane ; show
that if a, 8 be the angles of elevation

at+f=Tl+i,
where s=angle of inclination of the plane.

226. A man rows across a river } of a mile broad in 5 minutes,
alwaysekeeping his boat at right angles to the current. On reaching
the opposite®bank he finds that he is 4 a mile from the starting-point.
Find the velocity of the current.

227. If a force acting on a mass of 6 lbs, will cause it to move
through 9 feet in 2 seconds from rest, find the measure of the force if
the unit of force be the weight of 1 ounce.

228. A particle moves with uniform velocity inside a smooth hori-
zontal circular tube one foot in diameter at the rate of seven revolutions
in a minute. Compare the horizontal pressure on the tube with the
weight of the particle.

229. In the case of a single moveable pulley the free end of the
string passes over a fixed pulley and supports a mass, P, greater than
3 W, where W =the mass suspended from the moveable pulley. Find
the tension of the string during the motion, the three parts of the string
into which it is divided by the pulleys being parallel.

230. If the unit of force were that which acting on a mass of one ton
would in I minute generate a velocity of 1 mile a minute, how many
units of force would the weight of one ton contain?

231. A mass m, falling vertically, draws a mass A/ along a smooth
horizontal table by means of a fine string passing over a smooth pulley
at the edge of the table: if the tension in the string is half the weight
of m, what is the ratid*of A to m?

232. Two particles are projétted with a velocity of 40 f.-s. from
points 88 feet apart, the one up, and the other down, a rough plane
(x=4%) inclined to the horizon at an angle tan=! (3%). Find when and
where they will meet, and account for the double solution.
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¢

233. A particle hangs from a fixed point in a wall by a string of
length q, find the least velocity which must be given to it i¢ order
that it may make a complete revolution without the siring becoming
slack.

If the string come in contact with a nail in the wall, situated in the
horizontal line through the point of suspension, and at a distance &
from it, find the least initial velocity in order that the particle may
make a complete revolution round the nai: without the string becom-
ing slack.

234. A smooth tube 4CB, consisting of two straight portions, 4C,
CB, with a bend at its lower point C, is fixed in a vertical plane, and
a particle acted on by gravity starts from rest from a point 2 in the
arm C4, and, passing C without change of velocity, rises in the arm
CB to a point Q. Show that PQ is horizontal, and that ther spaces
CP, CQ are proportional to the times in which they are described.

235. Two particles slide down two straight lines, in the same
vertical plane, at right angles to one another, starting simultaneously
from their point of intersection ; prove that their distance apart, at any
time, will be equal to the distance either would have descended verti-
cally in that time.

236. A shot of 6 Ibs. leaves the muzzle of a gun of 6 cwt. in a hori-
zontal direction with a velocity of 1000 f.-s. Find the Potential Energy
of the charge in ft.-lbs.

237. Two particles start simultaneously from rest, the one down
an inclined plane 4C, of length 25 feet, the other down a plane BC,
of length 70 feet, the heights of 4, B, above the horizontal plane
through C being 7 and 56 feet respectively. Find which particle will
arrive at C first; and when at C, how far will it be from the other
particle ?

238. The trail of smoke from a steamer on a course due N. is
observed to extend in the direction E.S.E., while that from another,
on a course due S., with the same uniform speed, is observed to be
N.N.E; determine the velocity and the direction of the wind.

23¢. A mass of 1 Ib. is suspended by a strmg 2 feet long in a rail-
way carriage. Show that when thetrain is moving round a curve,

hose radius is 1452 feet, at the rate of 30 miles an hour, the tension
of the string is increased by about s oz. weight, and the horizontal
displacement of the 1 lb. is 1 inch nearly.
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240. A locomotive engine, which can work up to 100 IL.P., is
attache@ to a train, whose mass (including the engine) is 100 tons;
assuming the t@tal resistance to be constant and equivalent to 10 lbs.
weight per ton, find the greatest speed of the train in miles per hour.

When travelling at this speed the steam is shut off; find the distance
and the time in which the train would be reduced to rest by the resist-
ance alone,*

X. ROYAL NAVAL COLLEGE.

241. Weights P, (, R are placed at the angles of a triangle ABC.
If the common C.G. of the weights coincides with the orthocentre of
the triangle, prove that

. » P:Q:R=tan 4 : tan B : tan C.

242. A smooth uniform beam rests with its lower end against a
rough vertical wall, and with a point one quarter up its length on a
smooth fixed peg. If 4 is the inclination of the beam to the horizon,
and tan e is the coefticient of friction, prove that

P ™ € d ™ €
>4 2:an<4+2

243. A uniform beam rests against a rough vertical wall, and has its
lower end on an equally rough horizontal plane. If the angle of
friction is ¢, prove that the inclination of the beam to the vertical
when the beam is on the point of slipping is 2e.

244. A table 4 feet square and 1} inches thick is made of wood a
cubic foot of which weighs 40 1bs., and is supported by four legs of the
same material symmetrically placed, each of which is 2 inches square
and 3 feet long. If the lower half of one leg is removed, prove that
the pressufes of the remaining legs on the ground are 1§ Ibs., 45 lbs.,
and 45 lbs.

245. Weights are placed at the angles of a triangle, and are propor-
tional to the opposite sides. Prove that their common C.G. is at the
centre of the inscribed circle.

246. Two uniform rods each 26 feet long, weighing 6o lbs and
30 lbs. respectively, are hingedtogether at their upper extremitles and
stand on a smooth horizontal plane, being kept in position by a string
10 feet long joining their middle points. Provk that the tension of
this string is 18§ Ibs. weight, that the reaction at the hinge is nearly
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20} lbs. weight, and that this force is inclined to the vertical at
tan ~1(23). ¢

247. A ladder 50 feet long weighing 120 1bs., whose C.G. is 20 feet
from its lower end, rests with one end against a smooth vertical wall
and the other on a rough horizontal plane at a distance of 14 feet from
the foot of the wall. Show that the friction called into play is 14 Ibs.
weight. \

If a weight of 20 Ibs. suspended from a point 40 feet up the ladder
just produces slipping, prove that the coefficient of friction is . ‘

248. A uniform beam, length 16 feet, is placed on a rough peg, and
rests with its lower end against a rough vertical wall. If the co-
efficient of friction at the wall and at the peg is 4, and the beam is on
the point of slipping down the wall when its inclination to thclwall is
45°, prove that the peg is distant —L feet from the wall. '

2

249. A post is kept in a vertical position by three stays, each inclined
to the vertical at an angle of 30° and each having a tension of 100 lbs.
weight. Prove that the total vertical pull on the post is 1504/ Ibs.
weight.

250. Prove that a weight of 1} tons can be lifted by a rope, wound
on a capstan 2 feet in diameter, by 10 men, each weighing 12 stone,
pushing horizontally on capstan bars 4 feet from the deck, at a
distance of 8 feet from the axis of the capstan, the vertical through
each man’s C.G. overhanging his toes a distance of one foot.

251. Prove that an engine-driver will lose control of the train on an
incline steeper than one in n cot ¢, if the wheels which are breaked
carry only one-nth of the gross weight of the train.

252. A and B are two pegs in a vertical plane 4 feet apart, and
AB makes an angle 6 with the horizontal. A thin uniform rod 12 feet
long passes over the peg 4 and has its end under the peg B. If the.
coefficient of friction at each peg js &, show that the greatest value of
9 is 45°.

253. ABC is a plane triangle, and O is any point within it. Like
paralil forces act at 4 and B proportipnal to the areas B0C and CO4
respectively. Prove that their resultant .will meet 45 at the point
where CO producedecuts 45,

254. A heavy body weighing 20 lbs. is just kept on a rough inclined
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plane by a horizontal force of 2 lbs. weight and a force of 10 Ibs. weight
acting@long the plane. If u=3, prove that the inclination of the plane
to the horizonds 2 tan~1(3§).

255. A uniform rod 4CB is supported by a string fastened to C;
and a weight of 6 Ibs. placed at B keeps the rod horizontal. If
AC: CB=13:7, prove that the weight of the rod is 14 Ibs., and that
the tension®of the string is 20 lbs. weight.

256. A plank 45, length 16 feet, hinged to the floor at A, rests
With the end B on the side C.D of a rough inclined plane, which is free
to move along the floor 4C, the angle 4 C being equal to tan~(),
and the inclination of the plane being twice the angle B4C. The
coefficient of friction for plane and floor is 4, and the weight of the
plank is equal to the weight of the plane. Show that a man whose
weightis eqqal to that of the plank can walk up the plank a distance
of 2 feet before the plane slips.

257. Four forces, whose magnitudes are a. 4B, 8.CB, v.CD, and
8.4D, act in the four sides 45, CB, CD, AD respectively of a quadri-
lateral 4BCD, and are in equilibrium. Prove that a.y=8.8.

258. A rod 4B is supported horizontally by strings attached to its
ends, the strings being inclined to the horizon at angles a and 8. The
C.G. of the rod is distant ¢ from 4 and 4 from 5. Prove that

atan a=§tan 8.

259. A uniform beam 43 weighing 40 lbs. is hinged at 4, and a
weight of 30 Ibs. is suspended at B. A string equal to 4.5 in length is
made fast at B and its other end is made fast to C vertically over 4.
If AB is 12 feet and A C is 8 feet, show that the tension of the rope is
75 1bs., and the pressure at the hinge is nearly 84 1bs. weight,

Show in a figure the direction of the latter force.

260. A ;tring 6 inches long has one end made fast to a point 4
and the other end carries a small ring B. Another string is made fast
to a point distant 10 inches from 4 and in the same horizontal line with
it, and then passes through the ring 5 and supports a weight of 11 1bs.
If 6 is the angle which 48 makes with the horizon, prove that

10 cos 20—3 cos #—5=0.

261, A uniform wire, 30 inclees long, is bent so as to form thrée sides
of a regular pentagon. Show that the distance of the C.G. of the wire
from the centre of the circle inscribed in the pentagon is nearly 375
inches.
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262. A uniform ladder rests at 45° to the ground against a rough
vertical wall, and on rough horizontal ground. The coeffia'ent of
friction at the wall is 3. If a man, whose weight is half that of the
ladder, can just get up to the top before slipping begins, show that the
coefficient of friction at the ground is §.

263. A straight uniform wire 43Cis bent at B so that the angle
ABC is 60°, and it is then suspended from 4. Show thateit will rest
with BC horizontal if '

2 BC*=AB*+2 AB.BC. .

264. A mass of 10 lbs. placed on a rough plane inclined to
the horizon at 30° is just on the point of slipping down the plane.
Show that the least force which will draw the body up the plane
is 54/ 3 Ibs. weight, and that it must make an angle of 30° with the
plane. .

265. Ois a point within the triangle 48C. Particles are placed
at 4, B, C, their masses being proportional to the areas of the
triangles OBC, OCA, OAB respectively. Prove that O is the C.G.
of the particles.

266. A body rests on a rough plane of inclination 30° to the horizon.
A force of 3} 1bs. weight parallel to the plane will just pull the body up
the plane, and a force % Ib. weight, also parallel to the plane, is suffi-
cient to pull it down. Show that the mass of the body is 23§ Ibs., and

that the coefficient of friction is LN
93

267. Squares are described on the sides and hypothenuse of a right.
angled triangle whose sides are 3, 4, and 5 feet respectively. Show
that the C.G. of these squares is distant 2% feet from the side 3, and
14§ feet from the side 4.

268. A uniform ladder 30 feet long rests at 60° to the “horizontal
with its base on the ground, and at 20 feet from the lower end it is
supported by a smooth horizontal beam. If the ladder is just on the
point of slipping, prove that the eoefficient of friction at the ground

must be 3_“/3
13
269." A uniform string 45, a yard ltng, weighing 1 o0z., is fastened
to a fixed point at 4, and the other end hangs over a smooth peg C,
one foot vertically ovlr 4. Show that the tensions at 4, B, and C aic
% oz., 0, and § oz. weight respectively.
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270. A uniform square is placed with its plane vertical between two
smootlrpegs which are in the same horizontal line and ¢ inches apart.
Prove that the-square will be in equilibrium when the inclination of

one of its edges to the horizon is
L a=
$sin-1 =

where 24 inches is the length of the side of the square.

271. A uniform rod 32 inches long, weighing 20 lbs., is suspended
from a peg by two strings. One string, 20 inches long, is fastened to
one end of the rod, and the other, 15 inches long, is made fast to a
point in the rod 7 inches from the other end. Prove that the rod rests
in a horizontal position, and that the tensions are equal to the weight
of 12 1bs. and 16 lbs. respectively.

272+ A box rests on a rough floor with its lid, whose weight is one-
sixth of the weight of the whole box, open, and resting at an angle
against a rough wall. If, when the box is on the point of moving, the
coefficient of friction at the ground is 4, and at the wall is }, prove
that the angle at which the hid is resting is tan=1(48).

273. The weight of a uniform door is 100 lbs., its width is 4 feet,
and the distance between the hinges is 5 feet. Prove that the hori-
zontal force straining each hinge is 40 lbs. weight.

274. Two bars in a vertical plane are each inclined at 45° to the
horizontal ; the ends of a light cord can slide along these bars, being
attached without friction by rings each of weight 2. Over the cord
a weight W is slung freely. Prove that each half of the cord will rest
inclined to the vertical at an angle 6 given by

_W+2P
tan = T

W+2 P
and that the force sustained by each bar is -~ -:/_z_*

275. Two spheres, weighing respectively 20 1bs. and 10 lbs., rest
upon two smooth inclined planes, which make angles 45° and 30°
with the horizontal, and press against each other. Prove that the
line joining their centres is inclined to the horizontal at the angle
tan~? (2—-/3—-1).

3

276. A straight uniform plank, 20 feet long, #nd weighing 100 Ibs.,

tests with its middle upon a rough horizontal cylinder of 2 feet radius,
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and at right angles to the axis of the cylinder. If the angle of friction
is 45°, prove that the greatest weight that can be suspended fiém one
end of the plank without upsetting it is 18.6 1bs.

277. A rectangular board, whose sides are a feet and & feet, is
supported in a vertical plane on two smooth pegs in the same hori-
zontal line, at a distance ¢ feet apart. If the side ¢ make,ad angle 8
with the vertical, prove that '

2¢ cos 20 =4 cos 8 —a sin 6.

278. An endless string 4BCD passes through two smooth fixed
rings, 5 and D, in the same horizontal line, and carries two smooth
rings which can shde freely on the string. The lower ring, 4, weighs
15 1bs., and the higher, C, weighs 13 Ibs. In the position of equili-
brium the depth of 4 below B0 is to the depth of C below 3D as
9 : §; prove that the tension of the string is 83 1bs. weight.

279. If one extremity, 4, of a rod 4 inches long rests against a
smooth hemispherical bowl of 6 inches radius, and the other extremity
against a smooth vertical plane passing through the centre of the bowl,
and if the C.G. of the rod is 1 inch from 4, prove that the inclination

of the rod to the vertical is sin=*a/ }T}

280. A stone is projected with a velocity of 120 f.-s. in a direction
making an angle tan~! (§) with the horizontal ; show that
(i) After 14 seconds the stone has an elevation of 45° as seen from
the firing point.
(ii) After 43} seconds the stone will be moving at right angles to the
initial direction.

281. A billiard ball strikes the cushion at an angle a. If the cushion
is smooth, and ¢ is #, prove that the velocity after impact i » cos 8;
where # is the original velocity, and sin =§¢sina,

282. A particle projected from a point 4 passes through a point B
(not in the same horizontal plane)¢ seconds later. Prove that the
particle passes over the middle point of 4.5 at a height § g7? vertically
above it.

‘ . P

283. Prove that a bicycle, geared up to o' inches, requires 336 -
revolutions of the cranks per minute to go # miles an hour.

284. If a projectile whose mass is x lbs. is fired with a velocity # at
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a body whose mass is m lbs. advancing with a velocity », the body

will rétain a velocity 2~”*% if the bullet is imbedded ; but
» m+x

a velocity v—’% (%¢—#'), if the bullet perforates and retans a

velocity #'.

285. Ansexpress train reduced speed from 60 to 20 miles an hour in
800 feet, the distance between the distant and home signals. Show
that this distance must be increased by 100 feet to make a stop in the
distance, or else that the break-power must be increased by 124 per
cent.

286. Assuming that the resistance of a steamer through the water
varies as the wetted surface and the square of the speed, prove that 2%
increase in length or 67, inciease of displacement, with 79, increase
in the horse- -power, will give 17/ increase in speed to a similar
steamer.

287. A ball of mass 3 Ibs., moving with a velocity of 6o f.-s., strikes
another ball of mass 2 lbs. moving in the same direction with a
velocity of 6 f.-s. on a smooth plane, whose inclination to the horizontal
is 30°. If e=14, prove that the velocities of the balls at the bottom of
the plane, 32 feet from the point of collision, will be 40 f.-s. and 68 f.-s.

288. A mass of 7 lbs. impinges directly on a mass of 18 lbs, at rest,
and the kinetic energy of the first mass before impact is § of the sum
of the kinetic energies of the masses after impact. Prove that e=4%.

289. A straight switchback railway consists of two inclined planes
rounded at their junction, so that a car loses no velocity in passing
from one to the other. A car starts from a point 100 feet vertically
over 4, ang comes to rest at a point x feet vertically over B, where
A and B are peints on the ground 9oo feet apart. If u=y}y and the
resistance of the air 1s neglected, prove that x is 943 feet.

290. The maximum range on a horizontal plane is 3750 yards.
Show that, if the gun be placed 5000 feet above the plane and with the
same angle of elevation, the horizontal range will be increased by one-

third.
291. A shot of 40 Ibs., movmg with a velocity of 1200 f.-s., just
penetrates 6 inches of armour. Prove that, if fised at a plate of 4

inches thickness, it will emerge with a velocity of 400 N3 3 f.-s.

zC
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292. A ball falls from rest 60 feet on a floor and rebounds 333 feet.
Show that =4, and that the whole distance traversed before the ball
comes to rest is 214% feet. ¢

293. A fly-wheel has a mass of 3 tons, which may be regarded as
distributed on its rim, the diameter of the wheel being 7 feet. When
revolving at 250 times per minute, prove that the energy stored up is
nearly 394 foot-tons.

294. A fly-wheel is 10 feet in diameter, a.nd has its energy reduced
by 60,000 ft.-1bs. when the revolutions are reduced from 160 to 146
per minute. Prove that the mass of the wheel is 11}y tons.

295. A man on board ship walks round a deck-cabin on a square
track 200 feet in perimeter in 40 seconds. The ship is moving at the
rate of 84 statute miles per hour. If the man starts in the direction
of motion of the ship, show that in 50 minutes he will heve traversed
on the earth’s surface a distance of 37,500 feet.

296. If the velocity of a projectile when at its greatest height is
N7 of its velocity when at half its greatest height, show that the angle
of elevation is 60°,

297. A train of 112 tons travels at 25 miles per hour, the friction
being 16 lbs. weight per ton. Part of the train, weighing 12 tons,
becomes detached. If the force exerted by the train remains the same,
show that after 50 seconds the distance between the parts of the train
will be 320 feet.

298. The maximum speed of a train of 200 tons js 55 miles per hour
on the levcl, the resistances amounting to 14 lbs. weight per ton.
Prove that the horse-power is 4103, and that at 30 miles per hour the
acceleration is }f.-s.-s., the engine working at full power.

299. Show that the /east velocity (x) required to hit 4 flag at a
height of y feet and horizontal distance from the firing point of x feet
is given by the equation

WB=g (y ¥+ ND1+7).

300. A particle starting from rest slides down a smooth plane 24
feet lgng and of inclination 60° to the horizontal. If e={, prove that
the first range on the horizontal planeat the foot will be 12 feet.

30I. A 1-oz. bullgt is fired from a rifle barrel, 2} feet long, witha
muzzle velocity of 1000 f.-s. If the force on the bullet is constant,
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show that the rate at which work is being done on the bullet at the
instant, of leaving the barrel is a little over 710 horse-power.

302. A ball projected from a point on a horizontal plane strikes the
plane again at a distance a from the point of projection, and rebounds
again and again., If =4, show that at the beginning of the fifth hop

it will be af a distance 3!1{ from the firing point.

]
303. An engine exerting 250 horse-power and weighing 150 tons
tas a speed of 25 miles per hour, and an acceleration of 4 f.-s.-s. Prove
that the resistance amounts to 15 lbs. weight per ton.

304. A funicular railway has a gradient of 1 in 5. Prove that if a
mass of 50 lbs. be placed on the horizontal floor of one of the carriages
when sta.rtmg uphill with an acceleration of 2 f.-s.-s., the horizontal
and vertical components of the pressure exerted are 3-065 and 50-613
Ibs. weight respectively.

305. Prove that a ball of 7 lbs. whirling uniformly in a circle of
radius @ feet, » times per second, pulls outward with a force of
4r’a n’m 1bs. weight.

306. If the ball in the last question is whirling in a horizontal circle,
being suspended by a fine thread from a point vertically above the

centre, show that the point must be at a height of —4‘;: above the

plane of the circle, in order that the motion may go on steadily.

307. A particle is projected from a point in a horizontal plane with
initial velocity 2. Show that if the angle of elevation is a, its height
above the plane after moving a horizontal distance x is

2
. x 2,
- =, (1+tan‘a
xtana- =, ( )
where R is the maximum horizontal range.

308. In the last example, prove that the height of an obstacle at a
horizontal distance 3 & from the firing point must not exceed 8& if it
is possible to project the particle so as to clear the obstacle.
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I P 4.
1. 6o. 2. 225 44 3.2:5 4, 900,
5. 2160, 6. % 7. 1§ sec. 8. 3§ sec
9. 21t 10. 2 11. %4, 12. %
. ”, ht
II. P. 5.
1. 360 ft. 2. 58%. 8. 2:1. 4, 6:7.
5. 1500 ft. 6. 7% miles nearly. 7. 2179 nautical miles.
8. 40f.-s. 9, 63 nearly. 10, 164 27 nearly.
11. 33f.= 12, 135. 13. 75 days.
III. P. 8.
1. (a) 12 ; (4) 15 to the E. ; (¢) 4 to the N. ; () 9 in first direction.
2. 21 3. 243 f.-s. 4. 4% f.s.
IV. P. 11.
1. 10 £ -s. bisecting the angle. 2. 50 f.-s. 8. 55f.-s.
4 116. .. fs Direction with ship’s motion=tan—1 (z_i)
5. 4NV37=243 .. . L.s 6. 15185 7.27;53
8. —:/—;_ f.-s. 9. 60"-. 10. 1347 . . . f.-s
11. 30+5V3; 30-5V3. 0 12. V3L 18. 1051 .8. .
14. 30" 15. 144% 16. V3o, ; 27,

17. Cos— 5:4_\/’_7) 18. Cos= (-;_43). )
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19. Cot-1 ( 59;/3). 20. (_g) 21. 90",

22. V2: 1 23. 10V3; 10. 24, 32
26. Distance described by either. 27, ¢ (2,3 +9,"— 20,9, cos 0)‘.

[

V. P. 14 .
2. Yes. Euc. i. 22. 3. o. 4. ‘\);, at right angles to §.

5. Viiy=108... 6.9 7. Cos! (—}75 .
VI. P. 20,
. 40V3; 40. 2. 300 f.-s. 3. 603 6o.,
. 7\/2— miles per hour in each direction. 5. 80. *
. 899 ...53739 . .. 7. 3 (0, + V3.

VIL P. 26.

1. 7.15 . . . f..s. N.E. nearly. 2, v, 120° with original direction.
3. 12V2, S.W. 4, (1) 25 f.-s., 120° with original direction.
(2) 25V2 f.-s., 135° with original direction.

D

5. :z/ 31 f.-s., making an angle with original direction=

tan—! (3,1/3_).

8
VIIL. P. 28.
v

2 1 8. 1047 . . .f-s. 4, o
5. 2. 6. 1:12: 720 7. wrivr f--s. nearly.
8, 1536 f.-s. nearly. 9. 11 :216.

IX. P. 33. .
1. 10° 2. 50. 8. 10V13. 4, 30:4...
5. 2317 . .. 6. V7f.s. 8, S.W., 52 miles per hour.
9, N3o°E. ¢ 11, tan—? (}}) with vertical.

12, (1) 10f.-8 (2) 1z0ft.  (3) 16 sec.
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18. 4 yards; $ sec. 14, tan—! (%) with the vertical.

. —
15, 441.s. 16. NW., 4V2 miles per hour.
17. Wind blew from the Noith with a velocity equal to that of the
traveller,

19, 35 miles per hour. 20, 40 seconds. 21. 44 f.-s.
23. 8o wiles per hour. 24, Perp. to the line 045 ; 2.
[

X. P. 33
1. (a.) 108 ; (8) 38400; (c) 214% ; (&) 2133 ; (e) 1}
) 3—2"3 5 (&) 785451
2. 300: 1. 3. sts- 4, 6. 5 3

6.5:25. T2 8w’ 9 6sec
1

10, 13 11, 1000. 12, % sec. 13. % scc.

14. 10} sec. 15. 224 miless 16, (1) ¥ 5 (2) o

17. (1) gy sec.; (2) }ft. 18. 120 sec.

XI. P. 46.
1. 102 f.-s. 2. 136 f.-8. 8. 15. 4, 1.
5. 5 sec.

XIIL. P. 47.
1. 625 ft. 2, 15 f.-s. 3. 6 secs. 4, 10.

XIII. P. 48.
1. 10fes, 9, 6f.s. 3,7 f-s.s. 4, 25f.-s..s. 5, 63 ft.

XIV. P. s51.
1. 160 f.-s. ; 400 ft. * 2 o768 ft. 8. 32V5f-s
4, 256f.-s 5, 3 f.-s.-s.; 2 sec.
6. 1 sec. nearly, or 12} sec. nearly. 7, o. .
8, 10f.-s.-s. @, Isec.; 3@sec. 10, 6 sec. 11. 100f.-s.
12. 132 f.-s. 18, 66°6 f.-s. 14. 1 sec,

15. 16 sec. nearly. 16, Mﬁ_’l"g sec. 17, 283_«/3 f.-s.
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18, 4 sec. 19, 224 fi-s. 20. 185 f.-s.
21. lsee.'rﬁex 2nd is let fall ; 96 ft. 22. 18 f.-s.
28, (1) 84 f.:s. ; (2) 7214} ft. from ground. “
24. 240} fr.; 7§ sec.
XV. P. s54.
1, 30" 2. 4V sec. 8. 3¢ 4, 30°.
5.5V B st s 6,970 Toovile 8 15
9, 1853 f.-s. 10. ‘s_se B 5(\/—— I) sec. 11. § sec. nearly.
24/3 23"
12. 120°. 18. 3V2/f.-s. 14. The inclination is sin—! (:l;)
XVI. P. 56.
1. 208. 2. 20f6e 8 24f-s.-s. 4, 11:23
5. sooft.; 21333 ft. 6. 24 f.-s.-8. 7, 30f.-s.; 8 f.-5.-5.
8. 23 sec. 9, 2561t. 10, 36 ft. 11. 3136 ft.
12. 1024 ft. 13. 8 sec. 14, 3456 ft.
XVII. P. 62.
8. cos—'(3-'-'-:\-/z) with vertical. 4, 45° with the vertical.

5. 60° with the vertical. 6. 15°.

8. V2 7g (1—sin 8); N2 rg (1 +sin 8), where ADC=0; sin 6=4.
XVIIL P. 65.

2. V2 (V3= 1) sec.
XIX, D. 6s.

1.4:1. 2. 4:1. 3. Art. 51 4. 11:17280.

5. 1}ft. 9. . 10. (1) 2000 ft. 5 (2) 195 ft.

18. 10sec. 14, (1) 160 f..8.; (2)' 400 ft.; (3) 1-46 sec., or

15’

8.53 sec. ; (4) 8o f.-s
74 sec. 18, ‘60 yds. 19, 72. 20. 10 miles.

21, 4sec. 22, 336f. 24, H & 25, 10} ft.
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26, 24 f. -s.:s.

31, $8.

84. In ratio« : 3.

88. 1 ft.

42, 17 f.-s.
45, 160 §§.

49. 6_0‘ 3a—- 6.

2(6= a)

52. % ft.; 2 sec.
585. Art. 46.

57. Meas. of Vel. not affected ; of Accel. doubled. 58. 75 f.s.
8§9. 5 sec. after second ball is projected ; he.ght of 560 ft.

60. 1074% f.

27. % 28, gsin% 80, 573 ft’
82. 3% sec.; 64f.s. 33, 30"
85. Arts. 11 and 56. 86. 15:16; 33%ft.

89. 13; angle with the vertical=tan:"‘(r—52) o

48, 12f.8.-5.; §f.-s. 44, 64 ft. ; 48 f.-s.
46. 420 ft. 47. No.

50. "%+ V=), 51. 4.

58. 22 ft.; 15 sec. ; o f.-s.-s. 54. 9o sec.
56. (1) 256 ft. ; (2) 8 sec.

61, 6400 ft. ; 26§ sec.

62. () 114& s (2) 144 ft. B3, (1) 8 sec. ; (2) 128 ft. ; (3) 20 sec.
64. (1) 864 ft.; (2) 1976 f.-s. low~ wards.

65. (1) 8oo ft. 5 (2) 1300 ft. 5 (3) goo 1t.

66. (1) 2§ sec.; (2) Just over 8 sec. ; (3) 473 ft.

67, (1) 68-17 f.-s. 5

70. -68 sec.

(2) 306-7 ft. 68. 1260 ft. nearly. 69. 400 ft.
71, 1-6 sec. after second is projected ; 284 ft.

72. 70 sec. after second is projected.
73, 1184 ft. nearly. 74, 1osec s 2400 ft. 75. 664 f.-s. nearly.

76. £ 3"‘-“) . 77,2 ffv(z)z,\/_sec

2
78- I Su
32

80. 966.
82. 1: V2.

85. sin—(Vz - 1)t

Pt
&)

80, sin=ih); sin(d).  90. T4wEp 9L

o7.0/%

92. H2v+g2)

2(—v

86. xFVai—2x; gVii—zx; x=2.

-&)

79, 6-15 miles per hour.

12
81, -- /= miles; when slower has gone 2 miles.
Vs £°
88, 100f.-5.; 500 f.-s. 5 32-2 f.-s.-s. 84, 1351t
! 3l 4
86. n?’ ,3‘2' 3:’ R

88. 42 sec. after the particle leaves 4.

»

8. z=v+gt. 95. 787 L5

99, Dist. up Hypoth. =Base.



412 Answers, [XIX. 100—

100. 0; 44V3f.-s. 101, 2:1 102. 3V8he+ gl
Yy — [
108. 5(%—_;:)43. 105. 34E. 106. v.,—,
108. ws:no‘ 114. 8} ft. 115, 12 miles per hour.
117, 13¢ miles; 134 miles. 118, w3 f.-s. 120. tan—3(§).
122. 267 ft. nearly. 126. (1) wdbsp f.-s. 5 (2) yobo's foos.
XX. P. 83. '
1. 150, 2. (1) 2304; (2) 1728V20 8. 322560.
4, 16: 25 5. 86240. 6. 1745 ft. 7. 48c0.
8. 16000, 9, 600V 14. 10. 63 lbs, 11. 4% ft.
12, 22400 ; 12800; 0 ; —6400. 13. 200,000: 1. 14, r3333s
15. 5: 24
XXI. P. ¢gs.
1. 12} Ibs. weight. 2. 72 poundals, 3. 13 f-s.-8.
4. The latter. 5. 320ft. 6. 14 ft.
7. 821} lbs. weight. 8, 112 1bs. weight. 9, 23 sec. ; 192f.-s.-8
10. 44 bs. 11. 293 ft. nearly. 12. 43 lbs. weight,

13. 40. 14. 5 sec. 15. 10. 16. 23} lbs. weight.
17. 9oo poundals. 18. 3§ Ibs. weight. 19. 12 poundals.
20. 300 poundals ; 9§ lbs. weight. 21. 11 : 1080.
22. 563 lbs.wt.; 40 f.-5.28. 134 Ibs. weight. 24, 253 : 48.

25, 85k tons. 26. 7:15;7: 15 27, 33: 25.

28. 2:1;1:2.

XXII, P. ro0.

1. 3840, i.c. it is doubled. . 2. 13" poundals, or 1} Ibs. wt.
8. 25 sec. 4, 18§ sec. 8. 64 poundals, or 2 lbs. weight.
6. 68% sec. 7. 147 sec. 8. 114034 Ibs. weight.
9, 25 Ibs. wt. 10, 30 minutes. 11, 280 sec.
12. 46§ sec. 18, 630Vz f.s. 14, 171,200 pndls.,or5350 Ibs. wt.
15. 44,800,000 pogndals, or 1,400,000 lbs. weight.
16. (1) 150 poundals, or 4}} lbs. weight ; (2) 7500 poundals, &t
234§ 1bs. weight.
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XXIIL. P. 103.

1. 400 f.-s. 2. 1800 ft. 3. 3V3: 502, 4, 225: 49.
5, 27: 28, 6. V3:10. 7. 8:5. 8. 400 f.-s.
9. 123, 10. Unit Momentum towards the centre of the figure.
11. ¢ 7 ° 12. 384 ynits of impulse.
13. 960 units of impulse.
*14. (1) 780 umts of impulse ;
(2) 24,960 poundals, or 790 Ibs. weight.
15. 7000 m poundals, or 218% m lbs. weight.
16. 2,736,000 units of impulse,

XXIIL (2) P. 106.

1. 2 sec. 2. 56 pndls. 3. 5 ft. 4. o pndl.

5, 2 sec. 6. 160 Ibs. 7. 182§ ft. ; 20 sec.

8. 240: 11 9. & 10. So}¢ units of space.
11. 160 units of velocity. 12. 43 sec.

XXIV. P. 115.

1. 109 ft. 2. 2663 ft. 3. 128 ft.; 30ft.
4. 92,4 ft.; 7311 f.-s. 5, 21} ft. ; 102 ft. 6. 1sec.; 1ft
7. 3%t 8. 2V3Los
9. 413585 6175 ft. 5 36131t 5 2485 f.-s. 10, P f.-s.-s.
11. 3-7 sec. 12. 27 ft. 18. 173 ft.
14. V3 sec. 15. 20 1bs. weight.
16. 32 f.-s. ; 4 oz. will describe 768 ft. ; the 12 oz. will describe 192 ft.
17. 103 f.-s.-s. ; 13} lbs, weight. 18. 352 ft.
19. 30ft. from the top. 20. 8o ft. 21. 48V2f.s,
22. 6} ft. 23, 2-7sec. 24, ¥is-s *
25. 10 (V2+1) Ibs. 26, sin—(}). 27.. sin—" ().

28. ¥ (40/3-30/2=6-13 f.-s.-s. nearly.
29, 10.05 f.-s.-s.; 40-2 f.-s.; 181 ft. nearly.



414 Answers, [(XXIV. 30—

80. 6-07 Ibs. weight; 22:2 ft. nearly.

31, 123} lbs. 82.5:3. 33.3:1.

84, 140}. 85, 2044 Ibs. 86. 14} Ibs.

37, 6% sec.; 52 ft. 88. 224 ft. 39. 6 lbs.

40. m=m,. 41.1:2. 42, 2= N3

44, (8+2V10) Ibs. ; (8—2410) Ibs. ‘

45, Weight of either mass. ¢ 47, 151bs.

48, 128% 0z.; oy 0z. 49, 2-6 sec. 51. 3-2Vz2:1.
52. & sec. 55. 4n2l, or 4n/2x, as 2L,

56. 6% 1bs. ; s¢f Ibs. 59, 301bs.; or 33 Ibs. 61. 34 ft.
62, 2% 63. 244 ft. 64. 8 f 5.5
sz .

67. 32:2f.-8-s. 68. 32-17 f.-s.s. 69. 32 f.-s.-s
XXV. P. 122.

1. (a) 3200 poundals; (4) 4800 poundals; (c) 1600 poundals ;
() 5600 poundals; (¢) o.

2. (a) 140 lbs. weight; (4) 140 lbs. weight; (c) 154 lbs. weight;
(d) 873 1bs. weight; (¢) o; (f) 280 lbs. weight; 175 lbs.
weight,

3. o 4, Descending with acceleration=}¢.

8. Descending with an acceleration = y&g.

6. (2) 4 lbs. weight; (8) 2 Ibs. weight; (¢) 12 Ibs. weight; (<) 8

Ibs. weight.
7. 4 1bs. weight. 8. iz upwards. 9, 7200 ft.
10. Vertical ; 15 Ibs. weight. 11. Vertical $ o.
12. If P> Q, pressure exerted by P=§f:_(g———%p9
V= 2Q (P+ W)
” ” P + Q + 2 W
13. 64-38 oz 14, (1) 125; (2) 75.
XXVL P. '1as.
1 3L © 2 4t 3. ujfs

4, ol f.-s 5. 27-4...1t. 8. 36...fx.



)
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7. 32-8...%t. 8. 2566 f.-s. 9. 15:6...f.-5.
10. Rather more than 28 tons weight. 11, 16.1 ft.
12. 2555 1t *

)EXVH. P. 132.

° 2. No. See Euc. i. 22. §, Cos—!(—%). 7. 642

8. If each force is 2, the F. orce=PV. 4+24/2, and its direction
makes with that of the first force tan—2 ( &/z + 1).

P 0 _ R m = 260°
10. e Q*. ;i_n—l?;_ m ; PO+ QR+ RP=360"
11. 2. 14. 24/2. 15. 275 7. 16. Vz+1: 1.
19. 120° in same line as 6o. 20. Cos—!(—%).
21. 563 and 18} nearly. 22. 21 nearly, makes with line of action of 47,

o (535,
41

24, Twice the line joining the point and intersection of the diagonals.
25, 24D. 27. ¥23+8V3 28. 0#/3.

29. /93 1bs. weight. X makes with 4C, tan—? (77“/5;—)

80. If £ divide CD so that CE=2ED, then the resultant=35E.
82. 24/5, and inclined to CB, tan—! (3).
35. (1) o; (2) 258C. 38. 24C.

XXVIIL P. 142.

1. 12; 10 in. from the 7. ’ 2. 4; 12 in. from the 10.
8. 26; 32 ft. beyond the 78. 5. 4; 121in. beyond the 7.
8. 194 to the right of the poipt. 9. 78f to the right of the point.
10. 36; 24- 11, 22%; 17§
J
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XXIX. P. 148.

2. So. 8.0; 108; —108. 4, 30V3.
5. 0;160;0; —160. 6. §: I2. 7. 38 from 10; 44 from 8.

13. 388 Ibs. weight neaily. 14, j; frum‘the ground. T5, 1:2.

XXX. P. s51.
1. 3% from same end. 3. 6.
4. 36; % ft. from the middle. 6. 44 ft. from the same, end.
7. Where —9 acts. 8. The middle point.
W (Wit 1121y
9. - Wy W, 5 10. 3.
11. 5% in. 12. 11}} in. from 3.

_31_ . .
13. 2Wfrom middle point. 14. 6.
15. 1-7 ft. nearly from the fulcrum.

XXXI. P. 167.

8, 5-1ft.; 2.9ft.; 2.9ft. 8, Yes. Sce Art. 202. 10, 18in.

/3+1

. 120. 14. (——1-3—“; -)f :ntre,
12 > 4, 7| Toidi+s rom cen rf
15. °‘47a, where a is length of side, 16. 5\/710&.
17. 7-6 ft. nearly. 18. 1.6 ft. nearly. 19. 4} ft.
20. 3-6 ft. nearly. 21. 78 in. nearly.
22. 6-7 in. nearly. 23. 1-53 ft. nearly.
25. z,l/g,_ft, 26. 2-62 ft. nearly. 27, 3% ft.

28. an'1g from 1 /13 from 2; di7 from 3.
6 . 6 6
81. % from £. . 32. 3 height from the base.
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83. 2v/2a from centre of original square, side of which=a.

34. $ median jrom base. 85. ¢ median from base.
36. L;g’%ﬁ‘;—/? of the median from the base.
87. Altitude of BDC=} alt. of BAC.  38. 7_"5/3 inches.
L]
40. See Ex. 35. . 41. & median from base.

*492. Alt, of A =3;~134 if e=side of square.

43, Alt. of A =3 J3a if a=1longer side.

44, .&12 ft. from centre of square. 45, 18-04 in.
120+ 6ab +8 .
- T3arh 47, 1in. 48. V3: 1
49, ¢ hypothenuse. 51. Coincides with C.G. of the plane triangle.
52. 7 v n. 58. 3in. 54. 9in. 58. 54 in.
59. Art 198 67. % hypoth. 69. 5-6 in. nearly.
70. —i; : —x-;, where a=one of the equal sides. 80. 2 ft.
XXXIL P. 177.

1 f/°_ Ibs. wt. ; :5_:11)& wt. 2. 18} Ibs. weight; 313 Ibs. wt.

8. 100V/3 Ibs. wt. o
4. (m/z‘ Ibs. wt. ; 60VZ— A/z Ibs. wt. ; 602~ A/z Ibs. wt.

5. 5 lbs. wt. ; 5V3 lbs. wt. ; 5V2 - V31bs. wt. ; 52— V3 1bs, wt.
7. Pressure= i N3(2—~2); TBension=3VzIW; W being the

weight of the rod.
8. %—-‘; Ibs, wt, 9. 35}/5 Ibs. wt. 10. 304/31be wt.
11. 60", 12. 15 Ibs. wt. 18 {7"5 Tbs. wt.

14. 13-28 ft. nearly. 15, 113 lbs. Dwt.; 138 Ibs, ®
2



.
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17. § ton weight. 18. 600 V3 Ibs.
19. § weight of beam. 20. 120 Ibs. wt.; golbs. wt.
21. 151bs. wt. ; 301bs. wt. 23, }. 24. Vertical ; wt. of rod.
26. 1:2cosda; a being the angle between parts of the string;
Tension is diminished.
w

30. 35‘\/2 lbs wt. 33. me

XXXIII. P. 188.

2. Tension=} W cot 6 ="Pressure on wall ; Pressure on plane= .
3. Tan—! (). 5. See Art, 218.

8. If a and B be the inclinations of the strings to horizos, the

Tensions are W cos 8 nd Weosa

a T
sin (a+8) sin (a4-8)
rod=tan—! }(tan a — tan ).

9. 30 lbs. wt. ; 30V/3 lbs. wt.
10. 10 0z. wt. ; 24 oz. wt. Inclination of rod to vertical=cot—! (}4}).
11, Tension=4 lb. wt. ; angle between the strings=sin— (}).

By. 7
12. W il

Inclination of

14. (1) %lbs. wt.; (2) %lbs. wt. 5 (3) 200 Ibs. wt.

15. 30 M3 1bs. wt. ; 30 W39 Ibs. wt.

PENTL W+ W ‘165
16. 2 cos-"( —W._z_). 17. 57 ths. wt.

18, Tens. =22} 1bs. wt.; Press. =54.8lbs. wt. nearly. 19. §; WWz.
1. W(2—~3) ; WI¥6—~~z); Inclin. to the hor. =tm—l("'+z_~/3),
22. Tan 0=£—{;5 Press. on planeé W; Press. on wall=2. N

Wsin g, | Wsin ¢

24. Eyess. on plane :=m_) 5 P:ss. on plane "=§’W¥€)'

=% m+” . Press. im= "% cos8; Press. at the
25. Cosb ‘\/M’ ress. on fim="—— f

lower end= W tan 6.
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XXXIV. P. 191.

M, . 180° 180°
. A 1 . 2 ., Wsin ——; g
2. A couple. 8 WA, 5 sin — W cos -

S Uy, Ly, L fs=a)  [ss=8),  [sls=0)
S U LA VAL IVAIVEE

. 18. W5 sin1($). 14. § Weot a.
Wsina = Wsing _ (7 + n)tana + ncota
" SN (at0)’ sin(atoy “hETE I=cot™ { — m }
16. Wsec6; Wtan 0, where 6=cot—! { (”L")tin—“}.
m

17. mn= (m cot £—# cot il)
) m+n ’

18. tan—! Z’—fﬁ’::—:‘ﬂ), where @ and B are the angles made
with the vertical by the strings sustaining 2 and Q.
19. If a be the shorter, 4 the longer arm, then a makes with the

borizon the angle, tan—?! (Mo\ . 20. 4% in.

R
. If AB=2a, the depth=—— 2% __ (@+h) @+5)
21 e depth=— 2 28, G0
24, tan—! (622%1__’:'::‘:_‘“'), if @ and &6 be the radii; or, angle
W, coti— Weot g\ . .
=m—l 1 1
(———~———md_ 7 ), if W and W, be the weights of
the spheres. 25. % sum of the heights.
A (@+2a5435 .
26. 4(La,+aé+b, . 27. kcot§ C. 98, AsinC.
33. 3/ tan a, where a=angle of either wedge.
> . . 5
/4 =1 {—=)
84. §/7 . Angle with verticab=cot ( \/3)
) a+éb .
85. aN6w; 2 (3Nz—NE) W.  86. Ay W sin 6.

89. Its C. G. at } length of.rod from thicker end vertically undee
centre of sphere.

(J
40. 2asin 0 sin?}0=7. 41, (%Wu; . L i
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XXXV. P. z01.

8. Second. 4. Third¢

6. Weight of lever might act in either of the arms.

7. 64 ft. ; 3% ft. 8. 5ft.; 1ft. 9, 12 ft. ; 7% ft.

0. 133 ft. from themiddle. 11, P=13} Ibs. wt. ; W=21% lbs. wt.
12. 84 lbs. weight. 18. 49 lbs. weight. 14, 10in.
15. 13 ft. from 2 lbs. 16. 8% in. ;34 151 17. 5 ft.tfrom F.
18. 12 ft. 19. P=3 lbs. weight ; #W'=g lbs. weight.
20. 6 ft. 21, 823 lbs. weight. 292, 40 Ibs. wt.
23. Middle point. 24. Middle point of rod.
25. 6 ft. 26. 41% lbs. wt.
27. 133 ft. ; 151bs. wt. 28, 1 in. from middle point.
29. 4+ ft. from 7. 380. 224 in. 31. 30
82. 7-84...inches from the 6. 83. sott.

34. 57-7...1bs. weight. 85, 7%z : 10.

86. 36-1781bs, wt. perp. torod at 6-14 ft. from 25. 37, tan—'(%).
38. tan—! (%). 89. 115 1bs. weight. 40, 120°
41, 20} 1bs. weight. 42. cos—;(—n. 48. 120°.

44.2:V3. 46. szTx);ﬂ:%-n-—x)' from £
49, 2% 50.1:2
m
XXXVI. P. z10.
2. 6 oz weight; 3:2. ' 4, 8. 5. He loses 1 1b,

6. £V95=4-87...1bs. weight. 9, 4:3.
2
10. If 2 and 5 be the arms, he loses (“_;"_:l-W 12. 14 inches.
18. }in. from C.G. ; 1in. 14, 230 Ibs. wt. ; 4§ Ibs. weight.
15. 333 oz. weight ; 3-64 oz. weight, nearly. -
16. 11: 1, if weight of pan be neglected.
1'7. The movable weight must be shifted nearer to the fulcrum.
22. If W, W, be the weights, 24 length of beam, % distance of
point of suspension from the beam, 6 the inclination of beam

son _a (W= :

. to the horizon ; then tan 6= T ( WT W)’ If the weight of

the beam= }¥; and £ the distahce of the C.G. from the point
(W1 - Wyla

of suspensich ; then, tanf= W

28. Stability increased, sensibility diminished.,
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XXXVIIL P. 213.

1. 192 1bs. wt.; 216 Ibs. 2. 18. 8. 50 1bs. wt.
4, 14in.; 6in. 5. 270 lbs, wt. 6. 73
7. 36in. 8. 3 lbs. wt. 9. 12514,

XXXVIIL. P. 218.

1. 1:4/3. 2. 400 Ibs. wt. 3. 120° 4, 60"

5. 20 1bs. wt.; 20 (W6— /2)=20-7 Ibs. wt. nearly ; 204/ Ibs. wt.
6. 100V/z Ibs. wt. 7. 2 cos (H$). 8. 64 lbs. wt.
O 53 lbs. wt.

XXXIX. P. 2z1.

1. 7 Ibs. wt. £. 9f lbs. wt. 8. 8o 1bs. wt.
4. 5. 5. 6. 6. 128,

7. 11b. wt. 8. 275 lbs. wt. 10. Yes.

11. 133 Ibs. wt. 12. 213 1bs. wi. 13. 4 1bs. wt.
14. 333 Ibs. wt. 15. 9 Ibs. wt. 16. 4 lbs. wt.
17. 4 1bs. wt. 18. 3 lbs. wt. 19. 5 lbs. wt.
20. 16P= I+ 85w. 21. 16:15. 22. 14 1bs. wt.

XL. P. 223,

1. 1 ton wt. 2. § ton wt. 8. 15 Ibs. wt.

4. 24bs, wt. 5. 7. 6. 101bs. wt.; 6,
7. 16. 8. 156 Ibs. wt.

9. 32 hanging from lower block.

XLI. P. 226.

1. 3 2. 6. 3. 20. *

4. 20. 5. 89:61bs. wt. 7. 5lbs. wt,
8. 3 lbs. wt. 9, P=twice weight of pulley.
10. 26+ 1bs. wt, 11. 57 oz. wt. 12. 832 Ibs. wt.

18. 140.% lbs. wt.
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XLII. P. 227.

1. 561bs. wt. 9, ﬁW 8. (1) 1344 1bs. wt.; (2) 1574 lbs. wt.

.._W . ' owei
4, (1) 01‘2 P ’()2n+xW' o s W; in both cases as

the ¢ Standmg part’ is fixed to the upger or lower bloc'k
5. 40 1bs. wt. 6. 42 1bs. wt.

1 W+ NI 288\ 2 w
7. 2007 2 O siverir %
15. 33623 Ibs. wt, 16. 24 in.; §in.; I in. respectively.

18. Heaviest at bottom ; 254 lbs. wt.

XLIIL P. 232.

1. z01bs. wt.; 204/3 1bs. wt. 2. 30°; 25:/§lbs. wt. 3.2:1.
4, 30°. 5. 24. 6. 45°; /2. 7. 10 lbs. wt.

XLIV. P. 233.

1. 12V3 Ibs. wt. 2 :,""—33 Ibs. wt. 3. 8 lbs. wt.
4. 373 lbs. wt. 5. 174 Ibs. wt. ; 62} Ibs. wt.
6. tan—(%). 7. sin=(}); 1ov/ar.

XLV. P. 235.

1. 99:6 Ibs. wt. 2. 23%2". 8. 31-65 lbs. wt.
4, 25° 52, 5. 105-2 Ibs. wt. 6. 43° 4.

XLVL P. 236.

2. 121 nearly. 8. 57° 42'; 16-9 lbs. wt. nearly. 5. 32 028
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XLVIL P. 236,

1. 1:coss. 2. cos 0 :sin 4. 3. 15~/3_lbs. wt.
6. Wsini(1--coss). 7. 10a/10 Ibs. wt. 8. 2:1
9. cos.—‘(Ji)- 11. V2P, 12, (1) cos~1(§); (2) sin(}).
[ ]
XLVIII. P. 241.
1. 66. 2. 3';’2. 3. 352 Ibs. wt.
4. 140% lbs. wt. 5. 15 1bs. wt. 6. o in.
7.. 45° _ 8. 2036# lbs. wt. 9. 5972 in,
10. 15(2+/3)=4-035 Ibs. wt. 11, g% lbs. wt. 12. 5V3.

13. 4243 1bs. wt. 14. 45°. 15. 10573 1bs. wt.
16. 75. 17 z—fax 18. 5073 Ibs. wt.
XLIX. P. 243.

1. 6v°. 2. 100 Ibs. weight. 8. 60 (V6+42) Ibs. wt.
L. P. 24s.

2. 4724 1bs, 8. 3W; iW. 4. 201bs. 5. 6 feet.
6. 5 ft. from him. 7. # ft.from the middle point. 8, 10 Ibs. wt.
9. 10 ft. 11. 4in.; 121bs. 12. 20 1bs.
18. ”%-g. 14. 12 Ibs. weight ; 36 Ibs. wt.
16. %)- 17. %cosec}u. 18. 1:3.
19. & inches. 20. (32" -n—1)r 21, 37708,
7% qm+m,
22. 7-L., 23. 40 Ibs. 24. 891} lbs.
mn+1 ° ®
25. Of 30=3£; of 9=¢ &; of 7=34%g. Tension in upper string

26

=20%¢ Ibs. wt. Tension in lower string=103¢ lbs. wt.

. The accels. would be %% ¢&; % g; ors
The Tensions would be 22.5% 1lbs. wt. ; and 91§} lbs. wt.



424 Answers, [L.2r-

w
27. 124 1bs. 29. ‘V—-'—, W being the weight of the sphege.
.

1
30. -z‘ Wtan 0- 31' —V‘a
82. Press. on ground = W, + W, ; Press. of upper against rod = 3 ;.
Press. of lower against rod=%*#,; Press. between‘ spheres
=y,
33, Between upper and bowl=20 Ibs. wt. ;'between lower and base
=60 lbs. wt.
Between lower and curved portion of bowl=80 lbs. wt.; be-
tween spheres=40 lbs. wt.

84, Accel. of m=""a= Mt ammy

»

mymg + mom + 4mm,
Mg+ 3memt4mm, ¢
” of ml_mlm,+ momi + 4 mm, &3 ¢
f o= 72y + Mg
v O Mty + mgm + 4 mmy &
Tension= 2 mmymy 3
mytig+ mom + 4 mm,
85. We feet. 86. § b
LL. P. 255.
11 9.~y 121bs. wt. 3, Greater than— 2= Ibs. wt.
. . ,\/3—: S. Wi, 3 ? N2 9 3
4, 130 lbs. wt. 5. % 6. >tan—! (§).
7. 20 lbs. wt. 11, 25 Ibs. wt. 12, f=tan—? (W)
14. 25 Ibs. wt. ; 253 lbs. wt. 16. Art. 261.

17, W sin 2¢, making an angle ¢ with the plane.
18. 26 Ibs. wt.; the 301b. is supposed to be parallel to the plane

19, -108. 20. 104 1bs. wt. 2. w(—=

,\/x’+l m
23. Atgight angles to the plane downwards ; or 30° with the plane.
24. Art. 266. ¢ 25, +048 1bs. wt.
26. (1) 50 1bs. wt. ; ) 25 Ibs. wt. 27. P=w

28. Art. 266; u=1. 29. Art. 266.



L3 Answers. 425
_ Wsin{—Pcos: 1
81'#— Wecosi+ Psing 82. 7\75"
*8 t

83, tan—? ( ; 6_’:::,6) 84. 4 feet.

i tan—1f P11t ke Wy
85, i=tan—(1 7200 ) 36. Art. 267.

2ul
87. . 88.8
89, When angle of screw=(go°—¢); P=00.
40, 1104 1bs. wt. 41, 357-31bs. wt. 42, V21
43, 7y ft. 44, 1§ length of ladder.

w

45' tmﬂ:y_—#_"ﬁ(x——y). *6.‘3D0='~%' ”'IW.

2 Ttpry Tpm
47° tan 6= TPY 48. mo=¢¢°t(";§:_€_)—J'C°t(l}:F€).

(eZZ ziy
49, cot—! (ﬁ_t_“)
2

w ® w
, 8= — 1 S (tan —-——_ 9,
50 (Wl + )x Py (tana+p) W

1 AW
51. Il»="\7§. 54. cos_l(l—’,—\/}:?-{_-—lf—i”)'

55. Between the vertical and the normal to the plane.
/
58. (1) 336 Ibs. wt.; (2) 42(y+8) Ibs. wt. 6L, g

m—pm . (1+u)(mm),
63. m+m,g’ mym ©
L]

LII. P. 264.

L J
1. 324 f.-s. 9. 123 f.-s. in the direction of the latter.
3. 13313 fs 4. 4% f.-s. in the direction of the latter.
5, 12} f.-s. 6. 4 f.-s. in the direction of the former.
7. 11:1. 8. 3% f.-s. ¢ 9. 25f.-s. 10. 178 f.-s.
11. One loses ¢ 7 ; the other gains ¢ v. 12. 16 f.-s.

LMI. P. 267.
1. 31} £.-s. ; 46 f.-s.

9. First rebounds with a vel. 24§ f.-s. ; the other with a vel. 20% f.-s.

'8, 1f-5 ;16 5
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4.
5.

6.
8.

L
5.
11.
18.

O =

® =3

10.
18.
15.

20.
21.
22.

23.
25.

26.
27.

They rebound with vels. 163} f.-s., and 334y f.-s., respectively.
(1) m rebounds with double its former vel. ; 37 remains at gest.
(2) m v # . ; 3m retainsedy of its vel.
e=3. 7. mrebounds with a vel, =1334%; 37 retains a vel, =23.
12 f.-s. 9. 1:5. 10, 1:6; e=3.

LIV. P. 269. .

20 f.-s. 2. e= %_3- 8. e=4%. 4, 122f.-s. nearly.

NE; thsecs. 6, ez 1. 7. -39ft. 8, 2:56 ft.

b(%). 12. 2} sec. ; 74 sec.

100 ft. First has a vel. =160 f.-s. downwards : second= 14df. -s.
downwards.

LV. P. 273

. Art. 276. 2. Art. 274. 4. 30°; 45°

$;1:4 6. Art. 274, Cor. ii.
2n/70£.-5., and makes with plane tan—? ( _"i 3 )

Mloses § V'; N gains § V. 9. 815 s ; 16 sec.

_l_;\/4"‘/§.u. 12."=\/i};1‘.
~3 P) 3

The massesarein the ratioe: 1. 14. Art. 276.
1~ tanda

, where a=angle of impact. 17. 3:2.

1st rebounds with a vel. § 2 ; 2d rebounds with a vel. §o.

125 : 1728.

If #=d4’s vel. before impact, ’4 rebounds with § #; B rebounds
with § ».

%; ii::. 24. K. E, is diminished by impact.

Body struck goes on; and striking body goes on, stops, or
rebounds as gz is greater than, equal to, or less than enz,.

48,000 units of impulse.

19,200 units of impulse,



—LVIL 8] Answers. 427

Weight of 2316 tons.

29, 2,222,080 poundals, or 69,440 Ibs. weight.

30.
81.
32.
33.
34.
35.
36.
317.

2240 units of impulse.

484,608 poundals, or 15,144 lbs. weight
1728 units of impulse.

41,280 poundals, or 1290 lbs. weight.

195 lbs.

31,360 Ibs. weighte

(1) 766,080 1bs. weight. (2) 6 inches
39,200,000 lbs. weight.

88. 1250 foot-poundals.
89. 15,272 foot-poundals.
LVL P. 283.

1. 28,800 ft. 2. (1) 5625 ft. ; (2) 373 sec. ; (3) 22,5004/3 ft.
8. (1) 20,000 ft. ; (2) 50W/2 sec. ; (3) 80,000 feet.

1 (183 . 1687587
4. tan I(Ts_) 5. 1003-36 f.-s. 6. —r ft.
7. 128N3 fs. 8. 45
9. 5—6%1/—3=152~1 ft. 10. 45°. Art. 201
11. 16A/30=88 f.-s. nearly. 12. 143112.5 it
13. tan—(4). 14. 15° 15. 8of.-s.
16. 360 f.-s. 18. tan—1(§). 19. 75 ft.
20. tan 4a sec.

l .
2.
4.

7.
8.

LVIIL. P. 289.

+345 sec. ; 545 sec. ; 126-33 ft.

152-3 ft. ; 1-86 sec. 8. 1875 ft.

317 f.-s. nearly. @ 3921 ft. 6. #cosa; horisontal.
9o

S Vamzee

3:2:3 (2~ N2} ; d.e., 1000 : 667 : 586, nearly.
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9. If x and y be the horizontal and vertical distances of the point,

= Y +a3 2
u-4\/ y a=tan—1 (—.'Z)
10. 2+ /3 : 2. 12. 49 f.-s. nearly ; tan—! (‘\/i')
below the horizon.
15. tan—(2), or tan—1(8). 16. 60°; 30°.
17, 124-4 f.-s. ; 5-49 sec. 18, 184 sec.
19. 30 21. 4=~ 22, e=f.
25. Visinla, ﬁ“_“; 2616 ft, ; 4.04 sec.

2
26. Art. 294 (i) and (ii). 80. 523°.
82. Cos a+sina : cos a—sin a. 85. xtana— x4

) ) 2#’costa
86. a=}sin—! (%g ) ; “’_“—:’m—"'. 87. Angle of elevation =45"

LVIIL P. z296.

1. 300 ft.-lbs. 2. 50 H.P, 8. 9413 H.P.

4, 228 H.P. 5. 633 H.P. 6. 1634 miles per hour

7. 413 tons. 8. 1084 Ibs. wt. 9, 5§33 H.P.

10. 50% miles per hour. 11, 1in 8o,
LIX. P. 298.

1. 48,000 ft.-lbs. 2. 226,800,000 ft.-1bs,

8. 4,019,400,000 ft.-lbs, 4, 4%. 51m. 40s.

5. 2,128,896,000,000 p ft.-1bs, 6. 8400.

7. 15 miles per hour. 8. 27,104 ft.-lbs,

9. 403} H.P. 10. 3600 ft.-Ibs.

11. 1,000,000 ft.-Ibs. 12. 4500 ft.-lbs.

18. 592,192 gallons nearly. ¢ 14. 761} minutes.

15. The water will rise 320 feet in the pit. 16. 158% gallons.
LX. P. 306.

1. 500 ft.-pdls. 2. 540,000 ft.-pdls. 8. 4200 ft.-Ibs.

4, 1120 ft.-Ibs, 5. 8400 ft.-Ibs. 6. 1,440,000 ft.-1bs.

7. 40304%% ft.-lbs. 8, 168,960 ft.-pdls. ; or 5280 ft.-1bs.
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9. 2560 ft.-pdis., or 8o ft.-lbs.
10. 184,3zo ft.-pdls., or 5760 ft.-1bs,

11. 256 ft.-1ps. 12. 8o ft.-1bs. 18. 640 ft.-lbs.
14. 55,000,000 ft.-1bs. 15. 924 ft.-1bs.
LXI. P. 307.
1. 878%. 2. 2-88 f.-s. nearly. 5. 4,320,000 lbs. wt.
6. 85 ft. B 2457 H.P. 8. 9504 ft.
10. 46657 8foot-poundals one part drops from the rest ; the velocity
of the other is doubled. 14. I ft.-Ib. ; 1000,

16. (1) 28,000,000 foot-pounds ; (2) 250,000 foot-pounds.

19. 421,390 ergs=1 foot-poundal.
21. Velocity in the ratio 4 : 3; Mass in the ratio 9 : 4.

22. 10,560. 23. 45174 ft. 24. 3500 foot-tons.
925.%2835 Joot-tons.  26. 10,886,400 Ibs. wt. 27. 4,002,480 ft.-Ibs.
28, 100 ft. 29. 5082 ft. 30. 480 ft.-1bs.
31. 591 H.P. 82. 1333 H.P. 88. (1) 1850.%% ft.
(2) 405437 ft.
34. 3,032,400 ft.-lbs. 85. 12,196,800 ft.-lbs,
29243 ft. 8%7. (1) 16,570,400 ft.-1bs,
(2) 26,302 ft. nearly.
38. } nearly. ’ 89. 250V37=1520f.-8
40. "’“';9’)”:115 41. 764,800 Ibs. wt
LXIIL. P. 3zo.
1. 39-22 in. 2. 39-18 in. 8. 39-03in.
4. 1305 ft. o &.978in 6. % length.
7. o in. nearly. 8. 32-075. 9. 13.046 ft.
10. Ngarly s. 11. 32-202. 12. 41-808 in.
18. Too long by iy of its length.
14. Too short by 5}y of its length. 15. 32-103.
16. -0045 in. 17. 2:446 in. 18. 143: 144
20. 183-9 sec. 21. 13 hiles. 22. 2} miles.
23, 1159 sec. 24. 1319 miles. 25, 4= (Ei—x)
26, 720 27." 3214 28 i 99T

29. 17394 inches. 80. 16:36 Vg mches. 31. 8‘“‘
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LXIIL. P. 324. ¢
1. 83 1bs. wt. 2. 219-02 Ibs. wt, 3. i'ﬂ Ibs. wt.
4, 13785 lbs. wt. 5. 1445 f.-s.s. 6. 2-28 inches.
7. tana:%. 8. 420"/_— =54, nearly. .
9. 20324 lbs. wt. 10. -rh poundn.l ¢ 11, 154,
12. -35_. 18. 184§ Ibs. wt.

14. 15-02...1bs. weight ; angle with vertical =tan—! (i)
15. 8410 f.s.; 60 1bs. wt.

16. (1) 287 1bs. wt. (2) 184 lbs. wt. (3) 254§ Ibs. wt.
17. 72% lbs. wt.; 100§ lbs. wt. 18. 17 times very nearly.'

LXIV. P. 328.

1. 30} ft. 2. 905:1 f.-8. 8. 1-93 sec. ; Art. 105 (3
5. (1) 3sec. 5 (2) 6 sec. ; (3) 24¢.

6. 3906% ft. ; (125)* W3 ft. 7. Art. 121.

9. 24,000. 12. Oisatthe C. G. 14. 128 ft. ; 70 lbs.

(m—m,)g+ T,

15- —Wl'nl—,- 16, 38,400 tons.
17. “i,'f 18. ryvheos oz wt.
19. 21bs. wt. 24, 477 f.-s. nearly; a=tan—1 (#%)-

25. 3 %‘5’- 26. 83,200,000 ; 116,480,000,000.

27. 664 ft. 80. tan—1(). 81. 402 tons.

32. 32-19 Ibs. wt. ; 32-09. 85. 787 f.-s.

86. 3850 ft. 87. 2 seconds after particle leaves 4.
89. :é::n 1bs, 40. 14 feet.

42. en at % length from the end. 48, 81-43; 162:86.
50. iJ_"f 51¢ 60° with direction of 2P; /3.2

52. Plank makes with horizon the angle, tan—1(3).
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58. Inclination of plane on which P rests=tan—1(2).
85. n=2; V3.P.

56. If 6 be tolination of rod to horizon, then sin §0=_'J_§2___'.

57. 4 times the radius. 60. # wt. of triangle.

61. Art. 266. 62. 2} sec.; 4 1t.; 485,

64. 227 Nza parallel t% DB, where a=side of square.

65. Thewadii to the positions of the rings are inclined at 30° to the
horizon.

67. -;570:, where a is the side of the square. 69, I : N/3; 20.
2

78. Art. 217. 75. They must be at right angles.

77. If 6 be the known angle, and P the known force, then the required

. force makes an £ (9o° — 8) with 2P, and=Psin 6.

78. 2 feet,

80. Res. =replaced force in mag. but acts in the opposite direction.

82. (1) Where the perp. to the rod through the pivot cuts the fixed
line ; (2) when the rod is parallel to the fixed line.

86. 1:2+3; N7.2.

88. The mxddle side makes with the horizon tan=1(}).

89. _F' 92. Dists. from sides 4, 3 are 1, 2 , respectively.
98. Chord makes with vert. diam. cos— (-—:;)

94. Makes with vertical, cor‘(ﬂi;).

95, w.r-htanfd  © 9o QT__ 98, &

k tan0—x
-/" o _Ne_
Jp+ ~/g N
108. Distance from remaining point=yf diag. of a face of cube.

107. 3%;"3(“+vcosa). 808. 13z 120 sec.
109. 600. 110. A little over 853} feet. 111. 1056:1.
112. 498443 1bs. wt. *

118. (1) 1,152,000 f.-s.-s. 5 (z) rolvv sec.; (3) 360,000 Ibs. wt,
118. 43 tons wt.; 3} tons wt. 120, 11b. wte
121, 2(P+ Q) cosé. 122, 22
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126. 2+/3, makes 150° with 1. _ "139. A8+3V3).

180. V9 65, 181. 25 Ibs. we.

185. 382="J31bs. wi; 3Ibs. wt.; 34/2 Ibs. wt.
1886. 100 (‘E’i’:."_lﬂ).

1861
137. Wa2(1—sin6); Wal2(1=cos6); WVa. .
188, 74 ft. 140. 4.
142, Sinp=2, [@V=+0 4o _ b [@r) —(a+b)

” (27)3 —4as (27)'—4ab
143. 264 ft. 144, 2,240,000 Ibs wexght.
145. 1-96 ft. 147. Stopped in 4th.
149, 82481 sq. feet, or a circle whose radius 1s 162 feet
150. 164/3 ft. ; 6 Ihs. wt. 151, 2 m.P. .
152. 1,200,000 gallons 153. 37% miles an hoit.
155. 329 58 1Ibs. wt. 156. 366-21...1bs. wt.
157. 21-06 lbs. wt. 158. 0:274 poundals.

160. 10n/26m, where m 1s mass of the ball 1n Ibs. His vel =10.02...
f.-s, and his path makes with his ongmal path an angle

"n-l(lo;z:)'

161. 8800 fect. 168. /. _P_

E. 7 Wseconds.
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. 37°36 miles an hour ; & tan~%(3'6) £.

80°8 f.-s. 4, 2/2, bisecting angle between 5 and o.

; Reaction at lower end = I#/; Reaction at

2 W ﬁ—:'~’

* uppgr end = ZK JI: =

(1) s (2) 3 7. 96 poundals, or 3 lbs. weight.

An angle=45°. 9, 2240 foot-1bs.
I

1814 feet. 14. Yes. 15. s
2""”6’ 21. Tension in upper string=10n/3 lbs. weight.
2m+m” lower ,, =10

1359 Ibs. weight ; 14% 1bs weight. 24, g; 57 lbs. wexght
24 seconds. 28. Diminishes as body falls, and has a negative

value when it descends the mine.
53 f.-s.; 73 fos. 31. & 32. 6% f.-s.; 1283%% lbs. weight.

feet, very nearly.

. 13 lbs. weight.

(1) Force at upper hinge=624 Ibs. weight and is horizontal.
' lower ,, =162§ ,, and makes with vertical

&an-!(f). (2) Forces are equal, and each:g-s-l/—a Ibs.weight.
q 2 g

54 Ibs. weight. 87. 3 A . 39. QR; QP.
(1) mg; (2) m(g+a). 42, 160 f.-s.; Sin-Y($). 43. 60°.
String must be vertical. 45, Seep. 167. 49, 2842 f.-s.; 28 f.-s.
If x and y be the lengths cut off from the sides @ and &, and if
8 be the angle between a and 5, then distance of C. G from &
=39=2" Gng. Similarly the distance from the side a
=3(2a6—y)
can be found. * 53, it} Its.
When he had gone 3ths of the distance.
435
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55. Three times the distance already described.
56. ~/3, inclined at 30° to the 4. 57. 12 Ibs. weight. 58. 2.

59. 20} ieet; § second ; 1% seconds. 61, 13 f.-s.; 1:200.

62. 73 1bs. weight 63. 17} lbs. weight.

64. 5 lbs. weight; ~/3 65. ~996 f.-s.=31°56. . . f.-s.

66. o ; 3% Ibs. weight. 67. 123 f.-s; 62740%% foot-lbs.

68. A couple. 69. 6 1bs. weight. 70. Wtana. When
wl(W+ W')tan 8- Wx

he has ascended a distance =

7 , where W
=weight of ladder, ¥’ =weight of man, /=length of ladder,
x=distance of its C.G. from foot, #=inclination to horizon,
and p=coefficient of friction between ladder and ground.

72. 31 f.-s.-s.; 14 Ibs. weight. 73, 18 feet; 14mft. lbs., 1f m= mass

in lbs.

74. an2, inclined at 45° to BC, where a=side of square.

75. C.G. of wire 15% from centre, where »=radius of circle.

C.G. of remainder:a—(:’%’ from centre of square, ea=side of

3(2—

square. 76. 164165 f.-5.=205°5 . . . f.-s. 7. 4C.
78. T= 3 s?r:a. , where = weight of picture and a is the given angle.
80. tan? (Llé) s N3 82. 130t f.-s.

5 4

84. 24/2 towards the NZ. 86. Wsin: along the plane.

Force is inclined to horizon at an angle =9o°—2i).
89. P, acting along OA. 91. /3 making 30° with side along

which § acts, and at a point in that side produced to 3 times its
length. 93, AE:BE=5:3; CE:CF=1:4. 94.3:4.

96. 2/_ J_ 100, 60°; 48~/3 Ibs. weight ; 96 Ibs. weight.
101. 504 Ibs. welght. 102. 84 ozs. 104. 16 1bs.
105. ¥+’—§4+uﬁ+%’. 106. 7 ozs.; 9} inches from 4.

4

107. 114 ozs. weight ; tan-'(}) with vertical.
110. Finclined at 1cS°® with the first force. o
112. 140 inches. 118, 2:0/6:4/3+1.
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116. (1) 7=W; R=W, and R acts along AB. (2)T1=3W; R,=

— 2
~7Pand R,.ma.kes with 4D an angle=120° - 8, where 0=cot‘1('~7§)'
117. The two values of 6, the inclination of the rod to the wall, arc

given by the equation, asin %6 sin (6+€)=ccose.
118. Distance from each of the bounding radii=r-(l/3—8+—3).
L ]

119. x=dan 15°=2— A%, 120. 42 inclined at 15° to 45 and 45° to
AD. 123. 112 lbs. weight. 124. W +w)c.0.

125. 1 parallel to side 5. 126. At centre of hexagon.
127. §-inch from the greatest angle. 129, & length of rod from top.
130 5-- \/—mchcs 131. § Ib. weight ; $a/97 Ibs. weight.

132 W.e 134. T=2W; R=23W.  1835. Mﬂ%ﬁ/ﬁ'—_"

_PP+Q . P-Q .
136. W= 2sint P R= 'f’-T-—Q tan .

,./'
137. 1 N2r seconds ; —; ~/ r seconds, where »=radius of circle.
138. While sta.mng:% (‘_’_;"_”) Ibs. weight.

s  Stopping= ‘—; (gt : 7.’) Ibs, weight.

s»  in uniform motion=p lbs. weight.
139. 845 f.-s. 140. 933800 poundals.
142. Sin 2B =sin zC . B=C, or B=go-C.
143. § second. 14:4 § oz. weight. 145, 20 foot-1bs.
146. Momenta areas 1:2; A.Z&’s. areas 3: 8.
147, 350 seconds; 12100 feet. 149. 497 . . . miles an hour.
150. 25 v '3 miles an hour; 50 miles an hour, 120° with direction of
train’s motion.
151. 672000 poundals ; 2737773 poundals.
152. 1635200 Ibs. weight. 153. 2923.
155. x=ucosa-t; y=usin a+f - 3g7% where x and y are the co-
ordinates of the points
156. 1 oz 157. 3808 poundals; 119 lbs. wt.
158, 32.12 f.-s.-s. 159. 30 milés an hour.
160. 40 m.-h. ; 120° with direction of either train. 161. Sin-1(3).
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163. 45°.  164. 179-52.  165. (1) vy +3y; (2) Vo, + 27—,

168. 1 second. 169. pqﬁ%f f; PR=1} f. -
170. i ¢ 172. 1176 ft.-lbs.

173. $1b. wt.; §1h. wt. 174. 1 second.  176. 397500 ft.-Ibs.

178. #Ncosla+ éisin?a ; ymu®(1 - e)sin’a

¢

179. Only when A4C is parallel to BD. Iy
180. Increased by —@, where W'=man’s weight, x=distance

of foot from wall, Z=height of upper end, a=inclination of
ladder to horizon.

181. See xxxvi. 22, and its result. 183. 1932 f.-s.
184. 078 . . . second ; 217 : 162, 185. 271040 ft.-1bs.
18%7. If V=vel. of projection, a= angle of elevation, 7=incljnation of
P Vsm(a—z) _Vcosa
Plane, then if u=—" cos? = the range up plane

_2uv

&
189. Rail is 1} ft. from boy.
190. 7’=28Vz |bs. wt. Equal, when angle between parts of string is
120° ; greater, if this angle exceed 120°

191. 43}i§ tons wt. 192. Radius of wheel is 4 times radius of
axle ; Weight of man, if mass of machine be neglected.
195. u=1¢(2— /3)=0"96s. 196 Each= N 10
197. String is horizontal ; Tension= ‘73—; Pressure:Tp?.
198. 56 lbs. wt. 199. 3—~/3:2. 200. # second.
201. 9o ft. ; 120 ft. ; 60°. 202. 1452 ft. ; 542080 ft.-Ibs.
203. (1) 12V3 f.-s.-s. ; (2) 4V3 f.-s.-s. 7'=124/3 poundals in each
case. 205, 2. 206. 30°.
207. 16M2 f.-s. ; 1 second; 3518 ft., E(cos~'947) V.
m'(u—u'), m(u —u) .
2080 r+m/' ’ m+”‘/ . 2?90 4** f‘ Se-8e

210. 7= -—J__ ; R—-—--. 211. 1 1b. wt. ; 44 inches from 4.
3
218. (P2 + QO+ K2+ 2PQ cos(a+B)+2QR cos 8+ 2R Pcosa)t
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215, 1:2. 216. o.732 ft.

218,.Pressur§ at B=ﬂ; Pressure at C=-8—:-V- .

219, 967 Ibs. wt. at 4 ; 534 Ibs. wt. at B.
220. 161bs. wt. ; z0lbs. wt. 221, 20. 222, 1400V/3 fi.-Ibs.

223. 33:31. 224. ¥5 circumference from starting-point.

226. zz;/;f. -5., or 37\ miles an hour. 227, 133
P

228, 121 : 14400, 229. ;37-?57' 230. 214

231. M=m. 232. 1} secs. or o} secs.; 37 above, or

3324 feet below the lower point on plane.
233. Vsag; N(5a—3b)s 236. 945874% ft.-Ibs.
237.‘The‘ latter ; % foot. 238, S.W. ; Vel. of wind=Vel. of
steamer.

240 373 miles an hour ; 105874 feet ; 385 seconds.
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